
PDEs and Function Spaces

December 3 – 5, 2008

Imperial Analysis Group



Organisers:
Michael Ruzhansky, m.ruzhansky@imperial.ac.uk
Mitsuru Sugimoto, sugimoto@math.nagoya-u.ac.jp
Jens Wirth, j.wirth@imperial.ac.uk

We kindly acknowledge the support of the Department of Mathematics, Imperial College.



1 Programme

Wednesday, 3/12/08
Room 340

12:15 Opening
12:30 – 13:15 Roland Steinbauer (University of Vienna)

Semi-Riemannian metrics of low differentiability
13:20 – 14:05 Neal Bez (University of Birmingham)

Monotonicity of space-time norms associated to the free
Schrödinger equation

Break

15:10 – 15:55 Claudia Garetto (University of Innsbruck)
Colombeau theory and operators with singular coefficients

16:00 – 16:45 Masaharu Kobayashi (Tokyo University of Science)
Embedding relation between local Hardy and modulation spaces

16:50 – 17:35 Yasuo Chiba (Tokyo University of Technology)
On microlocal solutions for boundary value problems with frac-
tional power singularities

19:00 Conference Dinner
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1 Programme

Thursday, 4/12/08
Room 140

12:00 – 12:45 Michael Levitin (University of Cardiff)
A class of PT-symmetric periodic non-self-adjoint problems with
real spectrum

Lunch break

14:00 – 14:45 Ilia Kamotski (University of Bath)
Lamé operator in Hölder domains: regularity of solutions and spec-
tral properties

15:00 – 16:001 Mitsuru Sugimoto (Nagoya University)
Limiting absorption principle in the critical case and Sommerfeld
radiation condition

Coffee break

16:30 – 17:301 James Vickers (University of Southampton)
Singular solutions of Einstein’s equations

1jointly as London Analysis and Probability Seminar
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Friday, 5/12/08
Room 642 (12:00–13:00) and Room 658 (14:00–18:00)

12:00 – 12:45 Ville Turunen (Helsinki University of Technology)
Global symbolic calculus of pseudo-differential operators on spheres

Lunch break

14:00 – 14:45 Karel Pravda-Starov (Imperial College London)
Spectra and semigroup smoothing for non-elliptic quadratic oper-
ators

14:50 – 15:35 Ryuichi Suzuki (Kokushikan University, Imperial College London)
Asymptotic behavior of solutions of a semilinear heat equation with
localized reaction

Coffee break

16:00 – 16:45 Shantanu Dave (University of Vienna)
Equivariant traces on pseudo-differential operators

16:50 – 17:35 Ingo Witt (University of Göttingen)
Formation of singularities at Morse points

17:45 – 18:00 Closing
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1 Programme
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2 Abstracts

Monotonicity of space-time norms associated to the free
Schrödinger equation

Neal Bez (University of Birmingham)
bezn@for.mat.bham.ac.uk

Abstract. We shall prove that the classical Strichartz norms ‖eis∆f‖Lp
sL

q
x

associated to
the free Schrödinger equation are nondecreasing as the initial datum evolves under a
“quadratic” heat-flow provided (p, q, d) is a Schrödinger admissible triple and q is an even
integer which divides p. We discuss a number of further results including other types of
evolution for the initial datum and the case where q is not an even integer.

This is joint work with J. Bennett, A. Carbery and D. Hundertmark.

On microlocal solutions for boundary value problems with
fractional power singularities

Yasuo Chiba (Tokio University of Technology)
ychiba@cs.teu.ac.jp

Abstract. We construct microlocal solutions whose singularities are only either one of
the characteristic roots for some weakly hyperbolic equations. Furthermore, we introduce
hyperfunctions with fractional power singularities.
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2 Abstracts

Equivariant traces on pseudo-differential operators

Shantanu Dave (University of Vienna)
shantanu.dave@univie.ac.at

Abstract. We shall consider traces on algebras of pseudo-differential operators on which
a compact group acts by Fourier integral operators and show some results on asymptotics
of eigenspaces for invariant operators. We shall also consider some simple examples.

Colombeau theory and operators with singular coefficients

Claudia Garetto (University of Innsbruck)
claudia@mat1.uibk.ac.at

Abstract. In this talk we present Colombeau algebras of generalized functions as a rig-
orous and well organized framework where to study differential operators with singular
coefficients. Colombeau algebras have proved to be particularly useful for solving PDE
problems, since they allow for a wide range of singular coefficients or symbols, for highly
singular initial values and source terms, for generalized solutions and nonlinear differential-
algebraic operations thereon. In this way problems which cannot be studied in distribution
theory become well-defined and accessible to a consistent extension of solvability theory.
Recently a theory of generalized Fourier integral operators, where both phase function
and symbol are objects of Colombeau type, has been initiated and applied to hyperbolic
problems with singularities.
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Lamé operator in Hölder domains: regularity of solutions and
spectral properties

Ilia Kamotski (University of Bath)
I.V.Kamotski@bath.ac.uk

Abstract. We investigate the spectrum of a Lamé operator in bounded Hölder domains.
Roughly speaking, we demonstrate that in the presence of sufficiently singular outward
cusps this problem has properties typical for unbounded domains (with the singular point
at the boundary playing a role somewhat similar to infinity): the loss of compactness, the
existence of continuous spectrum, of incoming and outgoing waves, of a scattering matrix,
limiting absorption principle etc. We discuss all these and further related issues.

The talk will be based on the joint work with Natalia Babych.

Embedding relation between local Hardy and modulation spaces

Masaharu Kobayashi(Tokyo University of Science)
kbys@em.catv.ne.jp

Abstract. Modulation spacesMp,q
s were first introduced by Feichtinger to measure smooth-

ness of a function or distribution in a way different from Besov spaces, and they are now
recognized as appropriate function spaces for time-frequency analysis. To find simple nec-
essary or sufficient conditions for a function or distribution to belong to the modulation
space is one of the basic problems. For this purpose, embedding relations between modu-
lation spaces and several other function spaces were studied. In particular, the embedding
relation between modulation spaces and Besov spaces was well studied. Although most of
the early researches on modulation spaces Mp,q

s were restricted to the case 1 ≤ p, q ≤ ∞,
they can also be extended to the case 0 < p, q ≤ ∞. In this talk, we consider the embed-
ding relation between modulation spaces Mp,q

s with p ≤ 1 and local Hardy spaces hp of
Goldberg.

This is a joint work with A. Miyachi (Tokyo Woman’s Christian University) and N. Tomita
(Osaka University).
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2 Abstracts

A class of PT-symmetric periodic non-self-adjoint problems with
real spectrum

Michael Levitin (Univeristy of Cardiff)
levitin@cardiff.ac.uk

Abstract. We consider a class of singular non-self-adjoint periodic problems on a circle
which, rather surprisingly, turn to have real discrete spectra. Our results generalize earlier
results of Davies and Weir, and are also reminiscent of those for a class of PT-symmetric
complex valued potentials on the real line, which have recently attracted a lot of attention
in physical and mathematical literature.

Spectra and semigroup smoothing for non-elliptic quadratic
operators

Karel Pravda-Starov (Imperial College London)
k.pravda-starov@imperial.ac.uk

Abstract. We study non-elliptic quadratic differential operators. Quadratic differential
operators are non-selfadjoint operators defined in the Weyl quantization by complex-valued
quadratic symbols. When the real part of their Weyl symbols is a non-positive quadratic
form, we point out the existence of a particular linear subspace in the phase space in-
trinsically associated to their Weyl symbols, called a singular space, such that when the
singular space has a symplectic structure, the associated heat semigroup is smoothing in
every direction of its symplectic orthogonal space. When the Weyl symbol of such an
operator is elliptic on the singular space, this space is always symplectic and we prove
that the spectrum of the operator is discrete and can be described as in the case of global
ellipticity. We also describe the large time behavior of contraction semigroups generated
by these operators.
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Semi-Riemannian metrics of low differentiability

Roland Steinbauer (University of Vienna)
roland.steinbauer@univie.ac.at

Abstract. We deal with (semi-)Riemannian metrics g of differentiability below C1,1. In
particular, we discuss the maximally “reasonable” distributional class of metrics as defined
by Geroch and Traschen (Phys. Rev. D. 36, 1987) who essentially assume g ∈ H1

loc ∩
L∞loc and show that it is consistently contained in the more general setting of nonlinear
distributional geometry in the sense of Colombeau.

Limiting absorption principle in the critical case and Sommerfeld
radiation condition

Mitsuru Sugimoto (Nagoya University)
sugimoto@math.nagoya-u.ac.jp

Abstract. Let L = −∆ be the Laplacian on Rn and let R(z) = (L−z)−1 be its resolvent.
The limiting absorption principle can be formulated in the form of the estimate

sup
λ∈R
‖σ(x,D)R(λ± i0)σ(x,D)∗ϕ‖L2(Rn) ≤ C‖ϕ‖L2(Rn),

where σ(x,D) = 〈x〉−k|D|1/2 and k > 1/2. In the talk, I will explain that the critical
case k = 1/2 can be attained under a structural condition on σ(x,D), and the condition
is related to the “Sommerfeld radiation condition”. The argument is based on a recent
progress in the boundedness theory of Fourier integral operators.

This is joint work with Michael Ruzhansky (Imperial College London).
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2 Abstracts

On microlocal solutions for boundary value problems with
fractional power singularities

Ryuichi Suzuki (Kokushikan University, Imperial College London)
rsuzuki@kokushikan.ac.jp, r.suzuki@imperial.ac.uk

Abstract. We consider nonnegative solutions to the Dirichlet problem of a semilinear heat
equation with localized reaction in Ω : ut = ∆u + up(u(x0(t), t)), where Ω is a smoothly
bounded domain and x0(t) is a locally Hölder continuous function from [0,∞) into Ω. We
study asymptotic behavior of solutions, especially boundedness of global solutions.

Global symbolic calculus of pseudo-differential operators on
spheres

Ville Turunen (Helsinki University of Technology)
vturunen@math.tkk.fi

Abstract. Pseudo-differential operators on spheres can be globally presented by spherical
harmonic series. On the 1-sphere in the Euclidean plane, this means a Fourier series
analogy of the traditional Euclidean theory. In higher dimensions, the noncommutativity
of the rotation group comes into play. E.g. for a point x on the 3-sphere and for a positive
integer 2l + 1, the symbol of a continuous linear operator A : C∞(S3) → C∞(S3) is a
matrix

σA(x, l) ∈ C(2l+1)×(2l+1).

We discuss the properties of this A 7→ σA correspondence, e.g. Sobolev space boundedness
and pseudo-differential symbolic calculus.
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Singular solutions of Einstein’s equations

James Vickers (University of Southampton)
J.A.Vickers@soton.ac.uk

Abstract. According to the theory of General Relativity, spacetime is described by a
manifold together with a Lorentz metric which is assumed to be sufficiently differentiable
that Einstein’s equations are defined (for example C2). One then detects the presence
of singularities by showing that the (maximal extension) of the spacetime is incomplete
in some sense. In the standard approach to singularities (see e.g. Hawking and Ellis)
a singularity is regarded as an obstruction to extending a geodesic. However this does
not correspond very closely to one’s physical intuition of a singularity. To remedy this
one needs to enlarge the class of solutions that one allows to include all the physically
reasonable solutions. Unfortunately due to the non-linear nature of Einstein’s equations
this is not straightforward. In this talk I will show how one can use generalised functions
in the sense of Colombeau to widen the class appropriately and furthermore show how
one may introduce a new way of looking at singularities in which they are regarded as
obstructions to the propagation of test fields on the background spacetime rather than
obstructions to extending geodesics.

Formation of singularities at Morse points

Ingo Witt (University of Göttingen)
iwitt@uni-math.gwdg.de

Abstract. Given a Morse function f and a Riemannian metric h on a C∞ manifold M ,
we study solutions u to the equation

�gu = 0,

where �g is the wave operator associated with the Lorentzian metric

g = ‖df‖2h h− ζ df ⊗ df,

and ζ > 1 a constant. Note that �g is strictly hyperbolic away from Morse points of f
— with f being time — while �g becomes singular on approach to the Morse points (like
r−2 in the distance r to a Morse point).

As turns out, at Morse points initially C∞ solutions u start to form singularities that are
then propagated as usual. I am going to show that these singularities can be conveniently
described in terms of certain classes of conormal distributions.

Such models arise in quantum field theory on curved space-times with changing topology.
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