7 Continuous time Markov processes
X (t) develops in continuous time (¢ > 0) (state space still discrete).

Markov Property

P(X(t) = j| X (t) = i1, X(t2) = ia, ..., X(tn) = i) = P(X(t) = j

foranyn >1land 0 <t; <ty <...<t, <t

Time Homogeneity

For 0 < s < t,

P(X(t) =7 X(s) = 1) = P(X(t —s) = j [ X(0) = ).

Define
pij(s,t+s) = P(X(t+s)=7j]X(s)=1)

pii(0,t) = P(X(t) = j[X(0) = 1) = pi;(t)

P(t) = pi; (1) t=0
1 1=7 . ) .
pi;(0) = o P(0) =1 (identity matrix)
0 i#]

Continuous time analogue of C-K equations:
pij(0,8 +1) = ZPik(O, S)prj(s,s + 1) 0<s<t,
k

alternatively,

P(s +t) = P(s)P(t)

Condition: p;;(t) continuous and differentiable.

qi; = ipij (t) right derivatives
dt o
= lim (pij( )~ pij(o)) from above.
h—0 h

Therefore,



i=j
d T pii(h) —Pn‘(o)
: (1 + hgi; + o(h) — 1)
= lim
h—0 h
o o(h)
= i
]
d _ o (pii(R) — pi(0)
Pt . lim < -
h—0 h
_ o(h)
= i
Let @ be the matrix of g;;.
Note
Sopt) = 1 Vi
J
d d
— > _pis(t) = —1
dt J t=0 dt t=0
= Zqi]- = 0 i.e. rows of () sum to zero
J
Also
g = 0 (Pis(h) = 1+ hgi; + o(h), h > 0)
gij = 0 i#j (py(h)= hgi; + o(h),h > 0)

A continuous time Markov process may be specified by stating its () matrix.
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Description of process
Let T; be the time spent in state ¢ before moving to another state.

For any 7+ > 1

P(T; >t) = P(X(s)=1, 0<s<t|X(0)=1)

= P(X() =i 025 | XO) =) xP(X(s) =i,
.><P<X(s):i, (”;l)tgsgt‘ X<(n;1)t>:i>

By time homogeneity,

P(T, > 1) = P(X(s):i,ogsg

=P(T;>t) = ¢

=P <t) = 1-—¢€%.
[Recall, X ~ Ezxponential(\) , P(X <t)=1—exp(—At),and E(X) = 1/}]
Thus, T; is exponentially distributed with mean —1/¢;;.

Suppose the process is known to change state at time ¢, where does it jump to?

Probability jump is from ¢ to j is

lim PX () = 5| X() = 4, X (¢4 B) £
_ PX(t+h)=j|X(t) = ) -
zlfi%P(X(tJrh) #i| X(t) =1) G#9)
— lim pij(h) _ %
h=0 3z Dik(h) Yk Gk
_ %
Qi

[As 3k @it = 05 Gis = — Xpzi Gik)

Therefore, the process acts like this:

It remains in state i for a period exponentially distributed with mean | —1/g;; |, and

then jumps to another state. The state is j (# ¢) with probability | —¢;;/gii |

It then stays in this state for a period exponentially distributed with mean | —1/¢;;

etc.

Thus the process only depends on the () matrix.
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7.1 Embedded Markov Chain

If the process is observed only at jumps, then a Markov chain is observed with

transition matrix

_ % g

Qiq Qii

_ %y 0 _ 45

P — Qiq Qii
. _ 4% 0

qiq

known as the Embedded Markov Chain.
States of a Markov process may be defined (as persistent, transient etc) in accor-
dance with their properties in the embedded Markov chain (with the exception of

periodicity, which is not applicable to continuous processes).

7.2 Forward and Backward Equations
Given @, how do we get P(t),t > 07

1. t,h >0 P(t + h) = P(t)P(h) (C-K equations).
P(t+ h) — P(t) P(t)P(h) — P(t)

Giving a set of Forward Differential Difference equations:

d o
apij(t) = Zpik (t)qr; Vi, j
k

2. t,h >0 P(t+ h) = P(h)P(t) (C-K equations).
P(t+ h) — P(t) P(h)P(t) — P(t)

>
>



Giving a set of Backward Differential Difference equations:

d
Put) = > Ginpri(t)
k

Can in principle solve these equations to obtain P(t).

processes in due course!)

7.3 Stationary Distributions

Suppose 7 satisfies
7r:7rP(t), Zﬂ'jzl, 7Tj20
J
then 7 is a stationary (equilibrium) distribution.

So if P(X(0) =) =m; then

P(X(t)=1i)=m Vi
Note:
wP(t) = w™ Vit
d d
= S(xP() = ()
d
—P(t = 0 Vit
=T (dt ( ))
In particular,
d
| —P(t) =0
dt -0
@ = 0
So, we can find 7r from
Zﬂ'j = 1, 7\'@ =0
J

Vi, j

(which we will for various

vt

Theorem For an irreducible process, the stationary distribution 7 is unique if it

exists. If it exists the process is POSITIVE PERSISTENT and all rows of

P(t) converge to .
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7.4 The Poisson Process

Recall Axioms of the Poisson process:

P(1 event in [¢t,t + 0t)) = Aot + o(dt)

P(2 or more events in [t,t + dt)) = o(dt)

giving,

P(0 event in [¢,t + 0t)) = 1 — At + o(dt).

Let X (t) = number of events by time ¢, then we have

P(X(t+0t) =i+ 1| X(t)
P(X(t+dt) =1| X(¢)

We have,

So, () is given by

i) = Aot + o(6t)
i) = 1— Aot + o(dt)

1= Aot +o(6t) j=1

We calculate pg;(t), 0 < j, by solving

1.e.

Lpis(t)

d

—P

dt

pij(t)

Aot + o(0t)
o(dt)

-2 A 0

0 —A A

0 —A

0
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(t) = P(H)Q

j=14+1
otherwise

0

A0

-A A0

. A 0

0 —X\ A 0
0 —X A0

0 =X A




Consider first row,
d

Epoo(t) = —Apoo(t)
d .
Poit) = —Apoi(t) + Apoja(t) 721
Let po;(t) = p;(t), multiply by s/ and sum over j:
" {Z Sjpj(t)} = =AY pi(t) + A pia(t)s’
j=0 Jj=0 Jj=1
A DY p s
=0
S0,
II(s,t
0 6(; ) A= DI(s,8)

= logIl(s,t) = A(s—1)t+ A(s)
I(s,t) = A"(s)exp(A(s — 1)t)
Initial conditions: P(X(0) = 0) = 1 = II(s,0) = 1 = A*(s) = 1. So,
I(s, t) = exp[—At(1 — s)],

which is the pgf of Poisson(At).

7.5 Birth and death process
X (t) = size of population at t
Pnnt1(0t) = B,0t + o(0t) B, = overall birth rate at size n
Pnn—1(0t) = 1,0t + o(dt) v, = overall death rate at size n
vg = 0 by definition,

Pn(0t) =1 — 3,0t — 1,0t + o(6t).

So,
—Bo Bo 0
n =+ 5) B 0
0 vy —(v2 + B2) [ 0

vi —(vi+pi) Bi
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We calculate pg;(t), 0 < j, by solving

d
4w =P
ie.
—Bo Bo 0
n =+ 6) b1 0
0 —(ro+ B2) B 0
%pij @ | =1 pu) " ) P
vi —(vi+pBi) Bi
From first row and putting p,;(t) = p;(t):
Snolt) = ~Boml) + mam ()
d
P = Bimapia(t) = (6 + v)pi(t) + vimapia () j 21

i.e. differential difference equations for general birth and death process.

In general, P(t) too complicated to derive (though we will study simplifications in

due course). However, we may be able to find a stationary distribution.

7.5.1 Stationary distribution

We need to solve,

Q =0, Yom=1
J

—Bomo + 111
Bi—imic1 — (Vi + Bi) T + Viga i

= Vip1Tip1 — BiT;

67

= 0 ¢1>1

= VT — ﬁi—lﬂi—l

= nm — ﬁoWO =0

Vi 1Tj—1 — @'7277172

Vi_oTi—2 — 51'—3771'—3




Therefore,

iyl = bi m Vi>0
Vit1
We have,
ﬁn—l o ﬁn—lﬁn—2 cee 50

Tp—1 — ... — ™0
125 Vp...11

Ty =

Also,

Up... V1

i T, = mp (1 + i ﬁn—lﬁn—2 e ﬂO)
n=0 n=1

The stationary distribution exists iff

i ﬁn—lﬁn—Z oo BO < 00

n—1 Vp... 1

If this sum converges then

T, = <1+Zﬂn 1ﬁn 2 - ﬁO)
ﬁnflﬁan 50

T = >1
Vp... 11

7.5.2 Linear birth and death process

If v, = nv and 3, = nf3, we have a linear birth and death process.
i.e. the probability of each individual in the population giving birth in an interval
of length 4t is

Bot + o(dt)

similarly for a death.

So, we have,

Pnnt1(0t) = [Bndt + o(dt) B, = n = overall birth rate at size n

Pnn—1(6t) = vndt + o(dt) v, = vn = overall death rate at size n

Pnn(0t) =1 — Bndt — vndt + o(0t).
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Let X;(¢) = number in population at time ¢ given X (0) = 4.

We have both vy = ) = 0, once X;(t) reaches zero, it stays there forever.

0 0 0
v —(v+0) B 0
o |0 @ w2 0
1o o 3u —(3v+308) 38
We have
d
&P(t) = P()Q
Giving
((jtpz'o(t) = vpul(t)
ipij(t) = (J—1)Bpij(t) — v+ B)pi(t) + (5 + Dvpija(t) j>1

Apply general method:
1. multiply by s7.
2. sum over 0 < 7 < o0.

3. find differential equation for pgf II;(s,t) of X;(t):
(s, t) = > pi(t)s’
=0

To give,

b 2 Po(08 = B30 = Dyea(0)9 = (048 3 i)+ 3+ pisa ()5

j=0 Jj=0

Note that,

0 o & ) o) )
B i(s,1) s J-E:o: pij(t)s ;:1: ipi(t)s

0 , > . > . > -
ot Zpij(t)sj = fBs° Z]pij ()’ — (v + B)s Z]pij(t)sj Y+v Z]pij(t)sj !
j=0 J=1

j=1 j=1
0

0
STL(s8) = (55 — (v + B)s +v) 5 Thi(s, 1),
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A partial differential equation involving both £11;(s, t), and 21IL;(s, t).

Excursus on Lagrange’s equation

o1l oIl
f(sata]:[)g + g(‘svtan)a - h(S,t,H)

Step 1: Write down the auxiliary equations

ds _dt _

;g h

Step 2: Solve these, writing solutions in the form
a1 = ¢1(s,t,11) o = ¢a(s, ¢, 11).
Step 3: Write down the arbitrary functional equation
2 =Y(c;) (or g =¥(er))
and rewrite it to give II(s,t) on one side.

Step 4: Find a particular solution for given initial conditions by identifying ¥ using

initial conditions and substituting for ¥ in general solution.
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Recall, for the linear birth and death process:

;Hi(s, t)=(8s* = (v +P)s + v)(fiﬂz-(s, t),

We have,
f(87t7Hi):_(5S2+V_(/B+V)S) g(S,t,H):l h(87t7nz):0

Auxiliary equations:

ds dt¢  dII,;
—(Bs2+v—(B+v)s) 1 0

Let’s first suppose 0 # v.
From last pair: ¢; =II; [[f0dt = [1dIL]

From first pair:

/ﬂsz+y:1(ﬁ+u)sds - /1dt

/6iy<1i3_y—ﬁﬂs>ds B /ldt

1
= 3 (—In(l —s) +In(v — fBs)) = t+ const
—v
= In (Vl—_[f) = (B —v)t+ const
= Cy = v ﬁse_(ﬁ_y)t
1-s

Hence the general solution is

[i(s,t) = ¥ (”1‘ ﬁ%—w—vﬁ)

— S

Question: If there is 1 individual in the population at time 0, and assuming (§ # v,

what is IT; (s, ¢)?

Answer: Putting ¢t = 0 in the general solution:

I, (s,0) = ¥ (”1__5;)

also,

I (s,0) = Y p1;(0)s’ = s
=

71



So,

So that,
v(l —5) — (v — Bs)e=P)

Bl —5) = (v — Bs)el=7t

Note, with X (0) = ¢, the initial condition is

Hl(S, t) =

II;(s,0) = sz'j(o)sj =5
=

so that,

V(l _ S) . (I/ _ ﬁs)e(v—,@)t %
I“&“:<ml—ﬁ—@—ﬁ@wﬂm>

When (G = v, with ¢ individuals at ¢t = 0, we find

t—sft+s)
I, (s, t) = Pt —spt+s

Ot —spt + 1
7.5.3 Expected population size

Recall the pgf for X;(t) = number in population when we start with i (X (0) = i).
(s, t) = > pij(t)s’
=0

Expected size at t, given X (0) = i:

0
%H(Sv t)

s=1

For the linear birth and death process this is:

(B-v)t
m@w{* g#”
1 =V
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7.5.4 Extinction probabilities

When s =0

i.e. P(extinct by time t) = IL;(0, ¢).

For 8 # v, this is .
— pelr=B)1t\"

v—ve
IL;(0,t) = <ﬁ _ Ve(yﬁ)t)

Now let t — oo

lim I1;(0, ¢) = (5)
t—o0 1

6 <v

i.e. ultimate extinction is certain if death rate > birth rate, but not if reverse holds.

For  =v '
(Bt

and as t — o0

Jim T,(0, ) = 1,

so that extinction is certain eventually.

7.5.5 Embedded process

Recall the irreducible Markov chain for the process observed at the jumps with

transition matrix P with elements

0 i=j

Pii =3\ . .
__ 4y 275]
Qii

For the linear birth and death process this is

1 0 0
v 8
v+B 0 m 0
v _B_
bl | 0 0 0
v B
0 0 & 0 A0
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Recognise the form?

This is the transition matrix of a simple random walk with an absorbing barrier

at zero with p = /(6 + v) (gambler’s ruin when playing a casino). To determine

extinction probabilities for the birth and death process, we can use results for the

embedded process:

Recall: p = probability A wins each game
g=1-p

stake = £1 on each game

We found that the probability of ultimate ruin (g;) if A starts with £ is

1  when p<gq

q; = j
(%) when p > ¢
So, putting p = 8/(8+v), ¢ =v/(B+v) and j =1,
1 when g <v

(%)l when 0 > v

P(ultimate extinction) =

But note: the embedded process tells us nothing about the development of the

process in time.

7.6 Immigration

e births and deaths occur as before,

e in addition, new arrivals occur according to a Poisson process with rate .

Proceed as usual:

1. Find @ and use the forward or backward equations to obtain the differential

difference equations for {p;;(¢)}.
2. Obtain a partial differential equation for II,(s, t).

3. Solve this to find properties of X;(t).
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7.7 Immigration-birth-death process

Consider a linear birth and death process with immigration (rate A). We have

P(X(t+dt) =n+1|X(t) =n) = (A+npB)dt + o(dt).

So,
Pnnt1(0t) = (A4 nB)dt + o(dt)
Pnn—1(0t) = nvdt + o(dt)
Pnn(0t) = 1 —(XA+nf+nv)dt+ o(dt).
So,
-\ A 0
v —(A+0+v) A+ 3 0
0— 0 2v —(A+28+2v) A+203 0

v —(A+if+iv) A+if

i.e. general birth and death process with (3, = n@ + X and v, = nv.

We have
d
—P(t) = P(t
L = P)a
Giving
d
&pio(t) = —Apio(t) + vpi(t)

(;itpij(t) = A+ = 1DB)pij—1(t) = A+ 5B +v)pi(t) + (G + Dvpija(t) j>1

Apply general method:
1. multiply by s7.
2. sum over 0 < j < 0.

3. find differential equation for pgf I1;(s, t) of X;(¢)
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Find,
Oll;(s,t)  OlL(s,1)

(1= s)(v - )5 -

= M1 — s)II;(s, t)

Note: this includes, as special cases all processes involving any combination of

immigration-birth-death (just set 5,v or A = 0).

Case 1: (§ # v Lagrange form, auxiliary equations

v—Ps w-py
1-s
c; = IL(s,t)(v — pBs)MP

= =

If X(0) =0 then

HO(S,t) - ((V _ ﬁs)e(,,_ﬁ)t _ ﬁ(

Note: A only occurs as index, if A = 0 (i.e. no immigration),

U
1— s))

then Iy(s,t) =1=1-5"+0-s'+0-s*+...
(so po;(t) = 0V j — that is the population size remains at 0).
Now, setting p = (v — 8)e" =@t /(ve=#* — 3), we have

s.t) — (1 » >w

which is the pgf of a negative binomial distribution,with

B(G() = 3
var(Xo(t)) = ;\52

Could also get these directly from pgf.
Case 2: f=v

Mo(s,t) = (1+pt—spt)™

( 1/(1+ ft) )W
1— sBt/(1+ Bt)

A
_ D /8
1—gs

with p = 1/(1 + §t) — again the pgf of a negative binomial distribution.

76



