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Setting

k : finitely gen. field (otherwise mentioned) of characteristic pě 0
` : prime “ p
X : smooth, separated, geometrically connected scheme over k

π1pX q : étale fundamental group (base points omitted)
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Setting

k : finitely gen. field (otherwise mentioned) of characteristic pě 0
` : prime “ p
X : smooth, separated, geometrically connected scheme over k

π1pX q : étale fundamental group (base points omitted)

Xk
// X // specpkq

specpkpxqq

x

ddIIIIIIIIII

OO
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Setting

k : finitely gen. field (otherwise mentioned) of characteristic pě 0
` : prime “ p
X : smooth, separated, geometrically connected scheme over k

π1pX q : étale fundamental group (base points omitted)

Xk
// X // specpkq

specpkpxqq

x

ddIIIIIIIIII

OO

1 // π1pXkq
// π1pX q // π1pkq // 1

π1pxq

x
ccHHHHHHHHH

OO
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Setting

k : finitely gen. field (otherwise mentioned) of characteristic pě 0
` : prime “ p
X : smooth, separated, geometrically connected scheme over k

π1pX q : étale fundamental group (base points omitted)

Xk
// X // specpkq

specpkpxqq

x

ddIIIIIIIIII

OO

1 // π1pXkq
// π1pX q //

ρ
‘generic’ rep.

��

π1pkq // 1

GLnpQ`q π1pxq

x
ddJJJJJJJJJ

OO
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Setting

k : finitely gen. field (otherwise mentioned) of characteristic pě 0
` : prime “ p
X : smooth, separated, geometrically connected scheme over k

π1pX q : étale fundamental group (base points omitted)

Xk
// X // specpkq

specpkpxqq

x

ddIIIIIIIIII

OO

1 // π1pXkq
// π1pX q //

ρ
‘generic’ rep.

��

π1pkq // 1

GLnpQ`q π1pxq

x
ddJJJJJJJJJ

OO

ρx
‘local’ rep. at x

oo
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Uniform open image theorem

1 // π1pXkq
// π1pX q //

ρ
����

π1pkq // 1

GLnpQ`q π1pxq

x

ddJJJJJJJJJ

OO

ρx

oo
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Uniform open image theorem

1 // π1pXkq
// π1pX q //

ρ
����

π1pkq // 1

GLnpQ`q π1pxq

x

ddJJJJJJJJJ

OO

ρx

oo

ρ is G(geometrically) L(ie) P(erfect) if

Liepρpπ1pXkqqq
ab “ 0

ðñ|Uab| ă`8, U Ăop ρpπ1pXkqq
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Uniform open image theorem

1 // π1pXkq
// π1pX q //

ρ
����

π1pkq // 1

GLnpQ`q π1pxq

x

ddJJJJJJJJJ

OO

ρx

oo

X ?δ :“tx PX | codimimρ imρx?δuĂX , ?“ě,ă,“ etc .
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Uniform open image theorem

1 // π1pXkq
// π1pX q //

ρ
����

π1pkq // 1

GLnpQ`q π1pxq

x

ddJJJJJJJJJ

OO

ρx

oo

X ?δ :“tx PX | codimimρ imρx?δuĂX
X ?δpď dq :“X ?δXX pď dq

, ?“ě,ă,“ etc .

X pď dq :“tx PX | rkpxq : ks ď du
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Uniform open image theorem

1 // π1pXkq
// π1pX q //

ρ
����

π1pkq // 1

GLnpQ`q π1pxq

x

ddJJJJJJJJJ

OO

ρx

oo

X ?δ :“tx PX | codimimρ imρx?δuĂX
X ?δpď dq :“X ?δXX pď dq

, ?“ě,ă,“ etc .

X pď dq :“tx PX | rkpxq : ks ď du

Theorem (UOI)

X curve, p“ 0 (resp. pą 0). For every d ě 1 (resp. d “ 1)
1 ρ GLP ñ Xě1pď dq is finite and

Bd :“ suptrimpρq : impρxqs | x PX
ă1pď dquă`8

2 Xě3pď dq is finite

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Uniform open image theorem

1 // π1pXkq
// π1pX q //

ρ
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π1pkq // 1

GLnpQ`q π1pxq

x

ddJJJJJJJJJ

OO

ρx

oo

X ?δ :“tx PX | codimimρ imρx?δuĂX
X ?δpď dq :“X ?δXX pď dq

, ?“ě,ă,“ etc .

X pď dq :“tx PX | rkpxq : ks ď du

Theorem (UOI) (C-Tamagawa, „ 10, p“ 0 ; Ambrosi, „ 17, pą 0)

X curve, p“ 0 (resp. pą 0). For every d ě 1 (resp. d “ 1)
1 ρ GLP ñ Xě1pď dq is finite and

Bd :“ suptrimpρq : impρxqs | x PX
ă1pď dquă`8

2 Xě3pď dq is finite
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Uniform open image theorem - reformulation of (1)

Theorem (UOI) (C-Tamagawa, „ 10, p“ 0 ; Ambrosi, „ 17, pą 0)

X curve, p“ 0 (resp. pą 0), ρ GLP. For every d ě 1 (resp. d “ 1)
Xě1pď dq is finite and

Bd :“ suptrimpρq : impρxqs | x PX
ă1pď dquă`8

Equivalently
Ud :“

č

xPXă1pďdq

imρx Ăop imρ

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Uniform open image theorem - reformulation of (1)

Theorem (UOI) (C-Tamagawa, „ 10, p“ 0 ; Ambrosi, „ 17, pą 0)

X curve, p“ 0 (resp. pą 0), ρ GLP. For every d ě 1 (resp. d “ 1)
Xě1pď dq is finite and

Bd :“ suptrimpρq : impρxqs | x PX
ă1pď dquă`8

Equivalently
Ud :“

č

xPXă1pďdq

imρx Ăop imρ

imρĂGLnpQ`q compact `-adic Lie group (Cartan)

ù topologically finitely generated
ù only finitely many open subgroups of bounded index ďBd
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Main example
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Main example

f :Y ÑX smooth proper

R i f˚Q` lcc Q`-sheaf on X (smooth proper BC)
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Main example

f :Y ÑX smooth proper

R i f˚Q` lcc Q`-sheaf on X (smooth proper BC)

π1pX ,ηq

ρ

$$
pR i f˚Q`qη

» // H i pYη,Q`q

π1pX ,xq

»

OO
ρ

$$
pR i f˚Q`qx

» //

»

OO

H i pYx ,Q`q

π1px ,xq
ρx

DD

x

OO
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Main example

f :Y ÑX smooth proper

R i f˚Q` lcc Q`-sheaf on X (smooth proper BC)

π1pX q

ρ

##
pR i f˚Q`qη

» // H i pYη,Q`q
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Main example

f :Y ÑX smooth proper

R i f˚Q` lcc Q`-sheaf on X (smooth proper BC)

π1pX q

ρ

##
pR i f˚Q`qη

» // H i pYη,Q`q

Theorem (Deligne, „ 80)

ρ is GLP.
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Main example

f :Y ÑX smooth proper

R i f˚Q` lcc Q`-sheaf on X (smooth proper BC)

π1pX q

ρ

##
pR i f˚Q`qη

» // H i pYη,Q`q

Theorem (Deligne, „ 80)

ρ is GLP.

§ Specialization ù k finite of char p “ `

§ R i f˚Q` pure of weight i (Weil I)
§ H1pXk , pure of weight 0q of weights ě 1 (Weil II)
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Main example

f :Y ÑX smooth proper

R i f˚Q` lcc Q`-sheaf on X (smooth proper BC)

π1pX q

ρ

##
pR i f˚Q`qη

» // H i pYη,Q`q

Theorem (Deligne, „ 70, „ 80)

ρ is GLP.

§ Specialization ù k finite of char p “ `

§ R i f˚Q` pure of weight i (Weil I)
§ H1pXk , pure of weight 0q of weights ě 1 (Weil II)

(If p“ 0, comparison Betti ÐÑ `-adic + Hodge II)
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Uniform boundedness of `-primary part- two examples
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Uniform boundedness of `-primary part- two examples

Conjecture TAV (torsion of abelian varieties)

k{Q number field, AÑ k abelian variety,

|Apkqπ1pkqr`8s “Apkqr`8s| ďC pdimpAq,rk :Qsq
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k{Q number field, AÑ k abelian variety,

|Apkqπ1pkqr`8s “Apkqr`8s| ďC pdimpAq,rk :Qsq

Conjecture BK3 (Brauer group of K3)

k{Q number field, X Ñ k K3 surface

|BrpXkq
π1pkqr`8s| ďC pNSpXkq,rk :Qsq
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Uniform boundedness of `-primary part- two examples

Conjecture TAV (torsion of abelian varieties)

k{Q number field, AÑ k abelian variety,

|Apkqπ1pkqr`8s “Apkqr`8s| ďC pdimpAq,rk :Qsq

§ By MW, |Apkqr`8s| ă`8

Conjecture BK3 (Brauer group of K3)

k{Q number field, X Ñ k K3 surface

|BrpXkq
π1pkqr`8s| ďC pNSpXkq,rk :Qsq

§ By Tate conj. for K3, |BrpXkq
π1pkqr`8s| ă`8
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Uniform boundedness of `-primary part- two examples

Conjecture TAV (torsion of abelian varieties)

k{Q number field, AÑ k abelian variety,

|Apkqπ1pkqr`8s “Apkqr`8s| ďC pdimpAq,rk :Qsq

Conjecture BK3 (Brauer group of K3)

k{Q number field, X Ñ k K3 surface

|BrpXkq
π1pkqr`8s| ďC pNSpXkq,rk :Qsq

Using moduli spaces, both conjectures amount to bounding uniformly
the involved invariants in a specific smooth proper family f :Y ÑX
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Uniform boundedness of `-primary part- two examples

f :Y ÑX smooth proper
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Uniform boundedness of `-primary part- two examples

f :Y ÑX smooth proper

Conjecture TAVF (torsion of abelian varieties in families)

f :Y ÑX abelian scheme

supt|Yxpkpxqqr`
8s| | x PX pď dquă`8

XT pď dq : set of x P X pď dq satisfying the `-adic Tate conj. for
divisors

Conjecture BF (Brauer group in families)

supt|BrpYxq
π1pxqr`8s| | x PXT pď dquă`8
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Uniform boundedness of `-primary part- two examples

f :Y ÑX smooth proper

Conjecture TAVF (torsion of abelian varieties in families)

f :Y ÑX abelian scheme

supt|Yxpkpxqqr`
8s| | x PX pď dquă`8

XT pď dq : set of x P X pď dq satisfying the `-adic Tate conj. for
divisors

Conjecture BF (Brauer group in families)

supt|BrpYxq
π1pxqr`8s| | x PXT pď dquă`8

§ For d “ 1, both conjectures should follow from the
Bombieri-Lang conjecture modulo a general conjecture on
abstract modular schemes (C-Tamagawa) - see proof of UOI
Thm
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Uniform boundedness of `-primary part- two examples
f :Y ÑX smooth proper

Conjecture TAVF (torsion of abelian varieties in families)

f :Y ÑX abelian scheme

supt|Yxpkpxqqr`
8s| | x PX pď dquă`8

XT pď dq : set of x P X pď dq satisfying the `-adic Tate conj. for
divisors

Conjecture BF (Brauer group in families)

supt|BrpYxq
π1pxqr`8s| | x PXT pď dquă`8

§ For d “ 1, both conjectures should follow from the
Bombieri-Lang conjecture modulo a general conjecture on
abstract modular schemes (C-Tamagawa) - see proof of UOI
Thm

§ For d ě 2 or pą 0, rather questions
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Application 1 : Conj. TAVF, dimpX q“ 1
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f :Y ÑX abelian scheme

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme

Corollary

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

supt|Yxpkpxqqr`
8s | x PX pď dquă`8
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme

Corollary

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

supt|Yxpkpxqqr`
8s | x PX pď dquă`8

§ E.g. Conj. TAV for dimpAq“ 1 :

apply Cor. to E ÑY1p3q

Amounts to
Y1p`

nqpď dq“H, n" 0

Manin „ 69 for k-rational points
Frey „ 84 using Mordell-Lang (Faltings „ 83)

§ First evidence for higher-dimensional A’s
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme

H1pYη,Z{`nq_ H1pYx ,Z{`nq_
»oo

:“Mr`ns » pZ{`nq2d

Yηpkpηqqr`
ns

»

OO

Yxpkpxqqr`
ns

»oo

»

OO

π1pX q

ρ

EE
ρ

;;

π1pxq
xoo

ρx

ZZ
ρx

cc
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»

OO

Yxpkpxqqr`
ns

»oo

»

OO

π1pX q

ρ

EE
ρ

;;
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme

H1pYη,Z{`nq_ H1pYx ,Z{`nq_
»oo :“Mr`ns » pZ{`nq2d

Yηpkpηqqr`
ns

»

OO

Yxpkpxqqr`
ns

»oo

»

OO

π1pX q

ρ

EE
ρ

;;

π1pxq
xoo

ρx

ZZ
ρx

cc

π1pX q

T :“ lim
ÐÝ

Mr`ns »Z2d
`

GLP
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f :Y ÑX abelian scheme

H1pYη,Z{`nq_ H1pYx ,Z{`nq_
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Yηpkpηqqr`
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»
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Yxpkpxqqr`
ns

»oo

»
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π1pX q

ρ

EE
ρ

;;

π1pxq
xoo

ρx

ZZ
ρx
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π1pX q

ρ

$$
T :“ lim

ÐÝ
Mr`ns »Z2d

`

GLP
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f :Y ÑX abelian scheme

H1pYη,Z{`nq_ H1pYx ,Z{`nq_
»oo :“Mr`ns » pZ{`nq2d

Yηpkpηqqr`
ns

»

OO

Yxpkpxqqr`
ns

»oo

»

OO

π1pX q

ρ

EE
ρ

;;

π1pxq
xoo

ρx

ZZ
ρx

cc

π1pX q

ρ

$$
T :“ lim

ÐÝ
Mr`ns »Z2d

` GLP
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme

H1pYη,Z{`nq_ H1pYx ,Z{`nq_
»oo :“Mr`ns » pZ{`nq2d

Yηpkpηqqr`
ns

»

OO

Yxpkpxqqr`
ns

»oo

»

OO

π1pX q

ρ

EE
ρ

;;

π1pxq
xoo

ρx

ZZ
ρx

cc

π1pX q

ρ

$$
T :“ lim

ÐÝ
Mr`ns »Z2d

` GLP

M :“T bQ`{Z`

Yηpkpηqqr`
8s “Mπ1pX qĂMπ1pxq“Yxpkpxqqr`

8s
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme, π1pX q

ρ

$$
T GLP, M :“T bQ`{Z`

Yηpkpηqqr`
8s “Mπ1pX qĂMπ1pxq“Yxpkpxqqr`

8s
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme, π1pX q

ρ

$$
T GLP, M :“T bQ`{Z`

Yηpkpηqqr`
8s “Mπ1pX qĂMπ1pxq“Yxpkpxqqr`

8s

If X curve, |Xě1pď dq| ă`8 and

Ud :“
č

xPXă1pďdq

imρx Ăop imρ

ù ρ´1pUd qĂop π1pX q

ÐÑ XUd
ÑX connected étale cover
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If X curve, |Xě1pď dq| ă`8 and
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme, π1pX q

ρ

$$
T GLP, M :“T bQ`{Z`

Yηpkpηqqr`
8s “Mπ1pX qĂMπ1pxq“Yxpkpxqqr`

8s

If X curve, |Xě1pď dq| ă`8 and

Ud :“
č

xPXă1pďdq

imρx Ăop imρ ù ρ´1pUd qĂop π1pX q

ÐÑ XUd
ÑX connected étale cover

x PXă1pď dq ñ Yxpkpxqqr`
8s “Mπ1pxq

ĂMπ1pXUd
q

“YηUd
pkpηUd

qqr`8s : finite (MWLN)
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme, π1pX q

ρ

$$
T GLP, M :“T bQ`{Z`

Yηpkpηqqr`
8s “Mπ1pX qĂMπ1pxq“Yxpkpxqqr`

8s

If X curve, |Xě1pď dq| ă`8 and

Ud :“
č

xPXă1pďdq

imρx Ăop imρ ù ρ´1pUd qĂop π1pX q

ÐÑ XUd
ÑX connected étale cover

For every x PX pď dq

|Yxpkpxqqr`
8s| ď |YηUd

pkpηUd
qqr`8s|
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Application 1 : Conj. TAVF, dimpX q“ 1

f :Y ÑX abelian scheme, π1pX q

ρ

$$
T GLP, M :“T bQ`{Z`

Yηpkpηqqr`
8s “Mπ1pX qĂMπ1pxq“Yxpkpxqqr`

8s

If X curve, |Xě1pď dq| ă`8 and

Ud :“
č

xPXă1pďdq

imρx Ăop imρ ù ρ´1pUd qĂop π1pX q

ÐÑ XUd
ÑX connected étale cover

For every x PX pď dq

|Yxpkpxqqr`
8s| ďmaxt|YηUd

pkpηUd
qqr`8s|, |Yxpkpxqqr`

8s|, x PXě1pď dq
loooomoooon

finite!

u
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Application 2 : Conj. BF, dimpX q“ 1
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth, proper
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth, proper

Corollary

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

suptBrpYxq
π1pxqr`8s | x PXT pď dquă`8
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth, proper

Corollary (C-Charles, „ 16, p“ 0 ; Ambrosi „ 17, pą 0)

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

suptBrpYxq
π1pxqr`8s | x PXT pď dquă`8

§ Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on X0pnq (Manin,
Faltings-Frey, Mazur, Merel)
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f :Y ÑX smooth, proper

Corollary (C-Charles, „ 16, p“ 0 ; Ambrosi „ 17, pą 0)

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

suptBrpYxq
π1pxqr`8s | x PXT pď dquă`8

§ Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on X0pnq (Manin,
Faltings-Frey, Mazur, Merel)

§ For f :Y ÑX abelian scheme or family of K3, XT pď dq“X

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth, proper

Corollary (C-Charles, „ 16, p“ 0 ; Ambrosi „ 17, pą 0)

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

suptBrpYxq
π1pxqr`8s | x PXT pď dquă`8

§ Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on X0pnq (Manin,
Faltings-Frey, Mazur, Merel)

§ For f :Y ÑX abelian scheme or family of K3, XT pď dq“X

§ Can relax the condition on the `-adic Tate conjecture for
divisors
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth, proper

Corollary (C-Charles, „ 16, p“ 0 ; Ambrosi „ 17, pą 0)

If X is a curve and p“ 0 (resp. pą 0), for every d ě 1 (resp. d “ 1)

suptBrpYxq
π1pxqr`8s | x PXT pď dquă`8

§ Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on X0pnq (Manin,
Faltings-Frey, Mazur, Merel)

§ For f :Y ÑX abelian scheme or family of K3, XT pď dq“X

§ Can relax the condition on the `-adic Tate conjecture for
divisors

§ In this talk, p“ 0. For pą 0 (more delicate !) see Ambrosi’s
talk
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Application 2 : Conj. BF, dimpX q“ 1
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper

BrpYkq“H2pYk ,Gmq cohomological Brauer group of Yk
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper

BrpYkq“H2pYk ,Gmq cohomological Brauer group of Yk

Lemma (Relation with the Tate conjecture for divisors)

p “ ` : prime. The following assertions are equivalent
§ (1) c1 : PicpYkqbQ`� lim

ÝÑ
UĂπ1pkqopen

H2pYk ,Q`p1qqU ;

§ (2) BrpYkq
U r`8s is finite for every open subgroup U Ăπ1pkq.
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper,
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“TbQ`, M “TbQ`{Z`, Mr`ns »T {`n
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

1Ñµ`n ÑGm
p´q`

n

Ñ GmÑ 1 (Kummer)
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

1Ñµ`n ÑGm
p´q`

n

Ñ GmÑ 1 (Kummer)

0ÑNSpYkqbZ{`
nÑH2pYk ,µ`nqÑBr`nsÑ 0
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

1Ñµ`n ÑGm
p´q`

n

Ñ GmÑ 1 (Kummer)

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(2) ñ (1)
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1) ñ (2) :

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU

(1) ñ p˚q splits π1pkq-equivariantly (Tate). So (1) ñ VU “ 0
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU

(1) ñ p˚q splits π1pkq-equivariantly (Tate). So (1) ñ VU “ 0

0ÑTU ÑVU ÑMU δ
ÑH1pU ,T q

MU ĂH1pU ,T qr`8s
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU

(1) ñ p˚q splits π1pkq-equivariantly (Tate). So (1) ñ VU “ 0

0ÑTU ÑVU ÑMU δ
ÑH1pU ,T q

MU “MρpUqĂH1pρpUq,T qr`8s finite
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU

(1) ñ p˚q splits π1pkq-equivariantly (Tate). So (1) ñ VU “ 0

0ÑTU ÑVU ÑMU δ
ÑH1pU ,T q

MU “MρpUqĂH1pρpUq,T qr`8s finite

0ÑMÑBr`8sÑH3pYk ,Z`p1qqr`8sÑ 0
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU

(1) ñ p˚q splits π1pkq-equivariantly (Tate). So (1) ñ VU “ 0

0ÑTU ÑVU ÑMU δ
ÑH1pU ,T q

MU “MρpUqĂH1pρpUq,T qr`8s finite

0ÑMÑBr`8sÑH3pYk ,Z`p1qqr`8sÑ 0

|BU r`8s| ď |MU |` |H3pYk ,Z`p1qqr`8s|
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Application 2 : Conj. BF, dimpX q“ 1

f :Y Ñ k smooth proper, B :“BrpYkq

T :“ lim
ÐÝ

Br`ns, V :“T bQ`, M “T bQ`{Z`, Mr`ns »T {`n

p˚q 0ÑNSpYkqbQ`ÑH2pYk ,Q`p1qqÑV Ñ 0

(1)ñ (2) : may assume U Ăπ1pkq small enough so that NSpYkq
U “

NSpYkq and c1 : PicpYkqbQ`�H2pYk ,Q`p1qqU

(1) ñ p˚q splits π1pkq-equivariantly (Tate). So (1) ñ VU “ 0

0ÑTU ÑVU ÑMU δ
ÑH1pU ,T q

MU “MρpUqĂH1pρpUq,T qr`8s finite

0ÑMÑBr`8sÑH3pYk ,Z`p1qqr`8sÑ 0

|BU r`8s| ď |H1pρpUq,T qr`8s|`|H3pYk ,Z`p1qqr`8s|

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper,
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q GLP
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q GLP

|H3pYx ,Z`p1qqr`8s| independent of x (smooth proper bc)
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q GLP

|H3pYx ,Z`p1qqr`8s| independent of x (smooth proper bc)

Ux varies in a finite set...
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q GLP

|H3pYx ,Z`p1qqr`8s| independent of x (smooth proper bc)

Ux varies in a finite set... BUT
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q GLP

|H3pYx ,Z`p1qqr`8s| independent of x (smooth proper bc)

Ux varies in a finite set... BUT

0 // NSpYηqbZ` //

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

��

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0
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ρ
**
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|H3pYx ,Z`p1qqr`8s| independent of x (smooth proper bc)

Ux varies in a finite set... BUT

0 // NSpYηqbZ` //
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spx
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»

��
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����

// 0

0 // NSpYxqbZ`
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

Ux :“ impρxq, π1pX q

ρ
**

H2pYη,Q`q GLP

|H3pYx ,Z`p1qqr`8s| independent of x (smooth proper bc)

Ux varies in a finite set... BUT

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

spx :NSpYηqÑNSpYxq is not an isomorphism in general !
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq
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»
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// 0
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXT pď dq

|BrpYxq
π1pxqr`8s| ď |H1pUx ,T`pBrpYxqqqr`

8s|`|H3pYx ,Z`p1qqr`8s|

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Lemma (Galois generic vs NS-generic)

If x PXă1pď dq,

spx :NSpYηq
»
ÑNSpYxq pand BrpYηq

»
ÑBrpYxqq
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
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spx
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H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
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// 0
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq.
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq. x PXă1pď dq+ comparison Betti/`-adic
ù may assume c PH2pYx ,Z`p1qqπ1pXk q
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Application 2 : Conj. BF, dimpX q“ 1

f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq. x PXă1pď dq+ comparison Betti/`-adic
ù may assume c PH2pYx ,Z`p1qqπ1pXk q

Fix a smooth compactification Y ãÑY .
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Application 2 : Conj. BF, dimpX q“ 1
f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq. x PXă1pď dq+ comparison Betti/`-adic
ù may assume c PH2pYx ,Z`p1qqπ1pXk q

Fix a smooth compactification Y ãÑY .

NSpYηq

��

c PH2pYx ,Qp1qqπ1pXCq H2pY C,Qp1qqoo NSpY Cq //oo NSpYCq

OO

��
NSpYx q
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Application 2 : Conj. BF, dimpX q“ 1
f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»

��

// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq. x PXă1pď dq+ comparison Betti/`-adic
ù may assume c PH2pYx ,Z`p1qqπ1pXk q

Fix a smooth compactification Y ãÑY .

NSpYηq

��

c PH2pYx ,Qp1qqπ1pXCq H2pY C,Qp1qqoo
Deligne’s fixed part

oooo NSpY Cq //oo NSpYCq

OO

��
NSpYx q
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Application 2 : Conj. BF, dimpX q“ 1
f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»
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// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq. x PXă1pď dq+ comparison Betti/`-adic
ù may assume c PH2pYx ,Z`p1qqπ1pXk q

Fix a smooth compactification Y ãÑY .

NSpYηq

��

c PH2pYx ,Qp1qqπ1pXCq

semisimplicity Q-PHS

$$
H2pY C,Qp1qqoo

Deligne’s fixed part
oooo NSpY Cq //oo NSpYCq

OO

��
NSpYx q
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Application 2 : Conj. BF, dimpX q“ 1
f :Y ÑX smooth proper, x PXă1pď dq

0 // NSpYηqbZ` //
_�

spx

��

H2pYη,Z`p1qq

»
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// T`pBrpYηqq

����

// 0

0 // NSpYxqbZ`
// H2pYx ,Z`p1qq // T`pBrpYxqq

// 0

Fix c PNSpYxq. x PXă1pď dq+ comparison Betti/`-adic
ù may assume c PH2pYx ,Z`p1qqπ1pXk q

Fix a smooth compactification Y ãÑY .

NSpYηq

��

c PH2pYx ,Qp1qqπ1pXCq

semisimplicity Q-PHS

$$
H2pY C,Qp1qqoo

Deligne’s fixed part
oooo NSpY Cq //oo

Lefschetz(1,1)
oo NSpYCq

OO

��
NSpYx q
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Application 2 : Conj. BF, dimpX q“ 1
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Application 2 : Conj. BF, dimpX q“ 1

§ It is the implication Galois-generic ñ NS-generic which is the
delicate point when pą 0
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Application 2 : Conj. BF, dimpX q“ 1

§ It is the implication Galois-generic ñ NS-generic which is the
delicate point when pą 0

§ More generally, Galois-generic ñ the motivated motivic Galois
group does not degenerate (Y.André „ 96)
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Application 2 : Conj. BF, dimpX q“ 1

§ It is the implication Galois-generic ñ NS-generic which is the
delicate point when pą 0

§ More generally, Galois-generic ñ the motivated motivic Galois
group does not degenerate (Y.André „ 96)

§ Unconditional formulation is

Corollary (C-Charles, „ 16, p“ 0 ; Ambrosi „ 17, pą 0)

If X is a curve, p“ 0 (resp. pą 0) and the Zariski-closure of impρq
is connected, for every d ě 1 (resp. d “ 1)

suptrBrpYxq
π1pxqr`8s :BrpYηq

π1pX qr`8ss | x PXă1pď dquă`8

(recall BrpYηq
»
ÑBrpYxqq for x PXă1pď dq).
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UOI Thm - sketch of proof / Strategy
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

Theorem (UOI) (C-Tamagawa, „ 10, p“ 0 ; Ambrosi, „ 17, pą 0)

X curve, p“ 0 (resp. pą 0), ρ GLP. For every d ě 1 (resp. d “ 1)
Xě1pď dq is finite and

Ud :“
č

xPXă1pďdq

imρx Ăop imρ
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq

§ Step 2 : Show that gpXnqÑ`8
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq

§ Step 2 : Show that gpXnqÑ`8

+ Mordell Conj.
ñ |Xnpď 1q| ă`8, n" 0 ñ |Xě1pď 1q| ă`8
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq

§ Step 2 : Show that gpXnqÑ`8

+ Mordell Conj.
ñ |Xnpď 1q| ă`8, n" 0 ñ |Xě1pď 1q| ă`8

§ Step 3 : Show that γpXnqÑ`8
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq

§ Step 2 : Show that gpXnqÑ`8

+ Mordell Conj.
ñ |Xnpď 1q| ă`8, n" 0 ñ |Xě1pď 1q| ă`8

§ Step 3 : Show that γpXnqÑ`8

+ Mordell-Lang Conj.
ñ |Xnpď dq| ă`8, n" 0 ñ |Xě1pď dq| ă`8
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq

§ Step 2 : Show that gpXnqÑ`8

+ Mordell Conj.
ñ |Xnpď 1q| ă`8, n" 0 ñ |Xě1pď 1q| ă`8
[Uses GLP]

§ Step 3 : Show that γpXnqÑ`8

+ Mordell-Lang Conj.
ñ |Xnpď dq| ă`8, n" 0 ñ |Xě1pď dq| ă`8
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UOI Thm - sketch of proof / Strategy

ρ :π1pX qÑGLnpZ`q

§ Step 1 (works for arbitrary X ) Using formalism of Galois
categories, attach to ρ a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

such that implim
ÐÝ

Xnpď dqÑX pď dqq“Xě1pď dq

§ Step 2 : Show that gpXnqÑ`8

+ Mordell Conj.
ñ |Xnpď 1q| ă`8, n" 0 ñ |Xě1pď 1q| ă`8
[Uses GLP]

§ Step 3 : Show that γpXnqÑ`8

+ Mordell-Lang Conj.
ñ |Xnpď dq| ă`8, n" 0 ñ |Xě1pď dq| ă`8

[Relies on Step 2]
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UOI Thm - sketch of proof / Step 1

ρ :π1pX qÑGLnpZ`q
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UOI Thm - sketch of proof / Step 1

ρ :π1pX qÑGLnpZ`q

U Ăπ1pX q open subgroup ØXU ÑX étale cover

§ UXπ1pXkq Ø XUˆk kÑXk ;

§ x PX π1pxqÑU Ăπ1pX qô XU

��
X specpkpxqqx
oo

ee
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UOI Thm - sketch of proof / Step 1

ρ :π1pX qÑGLnpZ`q

U Ăπ1pX q open subgroup ØXU ÑX étale cover

§ UXπ1pXkq Ø XUˆk kÑXk ;

§ x PX π1pxqÑU Ăπ1pX qô XU

��
X specpkpxqqx
oo

ee

k “ k
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UOI Thm - sketch of proof / Step 1
ρ :π1pX qÑGLnpZ`q

U Ăπ1pX q open subgroup ØXU ÑX étale cover

§ UXπ1pXkq Ø XUˆk kÑXk ;
§ x PX π1pxqÑU Ăπ1pX qô XU

��
X specpkpxqqx
oo

ee

Π :“ impρqĂGLnpZ`q compact `-adic Lie group
Πpnq :“ kerpΠĂGLpZ`q�GLpZ{`nqq, ně 1

Vn :“tV Ăop Π |ΦpΠpn´1qqĂV , Πpn´1qĆV u

Xn :“
ğ

V PVn

Xρ´1pV qÑX

Vn`1 Ñ Vn

V Ñ VΦpΠpn´1qq
ÐÑXn`1ÑXn
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UOI Thm - sketch of proof / Step 1

ρ : π1pX q Ñ GLnpZ`q, Π :“ impρq Ă GLnpZ`q compact `-adic Lie
group

Πpnq :“ kerpΠĂGLpZ`q
p´qn
� GLpZ{`nqq, ně 1

Vn :“tV Ăop Π |ΦpΠpn´1qqĂV , Πpn´1qĆV u

Xn :“
ğ

V PVn

Xρ´1pV qÑX

Vn`1 Ñ Vn

V Ñ VΦpΠpn´1qq
ÐÑXn`1ÑXn
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UOI Thm - sketch of proof / Step 1
ρ : π1pX q Ñ GLnpZ`q, Π :“ impρq Ă GLnpZ`q compact `-adic Lie
group

Πpnq :“ kerpΠĂGLpZ`q
p´qn
� GLpZ{`nqq, ně 1

Vn :“tV Ăop Π |ΦpΠpn´1qqĂV , Πpn´1qĆV u

Xn :“
ğ

V PVn

Xρ´1pV qÑX

Vn`1 Ñ Vn

V Ñ VΦpΠpn´1qq
ÐÑXn`1ÑXn

§ ΦpΠqĂop Π ñ |Vn| ă`8

§ K Ÿcl Π, H Ăcl Π, HΦpK qĄK ñ H ĄK

ù H Ăcl Π, H ĆUn, Un PUn ñ Πpn´1qĂH

§ ΦpΠpn´1qq“Πpnq, n" 0

§ pV rnsq P lim
ÐÝ

Vn ñ P
č

n

V rns Ăcl Π not open
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UOI Thm - sketch of proof / Step 2

ρ :π1pX qÑGLnpZ`q, Π :“ imρ

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX
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UOI Thm - sketch of proof / Step 2

ρ :π1pX qÑGLnpZ`q, Π :“ imρ

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

§ X̂nÑX Galois closure of XnÑX
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UOI Thm - sketch of proof / Step 2

ρ :π1pX qÑGLnpZ`q, Π :“ imρ
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¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

§ X̂nÑX Galois closure of XnÑX
gpX̂nqď 1, ně 0 ñ ρ not GLP [Classif. Autpgenusď 1q]
gpX̂nqě 2, n" 0 ñ gpX̂nqÑ`8 [R-H formula]

§ Compare gpX̂nq and gpXnq : gpX̂nqÑ`8 ô gpXnqÑ`8

Control of ramification terms in R-H formula

|InzΠn{Hn|

|Πn{Hn|
Ñ

1
|IH |

Inertia I Ăcl Πcl ĄH :“XnV rns
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ρ :π1pX qÑGLnpZ`q, Π :“ imρ

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

§ X̂nÑX Galois closure of XnÑX
gpX̂nqď 1, ně 0 ñ ρ not GLP [Classif. Autpgenusď 1q]
gpX̂nqě 2, n" 0 ñ gpX̂nqÑ`8 [R-H formula]

§ Compare gpX̂nq and gpXnq : gpX̂nqÑ`8 ô gpXnqÑ`8

Control of ramification terms in R-H formula

|InzΠn{Hn|

|Πn{Hn|
Ñ

1
|IH |

Inertia I Ăcl Πcl ĄH :“XnV rns
[Serre-Osterlé’s asympotic estimates for cardinality of
reduction modulo `n of `-adic analytic spaces]
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UOI Thm - sketch of proof / Step 3
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UOI Thm - sketch of proof / Step 3

ρ :π1pX qÑGLnpZ`q, Π :“ imρ

Assume γpXnqď γ for all n

¨ ¨ ¨Xn`1ÑXnÑXn´1Ñ¨¨¨ÑX1ÑX

After extracting [Π compact `-adic Lie group], may assume Xn`1Ñ

Xn Galois with group (Γnp“Z{`q
codimHΠ)
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UOI Thm - sketch of proof / Step 3

ρ :π1pX qÑGLnpZ`q, Π :“ imρ

Assume γpXnqď γ for all n

¨ ¨ ¨ // Xn`1 //
Γn

fn`1
��

˜̋
Xn

//

fn

��
˜̋

Γn´1

Xn´1 //

fn´1
��

¨ ¨ ¨ // XN
//

fN

��

¨ ¨ ¨ // X

¨ ¨ ¨ // Bn`1 //

Γn

Bn
//

Γn´1

Bn´1 // ¨ ¨ ¨ // BN

§ Bn`1ÑBn Galois with group Γn

§ gpBnq“ 0, degpfnq“ γ or gpBnq“ 1, degpfnq“
γ
2
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¨ ¨ ¨ // Xn`1 //
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fn`1
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Xn

//

fn

��
˜̋

Γn´1

Xn´1 //

fn´1
��

¨ ¨ ¨ // XN
//

fN

��

¨ ¨ ¨ // X

¨ ¨ ¨ // Bn`1 //

Γn

Bn
//

Γn´1

Bn´1 // ¨ ¨ ¨ // BN

§ Bn`1ÑBn Galois with group Γn

§ gpBnq“ 0, degpfnq“ γ or gpBnq“ 1, degpfnq“
γ
2

§ ¨ ¨ ¨Bn`1ÑBnÑ¨¨¨ÑBN ’corresponds to’ the induced rep
Ind

π1pBNq

π1pXNq
pρ|π1pXNq

q which is again GLP
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ρ :π1pX qÑGLnpZ`q, Π :“ imρ

Assume γpXnqď γ for all n

¨ ¨ ¨ // Xn`1 //
Γn

fn`1
��

˜̋
Xn

//

fn

��
˜̋

Γn´1

Xn´1 //

fn´1
��

¨ ¨ ¨ // XN
//

fN

��

¨ ¨ ¨ // X

¨ ¨ ¨ // Bn`1 //

Γn

Bn
//

Γn´1

Bn´1 // ¨ ¨ ¨ // BN

§ Bn`1ÑBn Galois with group Γn

§ gpBnq“ 0, degpfnq“ γ or gpBnq“ 1, degpfnq“
γ
2

§ ¨ ¨ ¨Bn`1ÑBnÑ¨¨¨ÑBN ’corresponds to’ the induced rep
Ind

π1pBNq

π1pXNq
pρ|π1pXNq

q which is again GLP

Contrad. step 2 !

On uniform boundedness of arithmetico-geometric invariants in one-dimensional families K3 surfaces and Galois representations Shepperton, May, 2nd-4th, 2018



UOI Conj - Higher dimensional X

ρ :π1pX qÑGLnpZ`q, Π :“ imρ

Πpnq :“ kerpΠĂGLpZ`q�GLpZ{`nqq, ně 1

Vn :“tV Ăop Π |ΦpΠpn´1qqĂV , Πpn´1qĆV u

Xn :“
ğ

V PVn

Xρ´1pV qÑXn´1Ñ¨¨¨ÑX1ÑX
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ρ GLP (+ ? ?) ñ Xn of general type for n" 0
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UOI Conj - Higher dimensional X
ρ :π1pX qÑGLnpZ`q, Π :“ imρ

Πpnq :“ kerpΠĂGLpZ`q�GLpZ{`nqq, ně 1

Vn :“tV Ăop Π |ΦpΠpn´1qqĂV , Πpn´1qĆV u

Xn :“
ğ

V PVn

Xρ´1pV qÑXn´1Ñ¨¨¨ÑX1ÑX

Conjecture

ρ GLP (+ ? ?) ñ Xn of general type for n" 0

§ by noetherian induction and modulo the Lang conj. would
imply uniform boundedness conj for torsion of AV, `-primary
part of Brauer (for d “ 1) etc

§ Need less than |Xnpkq| ă`8, n" 0... Only

|implim
ÐÝ

Xnpď dqÑX pď dqq| ă`8
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Thank you !
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