CONGRUENCES BETWEEN HILBERT MODULAR FORMS:
CONSTRUCTING ORDINARY LIFTS
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ABSTRACT. Under mild hypotheses, we prove that if F' is a totally real field,
and p : G — GLa(F;) is irreducible and modular, then there is a finite
solvable totally real extension F’/F such that ﬁ|GF, has a modular lift which is
ordinary at each place dividing [. We deduce a similar result for p itself, under
the assumption that at places v|l the representation p|a r, is reducible. This
allows us to deduce improvements to results in the literature on modularity
lifting theorems for potentially Barsotti-Tate representations and the Buzzard-
Diamond-Jarvis conjecture. The proof makes use of a novel lifting technique,
going via rank 4 unitary groups.
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1. INTRODUCTION.

1.1. If [ is a prime and f is a cuspidal newform of weight 2 < k <[+ 1 and level
prime to [, with associated mod [ Galois representation p; : Gg — GL2 (Fy), then
there are two possibilities for the local representation ﬁf\GQl; either it is reducible
or irreducible. Furthermore, there is a simple criterion distinguishing these two
cases: ﬁflg@l is reducible if and only if f is ordinary at [, in the sense that a;, the
eigenvalue of the Hecke operator Tj, is an [-adic unit. It is relatively straightforward
to deduce from this result that if p : Gg — GL2(F;) is continuous, irreducible and
modular (or equivalently odd, by Serre’s conjecture) and ﬁ|G@l is reducible, then p

has an ordinary modular lift p : Gg — GL2(Q;). This can be generalised to prove
the analogous statement for modular representations of G p+, where F'* is a totally
real field in which [ splits completely (see Lemma 2.14 of [Kis07a] together with
Lemma 6.1.6 of this paper).

If I does not split completely in F'T the situation is rather more complicated.
It is, for example, quite possible for the reduction mod [ of a non-ordinary Galois
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representation to be ordinary; one easy way to see this is that by solvable base
change one may even find non-ordinary representations p : Gp+ — GL2(Q;) such
that E\GF ., s trivial for each v|l, simply by taking any non-ordinary modular
representation and making a sufficiently large base change. Moreover, as far as
we know nothing is known about the existence of global ordinary lifts other than
Lemma 2.14 of [Kis07a], even in the case that [ is unramified in F* (despite the
claims made in section 3 of [Gee06b]). There are, however, several reasons to want
to prove such results in greater generality: in particular, the very general modular-
ity lifting theorems for two-dimensional potentially Barsotti-Tate representations
proved in [Kis07c] and [GeeO6b] are subject to a hypothesis on the existence of
ordinary lifts which limits their applicability.

In the present paper we resolve this situation by proving that ordinary lifts exist
in considerable generality; all that we require is that [ > 5, and a mild hypothesis
on the image p(G g+). The techniques that we employ are somewhat novel, and are
inspired by our work on the Sato-Tate conjecture ([BLGGO09)); in particular, they
make use of automorphy lifting theorems for rank 4 unitary groups.

As in our earlier work on related questions (e.g. [Gee06a] and [GG09]) we con-
struct the lifts that we seek by considering a universal deformation ring, and proving
that it has points in characteristic zero. This gives a candidate Galois representa-
tion lifting p, and one can then hope to prove that this representation is modular
by applying modularity lifting theorems. In fact, the modularity of the representa-
tion usually follows from the proof that the universal deformation ring has points in
characteristic zero (although not always; there is also a method due to Ramakrishna
([Ram02]) of a purely Galois-cohomological nature). This method is originally due
to Khare-Wintenberger (cf. Theorem 3.7 of [KWO08]). In these arguments one uses
base change to simplify or modify the local deformation conditions.

However, in the present case no advantage is gained by making a base change,
as any base change of an ordinary representation is still ordinary, and components
of local crystalline deformation rings contain either only ordinary points or only
non-ordinary points. Instead, we proceed by a method related to our work on
the Sato-Tate conjecture ([BLGGO09]). Rather than employ base change, we use a
different functoriality, that of automorphic induction from GLs to GL4.

We now sketch the main argument. Using the arguments of Khare-Wintenberger
mentioned above, it is enough to prove that there is a finite solvable extension
F["JF* of totally real fields such that ﬁ|GF , has an ordinary modular Barsotti-

1

Tate lift. We begin by choosing F1Jr /FT a finite solvable extension of totally real
fields such that ﬁ|GF . is trivial for each place v|l of F;F, and such that p has a

1,v o
modular Barsotti-Tate lift pB7 : GF1+ — GL2(Q;) which is unramified at all places
not dividing [/, and which is non-ordinary at all places dividing .
We now choose a CM quadratic extension M/F: 1+ in which every place dividing [

_ G+
splits, and an algebraic character 6 : Gy — le such that IndG;l 0 is Barsotti-Tate
and non-ordinary at each place dividing . We also construct an algebraic character

0 Gy — @lx such that Indgfr 0" is crystalline and ordinary with Hodge—Tate
weights 0 and 2 at each place dividing I, with 6 and #’ congruent mod I. We now
consider two deformation problems: firstly, we let Ry™¥"°"® denote the universal de-
formation ring for deformations of p which are unramified at all places not dividing
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I and which are crystalline and ordinary at all places dividing | with Hodge—Tate
weights 0 and 2. Secondly, we let R{™" denote the universal deformation ring for

G
certain self-dual lifts of the 4-dimensional representation p ® Inngr 6, which are
unramified at all places not dividing [, and which are crystalline at all places di-
viding [ with Hodge-Tate weights 0, 1, 2 and 3, and which furthermore satisfy an
additional condition: for each place v|l, the global deformations give rise to local
liftings on the same components of the appropriate local crystalline lifting ring as
the representation
Grt

(pBT ® (IndGM ))|GF+ .

1,0

Now, note that (because the local crystalline ordinary lifting rings are connected)

a putative Q;-point of Ry would correspond to a representation p : G P

B G, + _ .
GL2(Qy) such that the representation p(EQ(IndGZ1 0) gives a Q,-point of Ry™". Thus
we obtain (from the universal properties defining Ry™ and R5™"*°"®) a natural map
Ry™Y 5 RY™V' We show that this map is finite.

Furthermore, we show that Ry™V is a finite Z;-algebra, by identifying its re-
duced quotient with a Hecke algebra, using the automorphy lifting theorem proved

G
in [BLGGO9], and the automorphy of pBT @ IndG;1+ 6" (which follows from stan-

dard properties of automorphic induction). Thus R3™ " is a finite Z;-algebra.

Standard Galois cohomology calculations show that it has dimension at least 1, so
it has Z;-rank at least one, and thus has Q;-points. Let p°™ : GF1+ — GL2(Q)) be

the lift of ﬁ|GF , corresponding to such a point. By construction, this is ordinary
1 .
at each place v|l, and since (R}™¥)"*? has been identified with a Hecke algebra, we

see that p°™ ® IndGL1+ 6 is automorphic. The modularity of p°™ then follows from
an idea of Harris ([Har07], although the version we use is based on that employed
in [BLGHTO09]). Finally, a basic argument with Hida families allows us to replace
p°™d with a modular ordinary Barsotti-Tate representation.

In fact, we have glossed over several technical difficulties in the above argument.
It is more convenient to work over a quadratic CM extension of F;" for much of the
argument, only descending to Fl+ at the end. It is also convenient to make several
further solvable base changes during the argument; for example, we prefer to work
in situations where all representations considered are unramified outside of [, in
order to avoid complications due to non-smooth points on local lifting rings. We
also need to ensure that the various hypotheses of the automorphy lifting theorems
used are satisfied; this requires us to assume that [ > 4 for most of the paper
(because we use automorphy lifting theorems for GL4), and to assume various “big
image” hypotheses.

‘We now explain the structure of the paper. In section 2 we construct the charac-
ters 6 and 6’. The arguments of this section are very similar to the corresponding
arguments in [BLGHTO09] and [BLGGO09]. Section 3 contains our main results on
global deformation rings, including the finiteness results discussed above, and a
discussion of oddness. We take care to work in considerable generality, with a view
to further applications; in particular, in future work we will apply the machinery
of this section to generalisations of the weight part of Serre’s conjecture. In section
4 we examine the condition of a subgroup of GLy(F;) being 2-big in some detail;
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this allows us to obtain concrete conditions under which our main theorems hold.
Section 5 contains a slight variant on the trick of Harris mentioned above, and is
very similar to the corresponding section of [BLGG09]. The main theorems are
obtained in section 6. In addition to the argument explained above, we give a
more elementary argument in the case of residually dihedral representations, which
allows us to handle some cases with | = 3.

We would like to thank Brian Conrad for his assistance with the proof of Lemma
6.1.6. This paper was written simultaneously with [BLGGT10], and we would like
to thank Richard Taylor for a number of helpful discussions.

Note added in proof. Since the preparation of the manuscript for this paper,
Jack Thorne has relaxed the ‘bigness’ condition attached to the various modularity
lifting theorems we rely on (see [Thol0]). This in turn would allow certain simplifi-
cations to be made to parts of this paper. We have not implemented these changes
here, as to do so would be involve significant modifications to the paper, and in
particular would make changes to results to which our more recent papers (such as
[BLGGT10] and [BLGG11]) refer. However, we note that it should ultimately be
possible to improve the results of this paper by replacing every occurrence of the
adjectives ‘big’ or ‘2-big’ with ‘adequate’, at least if { > 7 (and even for [ = 3, 5 if
one uses the results of [BLGG11]).

In addition, the paper [BLGGT10] has been completed, which proves analogous
results to those of this paper in arbitrary dimension. In particular, Proposition 4.1.1
of [BLGGTY10] is similar to the main results of this paper. However, the results of
this paper cannot be immediately be deduced from those of [BLGGT10]. Firstly,
this paper proves results for | = 3, 5, whereas Proposition 4.1.1 of [BLGGT10]
requires that [ > 7. It is also necessary to prove that two-dimensional modular
representations necessarily have potentially diagonalizable lifts, which we do in the
course of the proof of Proposition 6.1.3 of this paper, to relate deformation rings
over totally real fields to those over imaginary CM fields, and to prove that reducible
mod [ representations of the absolute Galois group of a finite extension of Q; admit
reducible potentially Barsotti—Tate lifts, all of which we do in Section 6. Finally,
certain results in [BLGGT10] actually depend on arguments from this paper, for
example those in Section 5 of this paper.

1.2. Notation. If M is a field, we let Gj; denote its absolute Galois group. We
write all matrix transposes on the left; so ‘A is the transpose of A. Let ¢ denote
the [l-adic cyclotomic character, and € or w the mod [ cyclotomic character. If M
is a finite extension of QQ, for some p, we write I, for the inertia subgroup of G;.
If R is a local ring we write mp for the maximal ideal of R.

We fix an algebraic closure Q of Q, and regard all algebraic extensions of Q as
subfields of Q. For each prime p we fix an algebraic closure @p of Qp, and we fix
an embedding Q — @p. In this way, if v is a finite place of a number field F', we
have a homomorphism G, — Gr.

We normalise the definition of Hodge—Tate weights so that all the Hodge-Tate
weights of the [-adic cyclotomic character are —1. We refer to a crystalline represen-
tation with all Hodge—Tate weights equal to 0 or 1 as a Barsotti-Tate representation
(this is somewhat non-standard terminology, but it will be convenient).

We will use some of the notation and definitions of [CHT08] without comment.
In particular, we will use the notions of RACSDC and RAESDC automorphic
representations, for which see sections 4.2 and 4.3 of [CHTO08]. We will also use
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the notion of a RAECSDC automorphic representation, for which see section 1
of [BLGHTO09]. If 7 is a RAESDC automorphic representation of GL,,(Ap), F a
totally real field, and ¢ : Q; — C, then we let 7, (7) : G — GL,(Q;) denote the
corresponding Galois representation. Similarly, if 7 is a RAECSDC or RACSDC
automorphic representation of GL,,(Ar), F a CM field (in this paper, all CM fields
are totally imaginary), and ¢ : Q; — C, then we let r,,(7) : Gr — GL,(Q,)
denote the corresponding Galois representation. For the properties of r; (), see
Theorems 1.1 and 1.2 of [BLGHT09).

2. ANOTHER CHARACTER-BUILDING EXERCISE.

2.1. In this section, we will complete a trivial but rather technical exercise in class
field theory, which will allow us to construct characters with prescribed properties
which will be useful to us throughout our arguments. Similar calculations appeared
in [BLGHT09] and [BLGGO09]; we apologize that our earlier efforts were not carried
out in sufficient generality for us to be able to to simply cite them.

We first recall the following definition from [BLGHT09, Definition 7.2].

Definition 2.1.1. Let k/F; be algebraic and let m and n be positive integers. We
say that a subgroup H of GL, (k) is m-big if the following conditions are satisfied.

H has no l-power order quotient.
HO(H, 1, (k)) = (0).
H(H,sl,(k)) = (0).
For all irreducible k[H]-submodules W of gl (k) we can find h € H and
a € k such that:
— « is a simple root of the characteristic polynomial of h, and if § is any
other root then o™ # g™.
— Let mj, o (respectively ij, o) denote the h-equivariant projection from
k™ to the a-eigenspace of h (respectively the h-equivariant injection
from the a-eigenspace of h to k™). Then 7, o 0 W 0ip o # 0.

Also, we say that H is big if it is 1-big.

We now turn to the main result of this section.

Lemma 2.1.2. Suppose that:

FT is a totally real field,

n S a positive integer,

l is a rational prime, with 1 > 2 and | > 2n — 2,

m is a positive even integer, with 1 m,

F(@void) 4o o finite extension of Ft,

T is a finite set of primes of Ft, not containing places above I,

n:Gp+ — le is a finite order character, such that n takes some fized
value v € {1} on every complex conjugation, and is unramified at each
prime of T, and

o1 :Gp+ — le is another finite order character, congruent to n (mod 1),
and is unramified at each prime of T. (Note that 7' therefore also takes the
value y on every complex conjugation.)

Suppose further that for each embedding T of F¥ into Q;, and each integeri,1 <
i < 'm, we are given an integer h; . and another integer b, _, Finally, suppose that

@,7?
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there are integers w,w' such that for each i and T, the integers h; -, h . satisfy:

! ! !
hiz+ hmt1—ir =w and h; - +hp, g =w'.

Then we can find a cyclic, degree m CM extension M of F which is linearly
disjoint from F®void) oper F*, and continuous characters

0,0':Gn — 7
such that 6 and ¢ are de Rham at all primes above [, and furthermore:
(1) 6,0 are congruent (mod 1).
(2) For any 7 : Gp+ — GLn(F1), a continuous Galois representation ramified
only at primes in T and above |, which satisfies er”(g) C Flavoid).
o [fi(Gpr(c)) is m-big, then (FOIndGE" 0)(Gps(cy) = (FOIndGE" 8)(Gpe(cy))
is big. ) )
o If [ﬂkeradr(g‘l) : ﬁkeradr] > m then the fized field of the kernel of
ad(7 ® Indgil+ 0) = ad(f @ Indgff ") will not contain ;.
(8) We can put a perfect pairing on Indgf/[+ 0 satisfying
(a) (vi,v2) = (=1)"y{v2,v1).
(b) For o € Gp+, we have
(ovi,0v2) = €(0)“n(o){v1, v2).
Thus, in particular,
(Indg"" 6) = (Indg* 6)Y @ e .
(Note that the character on the right hand side takes the value (—1)"~ on
complex conjugations.)
(4) We can put a perfect pairing on Indgf/l+ 0" satisfying

(a) {vi,v2) = (—=1)"y{v2,v1).
(b) For o € Gp+, we have

(ov1,002) = €(0) " G(0)" () (v1, v2)

where @ is the Teichmdiiller lift of the mod | cyclotomic character.
Thus, in particular,
(Indg=* 0') = (IndgF* 6')Y @ e '@~y
(Note that the character on the right hand side takes the value (—1)"~y on
complex conjugations.)
(5) For each v above l, the representation (IndgF+ O)lc, ., is conjugate to a

M
;
representation which breaks up as a direct sum of characters:

G ~ v v v
(Indés Ole,, =" @ x5 @ o X

where, for each i, 1 < i < m, and each embedding T : F,}t — Q, we have
that:

HT, (") = hi,r.
Similarly, the representation (Indgf;]+ 9l)|GF,;r is conjugate to a representa-
tion which breaks up as a direct sum of characters:

(dG" 0la,, =X @xs" @ @ X
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where, for each i, 1 < i < m, and each embedding T : F,}} — Q, we have
that:

HT- (") = 1.
(6) M/F7T is unramified at each prime of T; and 0,0" are unramified above each
prime of T'. Thus Indgf; 0 and Indgz+ 0" are unramified at each prime of

T. Each prime of F+ above | splits completely in M.
(7) If n is unramified at each place dividing 1, then 0 is crystalline.

Proof. Throughout this proof, we will use F as a shorthand for F+.
Step 1: Finding a suitable field M. We claim that there exists a surjective
character x : Gal(F/F*) — p,;, (where p,, is the group of m-th roots of unity in

Q" ) such that

e Y is unramified with x(Frob,) =1 at all places v of F'" above I.
e x(¢y) = —1 for each infinite place v (where ¢, denotes a complex conjuga-
tion at v).

o F¥erX js linearly disjoint from F(v0ld) gyer Ft+.

e Y is unramified at all primes of T.
We construct the character x as follows. First, we find using weak approximation a
totally negative element o € (F*)* which is a v-adic unit and a quadratic residue
mod v for each prime v of F'T above [, and which is a w-adic unit for each prime
w in T. Let xo be the quadratic character associated to the extension we get by
adjoining the square root of this element. Then:

e Yo is unramified with xo(Frob,) = 1 at all places v of F* above .

e xo(cy) = —1 for each infinite place v (where ¢, denotes a complex conjuga-
tion at v).

e Yo is unramified at all places in 7.

Now choose a cyclic totally real extension M;/Q of degree m such that:

e M;/Q is unramified at all the rational primes where FkerXo p(aveid) /@ jg
ramified, and at all rational primes which lie below a prime of 7.
e [ splits completely in M;.

Since Fkerxo p(aveid) /@ and M; /Q ramify at disjoint sets of primes, they are linearly
disjoint, and we can find a rational prime p which splits completely in F(2void) fkerxo
but such that Frob, generates Gal(M;/Q). Since M;/Q is cyclic, we may pick an
isomorphism between Gal(M;/Q) and pi,, and we can think of M; as determining
a character x1 : Gg — iy, such that:

X1 is trivial on G,.

X1 is trivial on complex conjugation.

x1(Frob,) = (, a primitive mth root of unity.

X1 is unramified at all rational primes lying below primes of T'.

Then, set x = (X1|Gp . )xo- Note that this maps onto fi,,, even when we restrict
to G paveity (since p splits completely in F®vid) and if  is a place of F (avoid) gyer
p, we have xo(Frob,,) = 1 while x;(Frob,) = (). The remaining properties are
clear.

Having shown x exists, we set M = FX°*X; note that this is a CM field, and a
cyclic extension of F'* of degree m. Write oy p+ for a generator of Gal(M/F™T).
Write M ™ for the maximal totally real subfield of M. Note also our choices have
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ensured that almost all the points in conclusion 6 of the Lemma currently being
proved will hold; all that remains from there to be checked is that 6 and 6’ are
unramified at all primes above prime of T'.

Step 2: An auxiliary prime q. Choose a rational prime ¢ such that
e no prime of T lies above ¢,

q#1

q splits completely in M,
¢ is unramified in F(avoid)
q—1>2n, and

n and 7’ are both unramified at all primes above q.

Also choose a prime q of F'T above ¢, and a prime Q of M above q.

Step 3: Defining certain algebraic characters ¢, ¢'. For each prime v of F'T,
choose a prime ¥ of M lying above it. Then for each embedding 7 of F* into Q,,
select an embedding 7 of M into Q; extending it, in such a way that 7 corresponds
to the prime o if 7 corresponds to v.

Note we now have a convenient notation for all the embeddings extending 7; in
particular, they can be written as 7 o J?WIH for j =0,...,m—1. (Recall that we
are writing o/ p+ for the generator of Gal(M/F™T).)

We are now forced into a slight notational ugliness. Write My for the Galois
closure of M over Q, and M for My with the #n(G p+)th roots of unity adjoined,
so M = Mo(ﬂ#n(GF+)). (Thus Gal(M/Q) is in bijection with embeddings M — @Q.)
Let us fix ¢*, an embedding of M into Q,, and write v* for the prime of M below
this.! Using +*, we can and will abuse notation by thinking of 1 as being valued
in M. Given any embedding ¢/ of M into @, we can choose an element o+, in
Gal(M /Q) such that ¢/ = (1* 0 7ys s | a1

We claim that there exists an extension M’ of M, and a character ¢ : Ay, —
(M")* with open kernel such that:

e For a« € M*,

(m

/2)—1
¢<a) = H H (O-L*v-)'f'oa'ij (a))hjqklﬂ—(o-b*A,s),,‘:oo-*j*(m/2> (a))hmijj'
=0

_ . M/F+ M/F+
T€Hom(F+,Q;) J

e For av € (Aps+)*, we have

6(@) = (T lowol T s8m0(00))~“Orrnrs (Artars (@) ~"+0-D/2pl (Artars (a),
vtoo v|oo
where 0p7/p+ is the quadratic character of G+ associated to M. (Note
that, in the right hand side, we really think of o as an element of A s+, not
just as an element of Ajy; which happens to lie in A,,+; so for instance v
runs over places of M T, and the local norms are appropriately normalized
to reflect us thinking of them as places of M+.)
e If n is unramified at [, then ¢ is unramified at [.
e ¢ is unramified at all primes above primes of T
* q|#6(Oy; o), but ¢ is unramified at primes above g other than Q and Q°

IThe choice of this ¢* will affect the choice of the algebraic characters ¢, ¢’ below, but will
be cancelled out—at least concerning the properties we care about—when we pass to the l-adic
characters 6,6’ below.
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This is an immediate consequence of Lemma 2.2 of [HSBT06], as follows. We must
verify that the formula for ¢(a) for a € AY,, in the second bullet point is trivial
on —1 € M,f for each infinite place v and that the conditions in the various bullet
points are compatible. The former is immediate, as may be verified by a direct
calculation. The only difficult part in checking that the bullet points are compatible
is comparing the first and second, which we may verify as follows. Suppose that
a € (M™T)*; then we must check that the expression for ¢(a) from the first bullet
point (¢o(), say), matches that from the second (¢1(a), say). It will suffice to
show that ¢*(¢o()) = t*(d1()).
We have:
(m/2)—1

Co@) = II I GOm)e @)+ Fog w2 (@)

r€Hom(F+,Q;) J=0
and then using the facts that U?ﬁM fixes M and h; r + hmy1—ir = w, this

(m/2)—1
- H H (F(o2i (a)))hj+l’f(%(0];f/F+ (@)))hm=ir
T€Hom(F+,Q;) 7=0
(m/2)-1

= I I Gedem@)®

r€Hom(F+,Q,) J=0
= H T]V[(Ck)w
TMEHom(M"',@Z)
= i@*@z (NM+/Q(Oz)w)
)

=igog | II  INaresa(@)ly sen(Nas+ o)

v a finite

place of Q
= z'@_@l((H |y | H sgn, (ay)) ™) (v ranges over places of M ™)
vtoo v|oco
= igog, (] lewl T sen ()™ nrars (Artage () =002 Art s (),
vtoo v|oo

(where ig_,5 is the inclusion Q < Q) since Art(a) is trivial; this is as required.
Similarly, we construct a character ¢’ : (Ap)* — (M’)* (enlarging M’ if neces-
sary) with open kernel such that:

e For a« € M*,

(m/2)—1

! !
(b/(a) = H H (O'L*wf'oa'*j (a))thrl’T (UL*wfoa*J*("'L/z) (a))hmijj'

_ . M/F+
reHom(F+.,Q;) J=0

e For o € (Aps+)*, we have

¢'(@) = ([ lowl T semy (@)™ Sngars (Artars ()00 |6 (Artags (@)

vtoo v|oo
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(Again, we think of « in the right hand side as a bona fide member of
Apr+))
e ¢ is unramified at all primes above primes of T

Again, this follows from Lemma 2.2 of [HSBT06].

Step 4: Defining the characters 6,0'. Write M’ for the Galois closure of M’
over Q, and extend (* : M — Q, to an embedding +** : M = Q. Define I-adic
characters 0,0, : Gal(M /M) — le by the following expressions (here a € Ay,
and if 7 is a map M < Q,, corresponding to a place v(7) of M, then 7(a) is a
shorthand for ,(z), mapped into @Q, via the unique continuous extension of 7 to a
map M) — Qp):

(m/2)—1
o) = 0(@)  [I L1 Goade)(@) e Gogd /) (@) i
T€Hom(F+,Q;) j=0
(m/2)-1 / o /
tharta) = (@) [T I Gordms @) (Fayd /) a) nsr

reHom(F+,Q;) J=0

where v runs over places of F dividing I. (It is easy to check that the expressions
on the right hand sides are unaffected when « is multiplied by an element of M *.)
Observe then that they enjoy the following properties:

o 0oVirn+ = €_w5x417;4(171)/27]|0x1 where Viz/pr+ is the transfer map G%ﬁ —

G3P. In particular, 00° = e~%1)|q,, .

7w’5;4171\}-+(7—1)/277/|GL and hence, 850, = € "1 |, -

e For 7 an embedding of '™ into @l. and 0 < j < (m/2)— 1, the Hodge-Tate
weight of 6 at the embedding %U;j/lw is hj4+1,r and the Hodge-Tate weight

o OpoVim+ =€

of 6 at the embedding %J;/Ij/;rf/z E Nn—jr-

e For 7 an embedding of F™ into @; and 0 < j < (m/2) — 1, the Hodge-
Tate weight of 6], at the embedding %a;j/FJr is A, . and the Hodge-Tate
weight of 6] at the embedding %UI;I]'/;T/ “ishl e

e q|#6(Iq), but # is unramified at all primes above q except 9, Q°.

We now define 0’ = 0}(6/0),)—where 0 (resp 6}) denotes the Teichmiiller lift of the
reduction mod [ of € (resp ))—and observe that:

e 0 (mod ) =6 (mod ).
. 9/(0/)0 — €_w/@w/_w77/|GM.

Step 5: Properties of Indgi;r 0 and Indgl‘;+ 6’. We begin by addressing point 3.
We define a pairing on Indgz+ 0 by the formula
(A N) = > a(0)"n(o) " Mo)N (co)
o€Gal(M/M)\ Gal(M/F)

where ¢ is any complex conjugation. One easily checks that this is well defined and
perfect, and that the properties (a) and (b) hold.
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Ft+ pt
M 9

(LX) = > e(0)” &(0)" " () T A (o) N (co)

o€Gal(M/M)\ Gal(M/F)

We can address point 4 in a similar manner, defining a pairing on Ind via:

and checking the required properties.
Next, we address point 5. We will give the argument for Indgf;’ 0; the argument

for Indgi+ ¢’ is similar. Since the primes of F'* above [ split in M, we immediately

have that for each such prime v, (Indg;+ 9)|GF . will split as required as a direct

(v) )

sum of characters x; ’, with each character x; ' corresponding to a prime of M

above v. We recall that we chose above a prime © of M above v for each such
(v)

prime v; we without loss of generality assume that the x,; ~ are numbered so that

for 0 < i < (m/2) — 1, we have that X(i)l corresponds to the prime aﬁWFJrf) and

(v) i+m/2 ~

Xom_,; corresponds to the prime Y

Then for 7 an embedding of F;f — Q;, we have that
HTT (Xgi)l) = HT?’afi (9) = hi+1,7'
M/Ft+

HT, (x"") ) =HT. —ion2(0) = hpni .+

TUM/F+

Step 6: Establishing the big image/avoid (; properties. All that remains is to
prove the big image and avoiding (; properties; that is, point (2). We will just

show the stated properties concerning Indgi;’ 0; the statement for Imdgi;r 6" then
follows since ¢ and ¢’ are congruent.

Let 7 : Gp+ — GL,(F;) be a continuous Galois representation such that the
following properties hold:

e 7 is ramified only at primes of T and above [, and
e we have F*er7((;) ¢ Flavoid),

We may now apply Lemma 4.1.2 of [BLGG09] (with F' in that lemma equal to our
current F*). (To be completely precise, Lemma 4.1.2 as written only applies to
a characteristic 0 representation r rather than the characteristic [ representation 7
as we have here. But the proof goes through exactly the same if one starts with a
characteristic [ representation.)

If we assume that 7(G'p+(¢,)) is m-big, then applying part 2 of that lemma will

give that (T ® Indgz+ §)|GF+<CL>
proved). Similarly, applying part 1 will give the fact that we avoid ¢; (the second

part of point (2)). All that remains is to check the hypotheses of Lemma 4.1.2 of
[BLGGO09].

The fact that M is linearly disjoint from Fk‘”(g) (common to both parts) comes

from the fact that Fk“‘”(gl) c F@void) and M was chosen to be linearly disjoint
from F(@void) The fact that every place of F't above [ is unramified in M follows
from the construction of M (in fact, they all split completely).

We turn now to the particular hypotheses of the second part. That F\GF< o
has m-big image is by assumption. The properties we require of q follow directly
from the bullet points established in Step 2, the properties of 7 just above, and the
first and last bullet points (concerning 00° and #6(Iq) respectively) in the list of

has big image, (the first part of point (2) to be
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properties of 6 given immediately after 6 is introduced in step 4. The fact that 66°¢
can be extended to Gp+ comes from the first bullet point in the list of properties
of # in step 4, the fact that 7 is given as a character of G+, and the fact that the
cyclotomic character obviously extends in this way. [

3. LIFTING A GALOIS REPRESENTATION.
3.1. Notation.

3.1.1. The group G,. Let n be a positive integer and let G,, be the group scheme
over SpecZ defined in section 2.1 of [CHTO08], that is, the semi-direct product of
GL, x GL; by the group {1,} acting on GL,, x GL; by j(g, )it = (utg~*, u).
Let v : G, — GL; be the homomorphism which sends (g, 1) to p and j to —1.

Let F be an imaginary CM field with totally real subfield '™ and let n be a
positive integer. Fix a complex conjugation ¢ € Gp+ and let dp/p+ : Gp+ — {£1}
be the quadratic character associated to the extension F/FT. If R is a topological
ring, then by Lemma 2.1.1 of [CHTO08] there is a natural bijection between the set of
continuous homomorphisms p : Gp+ — G, (R) with p~1(GL,(R) x GL1(R)) = Gr
and the set of triples (r,x,(, )) where r : Gp — GL,(R) and x : Gp+ — R* are
continuous homomorphisms and (, ) : R™ x R"™ — R is a perfect R-bilinear pairing
such that

o (z,y) = —x(c){y,x) for all x,y € R", and

o (r(o)x,r(coc)y) = x(o){x,y) for all 0 € Gp and x,y € R™.
If p corresponds to the triple (r,x,{ , )), then x = vop, plg, = (1, x|l¢r) and if
we write p(c) = (A, —x(c))j, then (z,y) =tz A=ty for all x,y € R™. We say that p
extends 7.

If Risaring and p: Gp+ — G, (R) a homomorphism with G = p~1(GL,(R) x

GL1(R) and (r,x,( , )) is the corresponding triple, we will often abuse notation
and write p|g, for r: Gp — GL,(R).

3.1.2. Oddness (CM case). Let k be a topological field and let r : Gp — GL, (k)
be a continuous representation. We say that r is essentially conjugate-self-dual
(ECSD), if there exists a continuous character i : Gp — k™ such that r¢ = r¥y and
such that p can be extended to a character x : Gp+ — k™ with x(c,) independent
of v|oo (where ¢, denotes a complex conjugation at a place v|oo). Note that if such
an extension x exists then there is one other, namely xdp/p+, and hence there is
one totally odd extension and one totally even extension.

Assume that r : Gp — GL, (k) is ECSD and let p : Ggp — k* be as above. Let
(, ) : k™ x k™ — k be a perfect bilinear pairing giving rise to the isomorphism
r¢ = rYy in the sense that (r(o)x,r(coc)y) = p(o)(z,y) for all o € Gr and
x,y € k™. We say that the triple (r,u, (, )) is odd if { , ) is symmetric. If r is
absolutely irreducible, then (, ) is unique up to scaling by elements of £*. In this
case we say that (r, u) is odd if (r, u, {, }) is odd for one (hence any) choice of ( , ).
If o is clear from the context, we will sometimes just say that r is odd if (r,p) is
odd.

Let r and p be as in the previous paragraph and assume that r is absolutely
irreducible. Then there is a bilinear pairing (, ) : k™ X k™ — k, unique up to scaling,
giving rise to the isomorphism r¢ 2 rVy. This pairing satisfies (z,y) = (—1)%(y, =)
for some a € Z/2Z. Let x : Gp+ — k™ be the unique extension of u to Gp+ with
x(cy) = (=1)¢*! for all v|oo. Then the triple (r, x, (, )) corresponds to a continuous
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homomorphism Gg+ — G, (k) extending r. Moreover, any other extension of r to a
homomorphism Gr+ — G, (k) corresponds to a triple (r, x, a(, )) for some a € k*.
In particular, 7 is odd if and only if for one (hence any) extension p : Gp+ — G, (k)
of r, the character y = v o p is odd.

3.1.3. Oddness (totally real case). Let k be a topological field and let r : Gp+ —
GL,, (k) be a continuous representation. We say that r is essentially-self-dual (ESD),
if there exists a continuous character u : Gp+ — k* such that » = vV and such
that u(c,) is independent of v|oo.

Assume that r : Gp+ — GL, (k) is ESD and let u : Gp+ — k™ be as above.
Assume also that the isomorphism r = ¥y is realised by a perfect bilinear pairing
(,): k™ x k™ — k satistying (r(o)z,r(0)y) = p(o)(z,y) for all ¢ € Gp+ and
x,y € k™. We say that the triple (r,u, ( , )) is odd if either (i) (, ) is symmetric
and p is even, or (ii) (, ) is alternating and p is odd.

We now explain the relation between oddness in the totally real case and oddness
in the CM case. Let (r, , (, )) be a triple as in the previous paragraph (not assumed
to be odd). Then r|g, satisfies (r|¢,)¢ = rla, = (rlgp)Ytla,- Moreover, let J €
M,, (k) be the matrix with (z,y) = 'zJy and define a new pairing (, ) : k" x k™ — k
by (z,y) = ‘zJr(c)y. Then (r(o)z,r(coc)y) = p(o)(z,y) for all 0 € Gp+ and
x,y € k™ and hence ( , ) realises the isomorphism (r|g,)¢ = (r|¢,)" |G- Note
that ( , ) is symmetric if and only if *J = pu(c)J which occurs if and only (i)
or (ii) above hold. In particular, we see that (r,u,( , )) is odd if and only if
(rlap, plap, () is odd.

Suppose r and p are as in the previous two paragraphs. If r is absolutely ir-
reducible, then up to scaling there is a unique pairing ( , ) giving rise to the
isomorphism r 2 r¥ . This pairing is either symmetric or alternating. We say that
(ryu) is odd if (r,u, (1, )) is odd. If p is clear from the context we will say that r
is odd if this holds.

Note that parts (3) and (4) of Lemma 2.1.2 give rise to odd triples.

3.1.4. Standard basis for tensor products.

Definition 3.1.1. Let R be a ring and let V and W be two finite free R-modules
of rank n and m respectively. Let ey,...,e, be an R-basis of V and f1,..., f, an
R-basis of W. Let the basis of V@rW inherited from the bases {e;} and {f;} be the
ordered R-basis of V @r W given by the vectors e; ® f;, ordered lexicographically.
Let G be a group let and r : G — GL,(R) and s : G — GL,,(R) represent R-linear
actions of G on V and W with respect to the bases {e;} and {f;}. Then we let
r®s: G — GLuyn(R) denote the action of G on V ®@r W with respect to the
inherited basis of V @ W.

3.1.5. Galois deformations. Let [ be a prime number and fix an algebraic closure
Q, of Q. Let K be a finite extension of Q; inside Q, with ring of integers O and
residue field k. Let mp denote the maximal ideal of O. Let Cp be the category
of complete local Noetherian (O-algebras with residue field isomorphic to k via the
structural homomorphism. As in section 3 of [BLGHT09], we consider an object
R of Co to be geometrically integral if for all finite extensions K'/K, the algebra
R ®p Ok is an integral domain.

Local lifting rings. Let M be a finite extension of Q, for some prime p possibly
equal to [ and let p : Gpy — GL,(k) be a continuous homomorphism. Then
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the functor from Cop to Sets which takes A € Co to the set of continuous liftings
p: Gy — GL,(A) of 5 is represented by a complete local Noetherian O-algebra R%‘.
We call this ring the universal O-lifting ring of 5. We write p- : Gp; — GL,, (R%’)
for the universal lifting.

Assume now that p = [ so that M is a finite extension of ;. Assume also that
K contains the image of every embedding M < K.

Definition 3.1.2. Let (Z7)1om(.K) denote the subset of (Z")Hom(M-K) consisting
of elements A which satisfy

A7‘,1 2 )\7,2 2 CIEa Z )\T,n

for every embedding 7.

Let a be an element of (Zi)Hom(M’K). We associate to a an l-adic Hodge type

v, in the sense of section 2.6 of [Kis08] as follows. Let Dg denote the vector space
K". Let Dg.yr = D ®g, M. For each embedding 7 : M — K, we let Dk, =
Dg v Qxeomior K so that Dy = ©-Dg . For each 7 choose a decreasing
filtration Fil' Dy, of Dk, so that dimg gr’ Dy, = 0 unless i = (j — 1) + @y n_j11
for some j = 1,...,n in which case dimg gr' Dx, = 1. We define a decreasing
filtration of Dy p by K ®q, M-submodules by setting

Fil' Dy, = &, Fil' D ;.

Let v, = {Dg, Fil' D¢ s}
We now recall some results of Kisin. Let a be an element of (Z7)
let v, = {Dg,Fil" D am} be the associated l-adic Hodge type.

Hom(M,K) and

Definition 3.1.3. If B is a finite K-algebra and Vg is a free B-module of rank
n with a continuous action of Gj; that makes Vp into a de Rham representation,
then we say that Vg is of [-adic Hodge type v, if for each ¢ there is an isomorphism
of B ®q, M-modules

)G

gri(VB RXq, Byr M%(gri DKJ\/[) R B.

Corollary 2.7.7 of [Kis08] implies that there is a unique I-torsion free quotient
BRI of RﬁD with the property that for any finite K-algebra B, a homomor-

phism of O-algebras ¢ : R%’ — B factors through RY*“" if and only if ¢ o p-
is crystalline of l-adic Hodge type v,. Moreover, Theorem 3.3.8 of [Kis08] implies
that Spec RZ*“"[1/1] is formally smooth over K and equidimensional of dimension

n?+ in(n—1)[M : Q.

Definition 3.1.4. Suppose that p1, p2 : Gy — GL,,(O) are two continuous lifts of
0. Then we say that p; ~ po if the following hold.

(1) There is an a € (2% )Hom(MK) guch that p; and ps both correspond to
points of P%‘“CT (that is, p1 ®o K and ps ®o K are both crystalline of
l-adic Hodge type v).

(2) For every minimal prime ideal p of R7*“", the quotient R7* /o is geo-
metrically integral.

(3) p1 and po give rise to closed points on a common irreducible component of
Spec R [1/1].
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In (3) above, note that the irreducible component is uniquely determined by
either of py, pa because Spec RY*“"[1/1] is formally smooth. Note also that we can
always ensure that (2) holds by replacing O with the ring of integers in a finite
extension of K.

Global deformation rings. Let F/FT be a totally imaginary quadratic extension of
a totally real field F'™. Let ¢ denote the non-trivial element of Gal(F/F*). Assume
that K contains the image of every embedding F < Q; and that the prime [ is odd.
Assume that every place in F* dividing [ splits in F. Let S denote a finite set of
finite places of '™ which split in F', and assume that S contains every place dividing
[. Let S; denote the set of places of F'* lying over I. Let F(S) denote the maximal
algebraic extension of F unramified away from S. Let Gp+ g = Gal(F(S)/F™)
and Gpg = Gal(F(S)/F). For each v € S choose a place ¥ of F' lying over v and
let S denote the set of ¥ for v € S. For each place v|oo of F* we let ¢, denote a
choice of a complex conjugation at v in Gp+ g. For each place w of F' we have a
G r,s-conjugacy class of homomorphisms G, —+ GF,s. For v € § we fix a choice
of homomorphism Gp, = Gp,g.
Fix a continuous homomorphism

p: GF*,S — gn(k)

such that Gps = p '(GL,(k) x GLy(k)) and fix a continuous character x :
Gp+s — O such that vop = X. Let (7,X,(, )) be the triple corresponding
to p (see section 3.1.1). Assume that 7 is absolutely irreducible. As in Definition
1.2.1 of [CHTO08], we define

e a lifting of p to an object A of Co to be a continuous homomorphism
p:Gp+ s = Gn(A) lifting p and with v o p = x;

e two liftings p, p' of p to A to be equivalent if they are conjugate by an
element of ker(GLy,(A) — GL,(k));

e a deformation of p to an object A of Co to be an equivalence class of liftings.

For each place v € S, let RY

Al

let Ry denote a quotient of RElG which satisfies the following property:

denote the universal O-lifting ring of 7|, and

(*) let A be an object of Co and let (, ¢’ : RFE||G — A be homomorphisms
I

corresponding to two lifts r and 7’ of 77|GF5 which are conjugate by an
element of ker(GL,,(A) — GL,(k)). Then ( factors through Ry if and only
if ¢/ does.

We consider the deformation problem
§= (F/FJr’ Sa §7 Oapa X5 {R’T)}UGS)

(see sections 2.2 and 2.3 of [CHTO8] for this terminology). We say that a lifting p :
Gr+,s = Gn(A)is of type S if for each place v € S, the homomorphism RH A

'r\GF17

corresponding to P‘GFE factors through R;. We also define deformations of type S
in the same way. Let Defs be the functor Co — Sets which sends an algebra A
to the set of deformations of 7 to A of type S. By Proposition 2.2.9 of [CHTO08]

univ

this functor is represented by an object R$™" of Co. The next lemma follows from
Lemma 3.2.3 of [GGO09).
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Lemma 3.1.5. Let M be a finite extension of Q, for some prime p. Let 7 : Gy —
GL,, (k) be a continuous homomorphism. If p # 1, let R be a quotient of the maximal
l-torsion free quotient of R,';' corresponding to a union of irreducible components.
If p =1, assume that K contains the image of each embedding M — Q, and let R
be a quotient of Ry*", for some a € (Zi)Hom(M’K), corresponding to a union of
irreducible components. Then R satisfies property (x) above.

3.2. Relative finiteness for deformation rings: restriction and tensor
products. Let m and n be positive integers, and let [ > mn be a rational prime.
Let ' C F’ be imaginary CM fields with maximal totally real subfields F* and
(F')T respectively. Let S be a finite set of finite places of F* which split in F and
let S be a set of places of F consisting of exactly one place lying over each place
of S. Assume that each place of F' which lies over [ is in S (and hence splits in
F). Let " and S’ be the sets of places of (F’')* and F’ which lie over S and S
respectively. If v is a place in S (respectively S’) we write v for the unique place of
S (respectively S) lying over v. Fix a choice of complex conjugation ¢ € Gpry+-

Let K C Q; be a finite extension of Q; with ring of integers O and residue field
k. Assume that K contains the image of every embedding F’ — Q.

Suppose that 7 : Gpg — GL, (k) and ' : Gp/,s» — GL,,(O) are continuous
representations. Let 7 = 7|q,, @, 7 : Grr 50 — GLpnn(k) (we are using the
conventions of Definition 3.1.1 to regard 7 as a GLyy,,, (k)-valued homomorphism).
Suppose that x : Gp+ s = O%, X', X" : G(pry+ g — O are continuous characters,
and assume that

1) 7, 7 and 7' are absolutely irreducible.

) 72 PVY|ap-

) (' ®o K)° = (1" @0 K)"X'lc,.-

) X'lce = Xlew X6 -

) x,x and x” are each totally odd or totally even.

(
(
(
(
(

Tt W N

The first and second assumptions imply that we can find a perfect bilinear
pairing ( , ) : k™ x k™ — k, unique up to scaling by elements of k>, such
that (7(o)z,7(coc)y) = X(o){z,y) for all 0 € Gp, z,y € k™. We must have
(x,y) = (—=1)*(y, x) for some a € Z/27Z. Note that ' ®o K is absolutely irreducible
by the first assumption. This and the third assumption then imply that we can
find a perfect symmetric bilinear pairing ( , )’ : K™ x K™ — K, unique up to
scaling by elements of K*, with (r'(o)z,r'(coc)y) = x'(0)({x,y)’ for all o € Gp,
x,y € K™. The first assumption implies that the dual lattice of O™ under this
pairing is A*O™ for some a € Z. Replacing { , )’ by a(, )’ where o € K satisfies
A* = (a), we may assume that O™ is self-dual under ( , ). We necessarily have
(x,y) = (=1)"{y, )’ for some b € Z/27. We assume

(6) x(c) = (=1)**", x/(c) = (=1)"*" and x"(c) = (=1)**+**1.

The discussion of section 3.1.1 shows that the triple (7,%, (, )) corresponds to a
homomorphism 5 : Gp+ g = G, (k) with p|lg, = (7,X|g,) and v op = X. Similarly,
the triple (r,x’,{ , )’) corresponds to a homomorphism p' : G(pry+ 5 — G (O)
with p'|a,., = (r,X'|c,) and vo p' = X".

Note that (7')° == (7)X|¢,.. X' |¢, = (7")'X"|G,,- The pairings (, ) and ( , )’
induce a perfect bilinear pairing ( , )’ : k™" x k™" — k with (z @ y,w ® 2)" =
(x,w)(y, z)’ for all x,w € k™ and y, z € k™ (we are identifying k" ®j, k™ with k™"
as above). This pairing satisfies (7' (o)u, 7' (coc)v)’ = X" (o)(u,v)” for all ¢ € Gp,
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u,v € k™", Since (z,y)" = (—1)?T%(x,y)"” and x"(c) = (=1)*t**1 we see that
the triple (7/,X"”,(, )") corresponds to a homomorphism 7" : G(py+ g0 = Grmn (k)
with 7lg,, = (7", Xla,,) and v o 7" = X".

We now turn to deformation theory. For each place v € S (respectively w € S’),
let R[‘] (respectively RE"GFL ) be the universal O-lifting ring of 7|g,._(respec-

tively 7 |G ). Consider the deformation problem
SO = (F/F+7 S? ga 0757 X {-Z-‘?vrf‘ilGF~ }’UGS)'

See section 3.1.5 for this notation. Let R““i" be the O-algebra representing the

corresponding deformation functor, and let p‘m“’ Gp+.s = Gn (Ru‘“") be a repre-
sentative of the universal deformation. Slmllarly, consider the deformation problem

Sy = (F'/(F')*,8",5,0,5" X" {RMG Jwesr)-

Let Rgg,i" be the O-algebra representing the corresponding deformatlon functor, and

let pg’z,i" cGpyt,st = Gmn( g’z/i") be a representative for the universal deformation.

Suppose we are given an object A of Co and a continuous homomorphism
pa : Gp+ s — Gn(A) lifting p and with v o py = x. Let (ra,x,(, )a) be
the corresponding triple (see section 3.1.1). Identifying A™ ® 4 A™ with A™" as
in Definition 3.1.1, we obtain a homomorphism 4 := (r4lc,,) ®a (r' ®o A) :
Gp+ — GLyun(A) and a perfect bilinear pairing ( , )4 : A™" x A™ — A with
(x@y,w®2z)) = (z,w)aly, >’ for all z,w € A™ and y,z € A™. This pairing sat-
isfies (1} (o)u, 4 (coc)v)’y = x"(0){u,v)’y for all o € Gpr, u,v € A™". The triple
(4, X", (', )'4) therefore gives rise to a homomorphism p’y : G(piy+ 50 — Gmn(A)
lifting p"”. We also denote p/j by (pA|G(p/)+) ® (p' ®p A). Taking A = Rgroliv and

pA = pgm" we obtain an O-algebra homomorphism
0 - Runiv N Runlv
. S(l)/

univ

with the property that the homomorphisms fop S and (pg‘gi"|gw,) L) ®@Rf§gi")
are ker(GLy,n (R&Y) = GLyy (k))-conjugate.
Results of the following type appear in the work of Khare-Wintenberger and de

Jong.
Lemma 3.2.1. Let

T GF,S’ — GLn(kJ), r GF’,S’ — GLm(O), 7= 77|GF, Q7 GF’,S —

GLyn (k)

e X! GF*,S — OX, X’ : G(F’)*,S’ — OX, and X” : G(F’)+,S/ — 0%
be continuous homomorphisms satisfying assumptions (1)-(6) above. Then the ho-
momorphism 0 : Rgl?,” — R“n“’ constructed above is finite.

Proof. Let p denote a prime ideal of Rggiv/ﬁ(ngrl.;v) and let R = (Rggi"/Q(mR;?;v))/p.
0 0

It suffices to show that R is a finite k-algebra (for any choice of ), since if this holds
then we see that RZM/6(m Runlv) is a Noetherian ring of dimension 0 and hence

is Artinian. The result then follows from the topological version of Nakayama’s
lemma. - -

Let pp = paiv ® pyniv R and o7 = (pR\G(FDJr) ® (p' @k R). Note that pf is
ker(GLyyn(R) — GLyn(k)) conjugate to p” @ R and in particular has finite image.
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Let rgz : Gr — GL,(R) denote pg|c, composed with the projection GL,(R) x
GL1(R) — GL,(R). Then rz|g,, ® 7 : Gpr — GLyy,(R) has finite image. From
this it follows easily that rz has finite image. However, Lemma 2.1.12 of [CHT08]
implies that R is topologically generated as a k-algebra by tr(rz(Gr)). Since 75
has finite image, we deduce that for each ¢ € G, tr(rg(o)) is a sum of roots of

unity of bounded order. It follows that R is a finite k-algebra, as required. O

We also consider refined deformation problems as follows. For each place v € S
let R; be a quotient of REIG satisfying the condition (*) of section 3.1.5. For
Fy

each place w € S/, let Rz be a quotient of RE,‘G satisfying the same property
Fl

(*). Furthermore, if v denotes the place of S lyiriug under w, assume that given
any object A of Co and any O-algebra homomorphism R; — A corresponding to
a lift r4 of F|GFE, the lift ralq,., ®a (7'|a,, ®o A) (regarded as a homomorphism

to GLjp(A) using the conventions of Definition 3.1.5) of 7|g,, gives rise to an

(O-algebra homomorphism RE,‘G — A which factors through Rz;. We let
F’

S = (F/F+asa§707p7X7{Rf)}v€S)

S/I - (F//(F/)Jra Sla glv Oﬁ//aXH, {Rﬁ)}wes’)
and let R4 and R¥MY be objects representing the corresponding deformation
problems. The compatibility between the rings Rz and Rg for v € S, w € 5’

univ

implies that the map 6 : Rs(g’ — Rg‘oli" gives rise to a map
0: RN — RV,

The following result follows immediately from 3.2.1.

Lemma 3.2.2. The map 0 : R&Y — RV s finite.

3.3. Relative finiteness for deformation rings: induction. The results of
this section are not needed in this paper, but are used in [BLGGT10].

Let n be a positive integer. Let Fy and F, be imaginary CM fields with F}™ C Ff.
Let m := [F," : F;T]. Assume also that every prime of F;" above [ splits in F; for
i =1,2. Fori = 1,2, let S; be a finite set of finite places of F;r which split in
F; with every place above [ being contained in S;. Let 51 be a set of places of
F; consisting of exactly one place of F; lying over each place of S;. If v € S;, we
denote by the v the unique place of S, lying over v. Assume that S; contains the
restriction to F;~ of every place in Sy. Assume also that S; contains every prime
of Fit that ramifies in Fy. Fix a choice of complex conjugation ¢ € GF;.

Let K C Q, be a finite extension of Q; with ring of integers O and residue field
k. Assume that K contains the image of every embedding Fy — Q.

Let

To : GF2’52 — GLn(kJ)
. X
X : GF1+731 -0
be continuous representations and let
_ Gpt _
T = IndGF; T2 ! GF;r,Sl — GLgmn(k)

Assume that
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(1) T1lgp, and 7 are absolutely irreducible.
(2) T_S = ’F%/Y|GF2
(3) x is totally odd or totally even.

Choose a perfect bilinear pairing 1, : k" ® k" — k such that
Uy(T2(0)z, T2(coc)y) = X(0) Yy (2, y)

for all z,y € k™ and 0 € Gg,. (Such a pairing exists and is unique up to scaling as
T is absolutely irreducible.) Assume further that

(4) E2(‘T7y) = _Y(C)EQ(yv'x) for all x,y € k™.
Then the triple (7, X‘Gﬂ ,15) gives rise to a homomorphism 7, : Gpts, = Gn(k)
P 2
with Gr, s, = Py ' (GLy (k) x GLy(k)).
For each v € Sy, let REQ‘G denote the universal O-lifting ring of 7|¢ g Let
Fa % v
Ss denote the deformation problem

Sy = (Fa/Fy, 52,8, 0,02.Xla .y ARG g, D

Let pdnV : G P Gn(R&Y) represent the universal deformation of type Sy and

univ

let (r‘zmiﬂx\GF;,z/b ) be the corresponding triple. Define a pairing ¢y on r :=
G+ .
Indgz 5™V by setting

Ghe) = S X)) Ba(f(0), glca))

0€G R, \GF1+

for all f,g € 1. This pairing is perfect and alternating and satisfies

Yi(ri (1) f,r1(7)g) = x(T)¥1(f, 9)

for all T € GF1+ and f,g € r1. By Lemma 2.1.2 of [CHTO08], there is a continuous
homomorphism p; : GF1+751 — gzmn(R};‘;V) with

* Grs, = p1 (GLa(RE™) x GLi (RE™)):

o p1|GF1 = (rl‘GFl ) X|GF1);

e pi(c) = (ri(e)J 71, —x(c))j, where J € Myp,(REY) is the matrix with

Vi(z,y) = ‘o y;

e vop =X.
Let p; = p1 mod M pyniv - Gpr — Gomn (k). (Note that p; corresponds to the triple
(Tilap, » X @/1) where Ell is the pairing associated to the matrix J7(c).)
For each place v € S, let RT_D1 o, - denote the universal O-lifting ring of 72 |¢ Fayt

Let &1 denote the deformation problem

81 = (Fi/F,51.51,0,01. (R, }).
The lift P1 of p; is of type S, and hence gives rise to a map ¢ : Rg‘lli" — Rgrz‘i" (note
that R exists as 71|g,, is absolutely irreducible).

Lemma 3.3.1. Let
® Ty : GF27S2 — GLn(k),

o fi=Tndg 7a:Gpt g — CLamn(k), and
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QY:GFT%OX

be continuous homomorphisms satisfying assumptions (1)-(4) above. Then the ho-
momorphism ¢ : R“m" — Run“’ constructed above is finite.

Proof. Let o denote a prime ideal of R&MY (mRuuiv) As in the proof of Lemma
3.2.1, it suffices to show that R := (R u“‘V/L(mRumv))/p is a finite k-algebra. Let
Ty g = rymY ® pyniv R:Gp, — GL,(R). Asin the proof of Lemma 3.2.1 again, it

suffices to show that ry  has finite image. However, (Ind r 7’2 Rlcr, : Gr —

GL2mn (R) is equivalent to 71|a r Ok R and hence has finite i image. It follows easily
that ry p has finite image. O

3.4. Finiteness of a deformation ring. Let F' be a CM field with maximal
totally real subfield F'*. Let n be a positive integer and | > n an odd prime such
that (; € F. Let S be a set of places of F* which split in F', and assume that S
contains all places of Ft lying over I. Let S be a set of places of F consisting of
exactly one place lying over each place of S. If v is a place in S we write v for the
unique place of S lying over v. Fix a choice of complex conjugation ¢ € Gp+.

Let K C Q; be a finite extension of Q; with ring of integers O and residue field
k. Assume that K contains the image of every embedding F' — Q.

Suppose that 7 : Gp — GL, (k) is a continuous absolutely irreducible represen-
tation which is unramified at all places not lying over a place in S. Suppose that
X : Gp+ — O* is a continuous totally odd crystalline character, unramified away
from S, such that

™ =7 Xlep-
Assume also that 7 is odd in the sense of section 3.1.2. Thus, there exists a non-
degenerate symmetric bilinear pairing ( , ) : k" xk™ — k such that (7(o)x, 7(coc)y) =
X(o){x,y) for all 0 € G, xz,y € k™. The triple (7,X, (, )) then corresponds to a
continuous homomorphism 5 : Gg+ — G, (k) (see section 3.1.1).

For each place v € S not dividing l, assume that for every minimal prime ideal
o of RY Flon , the quotient RH o / p is geometrically integral. Note that this can

be achieved by replacmg K by a finite extension. Let Ry be one such irreducible
component of RFIG which is of characteristic 0. For each place v € S dividing
Fy B
[, fix an element a; € (Zf_lHO“ZiF Q) with corresponding I-adic Hodge type v,
and assume that the ring Rﬂag’ is non-zero and moreover that for every minimal
Fy

"‘v’

prime g, the irreducible component R / p is geometrically integral. Let Ry be

one of these irreducible components. Con51der the deformation problem
= (F/F+5 Sa Sv Oaﬁ7 X5 {R'D}UES)

(see section 3.1.5 for this terminology) and let Rg“i" represent the corresponding
deformation functor. Note that the rings Ry satisfy property (*) of section 3.1.5 by
Lemma 3.1.5.

Lemma 3.4.1. Suppose that
(1) ﬂGF(cl)_ has big image.
(ii) F¥rad7™ does not contain ¢
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Suppose that there is a continuous representation v’ : Ggp — GL,(O) lifting ¥ such
that:

(1) There is an isomorphism ¢ : Q, — C, a RAECSDC automorphic representation
7' of GL,(Ar) and a continuous character p' : A%, /(F*)* such that
o 1, (1) 21 ®o Q
(r")e=(n")V @ (1 o Np,p+ o det)
o \ =€, (i) is a lift of X. (Note that (r')¢ = (r')Vx|cp-)
e 7' is unramified above | and outside the set of places of F lying above S.
(2) For each placev € S, T/|GF1; corresponds to a closed point of Ry[1/1]. Moreover,
if vil then 1’|y does mot give rise to a closed point on any other irreducible

component of RE  [1/1].

TlGF,a

Then the universal deformation ring R defined above is finite over O. Moreover
REMY[1/1] is non-zero and any Q;-point of this ring gives rise to a representation
of G which is automorphic of level prime to .

Proof. When i is trivial, the result follows from Proposition 3.6.3 of [BLGGO09].
We essentially reduce to this case by a twisting argument:

Step 1: Twisting. Choose a non-degenerate symmetric bilinear pairing ( , ) :
0" x O™ — O lifting the pairing also denoted ( , ) on k™ and such that (r'(o)z, r’'(coc)y) =
X' (o)(x,y) for all 0 € G and x,y € O™.

By Lemma 4.1.5 of [CHTO08], extending K if necessary, we can and do choose a
continuous algebraic character v : Gp — O such that (i) ¥9¢ = (x el ™)|gp,
and (ii) ¢ is crystalline above [. By Lemma 4.1.6 of [CHTO08], again extending K
if necessary, we can and do choose a continuous algebraic character ¢’ : Ggp — O*
such that (i) ¢/(¢)¢ = ((X')~'€" ™)l (ii) ¥’ is crystalline above I, (iii) ¢'|r, =
Y|1,, for each v € S, and (iv) @l =1).

Let 7, = ' ®¢'. Note that (ry, (o)x,ry(coc)y) = (w;(ip')cx’)(o)(x,y) =
el="(o){x,y) for all 0 € G and z,y € O™. Let TF=TQY = fl@" The triple
(75 el / p++{ » )) corresponds to a continuous homomorphism p; : Gp+ —
G (k). The triple (ry,, €'~ "d% v, (, )) gives rise to a homomorphism pf, : G+ —
Gn(0) lifting py.

For each v € S, twisting by ¢|GF,5 defines an isomorphism between the lifting

_ = . . . . . O ~ O
problems for T\GFﬁ and 7 |GFﬁ . This gives rise to isomorphisms R%lcpﬁ — Rf\cpﬁ .

For each v € 5, let R;y be the irreducible quotient of RF‘:L'G corresponding
rlegoe
to Rj under this isomorphism. Note that T'i[}’|GF1~) gives rise to a closed point of
Spec R%Ic [1/1] contained in Spec R [1/{] and no other irreducible component.
Fy

(This follows easily from the fact that (¢/'/1)|G., is unramified and has trivial
reduction.)

Choose a finite solvable totally real extension L™ /F7T such that, if we set L =
FL*, then the following hold:

e |g, and ¢'|g, are unramified at all places not lying above S.
e Each place v € S splits completely in LT.

e L is linearly disjoint from erﬁ(g) over F.
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Let Sz, and Sy, denote the set of places of L1 and L above S and S respectively.
For each w € S, let w denote the unique place of Sz, lying above w. For w € St
lying over v € S, let Ry, denote Ry, considered as a quotient of R%‘G . Let
Lo
SL,E = (L/L+a SL7 S’Lv 07 %|GL+ ) 61_n52/L+7 {le),lb}wESL)
and let Rg‘;‘% represent the corresponding deformation functor. For w € S, let
R denote R; regarded as a quotient of RE‘G . Let Sy, denote the restriction of
L

the deformation problem S to L/L™:
S = (L/L+7 St, §L7 O7E|GL+ ) X|GL+ ) {Rﬁ)}wESL)'

Twisting by 9|, defines an isomorphism between the deformation problems asso-
ciated to Sz and S; 7; and hence we have an isomorphism Rg‘;i‘% — R,

Step 2: Finishing off. Proposition 3.6.3 of [BLGGO09] implies that Rg‘;‘% is a
finite O-algebra and that any Q,;-point of Rg‘;i‘% gives rise to a representation which

is automorphic of level prime to . By Lemma 3.2.1, the natural map Rg‘zi" — Rg“i"
(coming from restriction to G+ ) is finite. It follows that R4™Y is finite over O and
that any Q,;-point of RIMY gives rise to a representation r : Gp — GL, (Z;) whose
restriction to G, is automorphic of level prime to I. Since L/F is solvable, Lemma
1.4 of [BLGHTO09] implies that any such r is automorphic. Moreover, since each
place of F' lying above [ splits completely in L, we see that such an r must be
automorphic of level prime to I. Finally, Lemma 3.2.4 of [GG09] shows that the
Krull dimension of R is at least 1. Since RV is finite over O, we deduce that
REMY[1/1] # 0. O

3.5. A lifting result. Let m and n be positive integers and let [ > mn be an odd
prime. Let F be a CM field with maximal totally real subfield F* Let S; be the
set of places of '+ which lie over [, and assume that they all split in F. Let S; be
a set of places of F' consisting of exactly one place lying over each place of S;. Let
(F')T/JF* Dbe a finite extension of totally real fields, let F/ = (F')TF, and let 5]
(respectively S'l’ ) be the set of places of (F')™ (respectively F’) lying over places in
S; (respectively S;). If v is a place in S (respectively S 1) we write ¢ for the unique
place of S; (respectively S'l’ ) lying over v. Finally, assume that (; & F”.

Let K C Q; be a finite extension of Q; with ring of integers O and residue field
k. Assume that K contains the image of every embedding F’ — Q.

Fix a continuous absolutely irreducible representation 7 : Gp — GL, (k). For

Hom(F5.Q1) with corresponding [-adic

each place v € S, fix an element a; € (zn)
Hodge type v,,. Assume that the ring R:lac’;”cr is non-zero and moreover that for
Fy
every minimal prime g, the irreducible component R:‘a o o /g is geometrically inte-
Fy

gral (this can always be arranged by extending K). Fix an irreducible component
Vg CT

Rj of R’“|GF5 .

Theorem 3.5.1. Use the assumptions and notation established above. Suppose that

there exist continuous crystalline totally odd characters x : Gp+ — O, X', X" :

G(pry+ — O and continuous representations r' : Gpr — GLpy(O) and r" : Gpr —

GL,,,(O) such that:
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(1) Fe =7 Y|Gp and T is odd.

(2) 7' v x,x' and X" are all unramified away from 1.

(3) (r)=(0")"X ey -

(4) ' is crystalline at all places of F' lying over l.

(5) v is automorphic of level prime to | and (r") = (r")Vx"|a,,. Note that

r" is necessarily crystalline at all places of F' dividing l.

(6) ™" =7lg,, @7 and X"|c,., = Xlam X |G-

(7) ,F_//|GF/(<L) has big image.

(8) FXerad™ does not contain (.

(9) For all places w € S}, lying over a place v of F*, if p, : Gr, — GL,(O)
is a lifting of T|Gy_ corresponding to a closed point on Spec R5[1/1], then
(Pu|GF, )®o 7“'|GF, ~1"a, . (see Definition 3.1.4, noting that we are using
Deﬁmtzon 9.1.1 to regard the tensor product as a lift of 7). Note that if
this is true for one such p, then it is true for all choices of py.

Then, after possibly extending O, there is a continuous lifting r : G — GL,,(O) of
7 such that:

(a) 7° 2 rVxlap-

(b) r is unramified at all places of F not lying over I.

(¢) For each place v € S, |G, corresponds to a closed point on Spec Rg[1/1].

(d) rla,, ®or' is automorphic of level prime to I.

Proof. Choose a complex conjugation ¢ € Gpry+. We can choose a symmetric
bilinear pairing (, ) : ™ x k™ — k, unique up to scaling by elements of k* such
that (7(o)z,7(coc)) = x(o){(z,y) for all 0 € Gp, x,y € k™. The triple (7,X, (, ))
gives rise to a homomorphism p : Gp+ — G, (k). Let S be the deformation problem

= (F/F_‘—?Shglvovﬁ))(v {RTJ}UESZ)

and let R be an object of Co representing the corresponding deformation func-
tor.

By a similar argument we can extend ' to a continuous homomorphism p’
Grry+ = Gm(O) corresponding to a triple (r',x’,(, )’). The pairings ( , ) and
(', ) give rise to a non-degenerate symmetric pairing (, )’ on k™" and the triple
(7, X",(, )") corresponds to a homomorphism 7" : G(py+ = Gun(k).

Let a € (Zﬁﬁ)?om(F ©) be the weight of the automorphic representation m. For
w € 5], let ag be the element of (Zi)Hom(%’Ql) with (ag)r = @0r),, for each
7: F), < Q. Then r"|q, . is crystalline of l-adic Hodge type v,,. Let Ry be the
VagCT

T”l
w

S = (F,/( )+ SZ»SHO 7// /,v{R@}wGSz)

and let REY be an object representing the deformation functor associated to S”.

As in section 3.2, ‘restricting to G(p/)+ and tensoring with p’” gives rise to a ho-
momorphism Rg’}}v — Rgni" which is finite by Lemma 3.2.2. Lemma 3.4.1 (applied
to 7" and RV) implies that REMY is finite over O and any Q,-point of this ring
gives rise to a lift G/ — GLyn,(Z;) of 7/ which automorphic of level prime to I. It
follows that R¥Y is finite over O and moreover that any Q;-point of this ring gives
rise to a lift r : Gp — GL,(Z;) satisfying (a)-(d) of the statement of the theorem

irreducible component of R determined by 7|, . Let
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being proved. The existence of such a Q;-point follows from Lemma 3.2.4 of [GG09]
(which shows that R has Krull dimension at least 1) and the fact that RE™Y is
finite over O. ]

4. BI1G IMAGE FOR GLs.

4.1. In this section we elucidate the meaning of the condition “2-big” in the special
case of subgroups of GLy(F;) (see Definition 2.1.1). We will give concrete criteria
under which the 2-big condition may be realised. We will prove results both for sub-
groups containing SLs (k’) for some field, and results for subgroups whose projective
image is tetrahedral, octahedral or icosahedral.

Before we do so, let us first state a few results which will be useful to us in the
sequel. These results are due to Snowden and Wiles for bigness (see [SW09, §2]),
and the generalization to m-bigness are due to White (see [Whil0, §2, Propositions
2.1 and 2.2]).

Proposition 4.1.1 (Snowden-Wiles,White). Let k/IF; be algebraic, and m be an
integer. If G C GLa(k) has no l-power order quotients, and has a normal subgroup
H which is m-big, then G is m-big.

Proposition 4.1.2 (Snowden-Wiles,White). Let k/F; be algebraic, m be an integer,
and G C GLa(k). Then G is m-big if and only if k*G is.

4.2. Subgroups containing SLy (k).

Lemma 4.2.1. Let [ > 3 be prime, and let k be an algebraic extension of F;. Let

k' be a finite subfield of k, and suppose that H is a subgroup of GLa(k) with
SLy(k') € H C k™ GLa(K').

If the cardinality of k' is greater than 5 then H is 2-big.

Proof. All but the last condition in the definition follow at once from Lemma 2.5.6
of [CHTO08]. To check the last condition, take h = diag(a,a™1), where a € &’
satisfies a? # 1 (such an « exists because the cardinality of &’ is greater than 5).
Then the roots of the characteristic polynomial of h are o and o™ !, and o? # a 2.
Furthermore 7y, o 0 W 04, o # 0 for any irreducible k[H]-submodule W of gl,(k),
just as in the proof of Lemma 2.5.6 of [CHTO0S]. O

Lemma 4.2.2. Let [l > 3 be prime, and let k be an algebraic extension of F;. Let
k' be a finite subfield of k, and suppose that H is a finite subgroup of GLo(k) with
SLa (k') C H.

If the cardinality of k' is greater than 5 then H is 2-big.

Proof. Let H be the image of H in PGLy(k). By Theorem 2.47(b) of [DDT97], H is
either conjugate to a subgroup of the upper triangular matrices, or is conjugate to
PSLo (k") or PGL2 (k") for some finite extension k" of k, or is isomorphic to Ay, Sy,
As, or a dihedral group. Since PSLy(k’) is a simple group, and k' has cardinality

greater than 5, we see that H must be conjugate to PSLa(k”) or PGLy (k") for
some finite extension k" of k’. Then

SLo(k") € H C k* GLo(K"),

and the result follows from Lemma 4.2.1. O
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We will be able to give a strengthening of this result once we have considered
the icosahedral, octahedral and tetrahedral cases in the next subsection.

4.3. Icosahedral, octahedral and tetrahedral cases. In this section, let us
fix at the outset a subgroup H C GLy(k) whose image HEk*/k* in PGLay(k) is
isomorphic to As, S4 or A4. Let us also suppose [ > 5. Under the assumption that
k contains a primitive cube root of unity, we will show that H is 2-big. Since these
groups clearly have no I-power order quotients, to show H is 2-big, it will suffice
(by proposition 4.1.1) to show that the commutator subgroup [H, H] is 2-big, since
this is a normal subgroup of H. If Hk* /k* = S4, the image of this commutator
subgroup in PGLy(k) will be isomorphic to [S4, S4] = A4. Thus, by replacing H
with [H, H| in this case, we may suppress the possibility that Hk* /k* = S,. Thus
H/Z(H)=A,, forn=4orb5.

Now, since both Hk* /k* and k* N H have order prime to [ (in the latter case,
as k™ does), H itself has order prime to [. Thus, if we think of the inclusion H —
GLa(k) as a representation of H, this representation will have a lift to characteristic
zero, say 1, : H < GLa(Z;). Given an element g € A,, = H/Z(H), we can lift to an
element § € H, and map this to an element 7;(§). Making a series of such choices
(and choosing 1 € H as the lift of 1 € H/Z(H)), we get a map P : A, — GL2(Z;)
sending g — r;(g). This will be a projective representation in the sense of the
(unnumbered) definition given at the beginning of chapter 1 of [HH92].

Recall that n = 4 or 5. By the last sentence of chapter 2 of [HH92| (on p23,
just after the unnumbered remark after Theorem 2.12) we see the construction of a
group, called there A, which is a representation group for A,. (A representation
group of G, in the terminology of [HH92|, is a stem extension G* of G such that
the newly adjoined central elements are isomorphic to the Schur multiplier M(G)
of G.) This is defined as a certain subgroup of a certain group S,,, which is given
a presentation just before Theorem 2.8 of loc. cit., on p18. Comparing this presen-
tation to the discussion in §2.7.2 of [Wil09], we see that A, is the same group as
the group called 2.4,, in [Wil09] (since this seems to be the more standard name
for this group, we shall call this group 2.4,, from now on). Examining the discus-
sion in §5.6.8 and §5.6.2 of [Wil09], we see that 2.A5 and 2.A,4 are respectively the
binary icosahedral and tetrahedral groups. (Thus if we consider Ajs as the group of
symmetries of a icosahedron, a subgroup of SO(3), then 2.A5 is the inverse image
of As under the natural 2 to 1 map SU(2) — SO(3); and similarly for A4 and the
group of symmetries of the tetrahedron.)

Following the discussion at the top of p7 of [HH92], we choose a map r : A, —
2.A,, (not a homomorphism) sending each element of A,, to a lift in the represen-
tation group, and sending 1 to 1.

Then by Theorem 1.3 of [HH92], applied to the projective representation P
above, we can find a representation

R:2.4, — GLy(Z))

such that for each a € A,, we have R(r(a)) = P(a)B(a), where 8(a) € 7Z; is a
scalar. (The statement of Theorem 1.3 is for representations over C, but the proof
generalizes to our case.) We will write R for the reduction of R mod I. We then

claim that k* H = k* R(2.A,). To see this, note that if h € H, then h mod Z(H)
will be some element x of A,,; then we have h = aP(z) = afR(r(x)), where o and
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3 are scalars and P(a) is the reduction of P(a) mod I. Thus the image of R(2.4,,)
in PGLg (k) is A,.
Now, note also that by Proposition 4.1.2, we have that

H 2-big & k* H 2-big & k™ R(2.A,) 2-big & R(2.4,,) 2-big

and we may therefore replace H by R(2.4,), and therefore assume that H is of the
form R(2.A,) where R is some characteristic [ representation of 2.4,,, whose kernel
is contained in the center of 2.A4,, (that is, the representation is ‘faithful on the A,
quotient’; recall that 2.4,,/Z(2.A4,)) = A,). Indeed, R must either be faithful or
factor through A,,, and we can think of R as a faithful mod [ representation either
of A, or 2.A,. Recall that n =4 or 5.

Since R comes from characteristic zero, it will be a direct sum of irreducible
representations. Since A4, As, 2.A4 and 2.A5 are non-abelian, no direct sum of one
dimensional representations can ever be faithful, so we can in fact see that R is a
a faithful irreducible 2 dimensional representation of Ay, A5, 2.A4 or 2.A5. It will
thus suffice to show that the images of all such representations are 2-big.

Thus, in order to establish the following:

Proposition 4.3.1. Suppose | > 5 is a prime, and k is an algebraic extension of
F; which contains a primitive cube root of 1. Suppose H is a subgroup of GLy(k),
and the image of H in PGLa(k) is isomorphic to As, Sy or Ay. Then H is 2-big.

It will suffice to establish the following:

Proposition 4.3.2. Suppose l > 5 is a prime, and k is an algebraic extension of
F; which contains a primitive cube root of 1. Suppose G is one of As, 2.As, Ay or
2.A4. Suppose r : G — GLa(k) is a faithful irreducible representation. Then r(G)
is 2-big.

Before we do so, the following lemma will be useful.

Lemma 4.3.3. Suppose G is a group, andl is a prime such that that hef(,|G|) = 1.
Suppose that v : G — GLo(k) is a faithful irreducible representation. Suppose
further that the following hold.

o ad’r is irreducible.
e There exists an odd prime p such that:
— G has some non-central element of order p, and
— k has a primitive p-th root of unity.
Then r(G) is 2-big.

Proof. The fact that hef(l,|G|) = 1 implies that 7(G) has no quotients of [-power
order and also that H!(r(G),sla(k)) = (0) (the latter claim follows immediately
from Corollary 1 of section VIIL2 of [Ser79]). Since ad’r is irreducible and has
dimension 3, it cannot contain any copy of the trivial representation and hence
H°(G,ad"r) = (0); that is, H(r(G),sla(k)) = (0).

Finally, let g be a non-central element of G of order p. Note that r(g) has order
p and must be non-central (since r is faithful). If the two roots of the characteristic
polynomial were equal, then r(g) would be a scalar matrix and hence central. (r(g)
must be diagonalizable, as we assume that hcf(l,|G|) = 1 and non-semisimple
elements of GLg(k) have order divisible by I.) Thus the roots of the characteristic
polynomial of r(g) are distinct p-th roots of unity, a, and ', with at least one of
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them (q, say) primitive. Since p is odd, we have that a2 # (a/)2. Since k contains
the p-th roots of unity, o € k.

Now using the fact that ad® r is irreducible again, we see that the only irreducible
E[r(G)] submodules of gl, (k) are sly(k) and (I). Checking that 7,4y o0 W oiy(g).a 7#
0 for each of these is trivial. |

Proof of Proposition 4.3.2. Since I > 5, hef(|r(G)|,1) = 1. Then given Lemma
4.3.3, using our assumption that & has a 3rd root of unity, and noting that A, and
Ajs have elements of order 3, we see that it suffices to check that ad® r is irreducible.

Since hef(|r(G)|,1) = 1, r must be the reduction of a characteristic zero repre-
sentation, and we can replace r with a characteristic zero lift, and prove that ad® r
is irreducible for this new 7.

Let us first deal with the case G = 2.A5. The character table of 2. A5 can be
found on page 5 of [CCNT], and we can immediately see that there are precisely
two irreducible representations of dimension 2, corresponding to the characters yg
and x7 there. (The first of these corresponds to ppat,2. 45, the natural representation
we get by thinking of 2.A5 as the binary icosahedral group, and hence a subgroup
of SU(2); the second is pgﬁ)Q 4,) Since the character x¢ is real, the dual represen-
tation of ppa.; has the same character and ad’ Pnat,2.A; has character Xé—1. We
recognize this character as xo from the table. Thus ad’ Pnat 18 irreducible. Similarly
ad’ pfllft)’g. 4, has character x3, which is irreducible.

We can also deal with the case G = As; since Aj is a quotient of 2.A45, every
representation of As will occur in the character table for 2.A45; but in fact the only
two dimensional representations we saw do not factor through the center of 2.As.

The character table of 2.4, is standard, but since we have been unable to locate
a convenient published reference for them, we reproduce it here. (See Figure 1. In
calculating this table, James Montaldi’s web page, which provides a real character
table for 2. A4, was very helpful.) Here are some notes on the construction of the
table, which should provide enough detail that the reader can straightforwardly
check its accuracy:

e We have labelled conjugacy classes by thinking of 2. A4 as the binary tetra-
hedral group, and hence as a subgroup of SU(2); we have written elements
of SU(2) as unit quaternions.

e 1 stands for the trivial representation.

e w stands for the character 2.4, — Ay — Ay/Ky = Z/3Z — (e*™/3).

® p22 4, stands for the natural 2D representation we get by thinking of 2.4,
as a subgroup of SU(2).

® p32.4, stands for the natural 3D representation we get by thinking of 2. 44
as a subgroup of SU(2) then mapping SU(2)/{£1} — SO(3).

We note that A4 has no irreducible 2D representations (all 2D irreducible repre-
sentations of 2.4, fail to factor through A4) and the only irreducible 2D represen-
tations of 2.44 are p22.4,, p2,2.4, ®w and p2 2.4, ®@w®?; tensoring any of these with
its dual gives p?é_ A, Which is 1 & p3 2 4,. Thus, for each of these representations,

the ad® is p3,2.4, and hence irreducible. O

4.4. A synoptic result. We now combine the results of the previous two sections
to give a somewhat explicit characterization of big subgroups of GLy (k). Our first
result is an extension of Lemma 4.2.2.



28 THOMAS BARNET-LAMB, TOBY GEE, AND DAVID GERAGHTY

a0 [ldititk Ititj—k —1itjtk i ik
class I e B e e e B
size 1 1 6 4 4 4 1
1 1 1 1 1 1 1 1
w 1 1 1 e2m/3 e—27/3 e—2m/3 e2m/3
w®? 1 1 1 6_27"/3 6271'/3 6271/3 6_27T/3
P2,2.A4 2 -2 0 1 1 1 1
p2,2.4, QW 2 2 0 e27/3 e—27/3 _e—27/3 _e2n/3
P24, Qw2 |2 2 0 e2m/3 e2m/3 _e27/3 _e—2m/3
P3,2.A4 3 3 -1 0 0 0 0

FIGURE 1. Character table for 2.A44.

Lemma 4.4.1. Let I > 5 be prime, and let k be an algebraic extension of F.
Suppose that k contains a primitive cube root of 1. If H s a finite subgroup of
GLa(k), acting irreducibly on k?, then we have the following alternative. Either:
(1) the image of H in PGLa(k) is a dihedral group, or
(2) H is 2-big.

Proof. Let H be the image of H in PGLa(k). By Theorem 2.47(b) of [DDT97], H
is either conjugate to a subgroup of the upper triangular matrices, or is conjugate
to PSLa (k") or PGLy (k") for some finite extension k” of k, or is isomorphic to Ay,
Sy, As, or a dihedral group. We saw in the proof of Lemma 4.2.2 that we are done
in the case H is conjugate to PSLy (k") or PGLy (k") for some finite extension k” of
k, since then H is 2-big. The possibility that H is conjugate to a subgroup of the
upper triangular matrices is excluded by our assumption that H acts irreducibly
on k%. If H is dihedral then we are certainly done; thus we may assume H is
isomorphic to Ay, S4, As, whence we are done by Proposition 4.3.1. O

We also prove a modified version of this result tailored for working with Galois
representations.

Lemma 4.4.2. Let | > 5 be prime, and let k be an algebraic extension of F.
Suppose that k contains a primitive cube root of 1. Suppose K is a number field,
and r: Gg — GLa(k) a continuous absolutely irreducible representation. Then we
have the following alternative. Either:
(1) 7(Ggc)) is 2-big, or
(2) there are field extensions Ko/ K1 /K, with
o K, /K either trivial or cubic (and hence cyclic) Galois, and
o Ky/K; quadratic
and, after possibly replacing k by its quadratic extension, a continuous char-
acter 0 : Ky — k> such that r|g,, = Indgz 6.

Proof. We begin by claiming that in any case where we can construct an extension
K, /K, either trivial or cubic, such that the image I of r(Gg,) in PGLa(k) is
isomorphic to a dihedral group D, then we are done. For then, writing R < D for
the rotations in D, we have:

Gk, >r(Gg,) » 13D —» D/R-"5 (-1)

is a nontrivial quadratic character of K, defining a field extension K5/K;. Then
r(Gk,) has cyclic image in PGLz(k) (as R is cyclic), and hence r(Gg,) C GLa(k)



ORDINARY LIFTS OF HILBERT MODULAR FORMS 29

is abelian (as any central extension of a cyclic group is abelian). It follows, after
possibly replacing k by its quadratic extension, that r|g K, 1s reducible. If T‘|GK2 is
indecomposable, we see easily that r is reducible, contradicting our assumptions.
Similarly, if r|g x, decomposes as a direct sum of characters and this decomposition
is preserved under conjugation by a non-trivial element of Gal(Ks/K1), then using
the fact that the extension K; /K is either trivial or cubic, we see that r is reducible.
Thus 7|Gy, is a direct sum of characters and conjugation by a nontrivial element
of Gal(K3/K;) swaps these characters. Thus, in this case,

~ Gk, p
TG, = Indg, ! 0

and we have the second alternative in the statement of the theorem.

Now, let H be the image of 7(Gg) in PGL2 (k). Let H' be the image of r(Gg(c,))
in PGLy (k). Since 7(Gk(¢,)) <Gk, with cyclic quotient, we have that H < H' with
cyclic quotient. Again, by Theorem 2.47(b) of [DDT97], we have the following
possibilities for H:

e [ is conjugate to a subgroup of the upper triangular matrices. This is
ruled out by our assumption that r is irreducible.

e H is isomorphic to a dihedral group. In this case, we may take K| = K
and we are done by the first paragraph of the proof.

e H is conjugate to PSLa(k”) or PGLa (k") for some finite extension k" of
k. In this case, since H' is a normal subgroup of H, then the simplicity
of PSLy (k") tells us that H’ is conjugate to PSLy(k”) or PGLa (k") too.
We see, as in the proof of Lemma 4.2.2 (with our 7(G(c,)) and H' taking
the roles of H and H in the proof of Lemma 4.2.2) that this means that
(G (c)) is 2-big, and we are done.

e H is conjugate to Ay, Sy, or As. In this case the image of H’ under the
isomorphism must be a normal subgroup with cyclic quotient; that is, one
of K4, Ay, Sy, As. In any of the cases except for H' = K, we then conclude
via Proposition 4.3.1 that r(Gk(¢,)) is 2-big. In the remaining case, we have

i:H "5 Ayandi(H') = K4 C Ay. Then
Grx S5 r(Gg) » H =5 Ay — Ay Ky = 7)32 = (e¥7V/3)

is a cubic character of Gk, corresponding to a cubic Galois extension Kj.
Moreover the image of r|g,, in PGLy(k) is isomorphic to K4, which is
isomorphic in turn to the dihedral group with 4 elements. Thus we are
done by the first paragraph of the proof.

Since we are done in every case, the lemma is proved. ([

5. UNTWISTING: THE CM CASE.

5.1. We now prove a slight variant of Proposition 5.2.1 of [BLGG09], working over
a CM base field, rather than a totally real base field. The proof is extremely similar.

Let F be a CM field with maximal totally real subfield F*. Let M be a cyclic
CM extension of F* of degree m, linearly disjoint from F over F*. Suppose
that 0 : M*\A}, — C* is an algebraic character, and that IT is a RAECSDC
automorphic representation of GL,,,(Ar) for some n. Let ¢ : Q, — C be an
isomorphism.
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Proposition 5.1.1. Assume that there is a continuous representation v : Gp —
GL,(Q) such that r|a,,, is irreducible and

G
r (D) 2 re® (IndGZ+ r1.(0))|Gp-

Then r is automorphic. If we assume furthermore that I1 has level prime to l, then
r 1s automorphic of level prime to .

Proof. Note that

G ~
(Ind"" 70, (0))| o 2 IdEE (71,,(0))Grnr )-

Let o denote a generator of Gal(FM/F'), and x a generator of Gal(FM/F)V. Then
we have

r, (II® (ko Artpodet)) = r;,(II) ® 1y, (k 0 Artp)

~r@(r,(koArtp) ® IndgiM (ri.(D|Gru)
Gr

~r® IndeM (rl,b(ﬁ o ArtF)|GFM ® TZ,L(G)‘GFIVI)

Zr® IndgiM Tl,L(9)|GpM

= Tl,L(H)a

so that I ® (k o Artp odet) = II.
We claim that for each intermediate field FM D> N D F there is a regular
cuspidal automorphic representation Iy of GLy(par.n)(An) such that

Iy ® (ko Arty odet) 2 Iy
and BCy,p(II) is equivalent to

Fl-1

Iy B H- - B

in the sense that for all places v of N, the base change from F,|,. to N, of I, is

|F
[N:F]—1

Oy, BIOY, 8- B,
We prove this claim by induction on [N : F]. Suppose that FM D My D M; D F
with My /M cyclic of prime degree, and that we have already proved the result for
M. Since

Iy, ® (ko Artypy, odet) = Iy,
we see from Theorems 3.4.2 and 3.5.1 of [AC89] (together with Lemma VII.2.6
of [HT01] and the main result of [Clo82]) that there is a cuspidal automorphic
representation 11y, of GL,pasaz,) (A, ) such that BCyy, /p(IT) is equivalent to
[Mg:F]—1

My, B, B--- B3,

2

Since II is regular, IIs, is regular. The representation Iz, ® (k o Artyy, odet)
satisfies the same properties (because II ® (k o Artpodet) = II), so we see (by
strong multiplicity one for isobaric representations) that we must have

Iy, @ (k0 Artyy, odet) = ‘17\/;2

for some 0 <4 < [FM : Ms] — 1. If ¢ > 0 then

[Mg:F]—1

My, B, 8- B0,
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cannot be regular (note that of course k is a character of finite order), a contradic-
tion, so in fact we must have ¢ = 0. Thus
Iy, ® (ko Artyg, odet) = Iy,

and the claim follows. v

Let 7 := IIps. Note that the representations 7 for 0 < i < m — 1 are pairwise
non-isomorphic (because II is regular). Note also that 7 ® | det |(»~"™)/2 is regular
algebraic (again, because II is regular algebraic).

Since IT is RAECSDC, there is an algebraic character x of (F*)*\A} such that
%Y 2 T ® (x o Np/p+ odet). Tt follows (by strong multiplicity one for isobaric
representations) that for some 0 < i < m — 1 we have

eV ~ o

14" 2717 @ (x o Nparyp+ o det).

Then we have

'® (X o NFM/F+ o det))*
= (Wc’v) ® (X" o Nparyp+ © det))
'®

(XONFM/FUr Odet)) ®(X_1ONFM/F+ Odet))

1
)

so that either i = 0 or ¢« = m/2. We wish to rule out the latter possibility. Assume
for the sake of contradiction that

c,V ~ 0’7n/2

oY > ® (x © Npnyp+ o det).

Since F'* is totally real, there is an integer w such that x| -|™% has finite image.
Then 7 ® | det [*/? has unitary central character, so is itself unitary. Since m ®
| det |(m=")/2 ig regular algebraic, we see that for places v|oo of FM the conditions

of Lemma 7.1 of [BLGHTO09] are satisfied for | det \3/2, so that
m B 2, BroY @ (x o Nppg/ps o det)
= 7, B ((m, ® |det [*/3)*Y @ (|- [“/? odet)) ® (x o Npasp+ o det)
o B (m, ® [det[*/?) ® (|- [“/? 0 det)) ® (x " o Npag/p+ o det)
= 7, B (1 @ (X' - [ o Npagyp+ o det))
which contradicts the regularity of II Thus we have ¢ = 0, so that

N

1%

’Ulp‘

TV 21 (x © Nparyp+ o det).

Thus 7 @ | det |(*~"™)/2 is a RAECSDC representation, so that we have a Galois
representation 7, (r @ | det |("~""™)/2). The condition that BCpy/r(II) is equiva-
lent to .

BB ---Bnr°
translates to the fact that

P ()G = (@ | det |"7™/2) @ @y (1 @ [ det | /2) 7
By hypothesis, we also have

m—1

leb(H)|GF1\/I = (T|GFM & Tl1b(9)|GFJVI) DD (T|GFM X1 L( )‘GFM )
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Since 7|G ., is irreducible, there must be an 4 such that

Plepa 2 (m© [ det T2y @y (0)]2

so that 7|g,, is automorphic. The result now follows from Lemma 1.4 of [BLGHT09).
(]

6. MAIN RESULTS.

6.1. Let [ > 2 be a fixed prime. Fix an isomorphism ¢ : Q, — C. In this
section, F'* always denotes a totally real field. A continuous representation 7 :
Gp+ — GLy([F)) is said to be modular if there exists a regular algebraic automorphic
representation m of GLa(Ap+) such that 7 ,(7) = 7. It is a standard fact that if
such a 7 exists, then it may be taken to have weight 0.

We begin with some preliminary results.

Lemma 6.1.1. Let 7 : Gp+ — GLo(F)) be an irreducible modular representation.
——kerad T

Suppose that F+ does not contain FT((;). There exists a finite solvable ex-
tension of totally real fields L™ /F* such that

71( =
o LV is linearly disjoint from F¥  (() over FT.
. 77|GLJr is trivial for all places v|l of L.
e For each place v|l, [L} : Q] > 2.
e There is a reqular algebraic cuspidal automorphic representation m of GLa(Az+)
of weight 0 such that

- Fl’b(ﬂ') = 7:|GL+ .

— 7 is unramified at all finite places.

— For all places v|l of LT, 7“1,L(71')|GL;r is non-ordinary.

Proof. Choose aregular algebraic cuspidal automorphic representation 7 of GLo (Ap+)
of weight 0 such that 7;,(7) = 7. Let r = r,(7) : Gp+ — GL,(Q;). Choose
F;f/F* a finite solvable extension of totally real fields such that:

——ker7
e F is linearly disjoint from F+ ¢ "(¢;) over FT.
e 7|g, . is trivial for all places v|l of F.
1

;v

* 7|g,, is unramified for all finite places v of F.

o [F}F: Q] is even.

e The base change Tyt of 7 to F;" is unramified or Steinberg at each finite
place.

o If Tt is ramified at a prime v 1 of F1+, then Nv =1 mod I.

Let B be a quaternion algebra with centre F,” which is ramified at precisely the
infinite places. We now introduce l-adic automorphic forms on B*. Let K be a finite
extension of Q inside Q, with ring of integers O and residue field k, and assume that
K contains the images of all embeddings F| 1+ <+ Q,. Fix a maximal order Op in B
and for each finite place v of F1+ fix an isomorphism i, : Op, — MQ(OFi»v). For

each embedding 7 : Ff‘ < Q; we let t7 denote the real place of F1+ corresponding

to the embedding ¢ o 7. Similarly, if o : F;" < R is an embedding we let (=7

denote the corresponding embedding ¢~ o 7.
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For each v|l let 7, denote a smooth representation of GLQ(OF;» ) on a finite
free O-module W, . Let 7 denote the representation ®,;7, of GLQ(OF;r ,) on
Wr = ®,;W,. Suppose that ¢ : (F{")X\(A;?Jr)x — O* is a continuous character

1
so that for each prime wv|l, the action of the centre O;;rv of O, on W, is given

by 1| ox, - Such a character v is necessarily of finite order.
o

Let U = [[, U, C (B ®g A>)* be a compact open subgroup with U, C OF
for all v and U, = O, for v|l. We let Sy ;4 (U, O) denote the space of functions

[ B*\(B®gA>®)* — W,
with f(gu) = 7(uw) 1 f(g) and f(gz) = ¥(2)f(g) for all u € U, z € (ACI’;})X and
g € (B®g A>®)*. Writing U = U' x Uj, we let
0,74 (U1, 0) = lim o . (U' x Uy, 0)
5L

and we let (B ®g Ab>°)* act on this space by right translation.
Let ¢ : (F;7)* \A;Jr — C* be the algebraic Hecke character defined by ¢¢(z) =
1

t((2>)). Let Wyc = W, ®0, C. We have an isomorphism of (B ®g AH>°)*-
modules

(6.1.1) So,.(U1,0) @0, C = P Hom gy (We, 1) @ 1!
II

where the sum is over all automorphic representations II of (B ®g A)* of weight 0
and central character ¢¢ (see for instance the proof of Lemma 1.3 of [Tay06]).

Let U be as above and let R denote a finite set of places of F;" containing all
those places v where U, # (’)Eﬂ). Let T® denote the polynomial algebra O[T}, S,]
where v runs over all places of F: 1+ away from [ and R. For such v we let T, and
Sy act on Sy - (U, O) via the double coset operators

—1 [ Wy 0 —1 [ Wy 0
|:UZU (0 1>U} and {U@v (O wy)U}

respectively, where @, is a uniformizer in Op+ .
1,v

Let 7 denote the automorphic representation of (B ®g A)* of weight 0 corre-
sponding to Tt under the Jacquet-Langlands correspondence. Choose a place vg
of F;" such that

e B is split at vp;
e vy does not split completely in F;"(¢;);
e T is unramified at vy and ad #(Frob,,) = 1;
e for every non-trivial root of unity ¢ in a quadratic extension of Fy, (+(~! #
2 mod vyg.
The second and third conditions imply that H?(G P ,ad’7) is trivial and that
,v0

every deformation of f|GFJr is unramified. Let U =[], U, C (B ®g A*)* be the

1,v0
compact open subgroup with

o U, = Og,v for all v|l, and all v # vy where 7, is unramified;
o Uy, = 1y, Twi(vg) where Iwy (vg) is the subgroup of Iw(vg) consisting of all
elements whose reduction modulo vg is unipotent;



34 THOMAS BARNET-LAMB, TOBY GEE, AND DAVID GERAGHTY

o U, =1 Tw(v) if vt and 7, is Steinberg.
The subgroup U then satisfies hypothesis 3.1.2 of [Kis07¢] (see the remarks following
(2.1.2) of [Kis09)]).

Let R denote the set of primes v { [ of F;" where U, # O3 - For each v|l with 7,
unramified, let 7, denote the trivial representation of (’)E,v on O. For each v|l with
OX
d B,v

m, Steinberg, let 7, denote the O-dual of the representation In ) O modulo

vy Iw (v

the constants. Let x : G;ﬁ — @lx denote the character edetr,(m)|e . and let
- . 1

¥ = xo ArtF1+ : A;;r/(Fffoo)io(Ffr)X — @Q;. Note that x is totally even and

hence we may regard v as a character of (Af%r)x/(Ffr)X = A;r/(Ff,roo)X (FH)*.

Extending K if necessary, we can and do assume that ¢ is valued in O*. Note that
for each v|l, Hom,, U(TUV ®o. C,7,) # {0}, while for v { [ we have 7J» # {0}. Tt
follows that the subspace of 50,74 (U, 0)®0,,C corresponding to 7 under (6.1.1) has
non-zero intersection with Sy - (U, O)®0,,C. Further extending K if necessary, we
can and do choose a T®-eigenform f in Sp (U, O) which lies in this intersection.
The T!-eigenvalues on f give rise to an O-algebra homomorphism T# — O and
reducing this modulo mp gives rise to a maximal ideal m of T%.

By Corollary 3.1.6 of [Kis07c|, after extending K, we can and do choose a collec-
tion {7, },; where each 7, is a cuspidal Fffv—type such that the action of O;;r,v on
7/ is given by z/J_l\Oer (the trivial character) and such that So ;4 (U, O)wm # {0}

F

1,0
where 7/ = ®,;7,.

At each place v € R choose a non-trivial character x, : (9;+ — O* which
1,v
factors through k(v)* (where k(v) is the residue field of v) and reduces to the

trivial character modulo mp. Here we use the assumption that Nv = 1 mod (.
Let x = {Xv}ver. For v € R let W, denote the free rank 1 O-module with action

Z) = Xo(ad™t). Let Wy = ®,erWy,. Let

S0,77,4,x (U, O) denote the space of functions

of Iw(v) given by the character <i

f1BX\(B®g A®)* = W, @0 W,

with f(gu) = (7 ® x)(u,r) " f(g) and f(g2) = ¥(2)f(g) for allu € U, = € (AF)*
and g € (B®gA>)*. Since X, = 1 for each v € R, we have Sy ; (U, O)m # {0}
by Lemma 3.1.4 of [Kis07c]. Extending O we can choose a TF-eigenform g €
So.7 .5 (U, O)m # {0}. Applying the Jacquet-Langlands correspondence, g gives
rise to a regular algebraic cuspidal automorphic representation m; of GLy(A F1+) of
weight 0 such that 7, (m) = f\gﬁ and 7y, is supercuspidal for all v|l, a ramified

principal series representation for all v € R and unramified otherwise. The result
follows easily by replacing F;" with an appropriate totally real solvable extension
LT/F}f. O

Lemma 6.1.2. Let F' be an imaginary CM field with maximal totally real sub-
field F*. Let m be a RAECSDC automorphic representation of GLy,(Afr) which
is t-ordinary at all places dividing |. Let x : A%, /(FT)* — C* be an algebraic
character with x.,(—1) independent of v|joo and 7° = ¥ @ (x 0o Np/p+ o det). Let
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X i Apy /(FT)* — C* be the finite order algebraic character with ry,(X) equal to
the Teichmdller lift of 71, (x). Suppose that 7y, () is irreducible.

Let N € (Zﬁ)?omw’c) be a (conjugate-self-dual) weight. Let F'/F be a finite
extension. We can find a finite solvable CM extension L of F', linearly disjoint
from F' over F' and a RAECSDC' automorphic representation ©' of GL,(AL) such
that:

(1) () & ()" o (% o Np e o det).
(2) 7' is of weight N} .
(8) @ is t-ordinary at all places dividing I and unramified at all finite places.

(4) T_l,L(ﬂJ) = FZ,L(T{-)|GL'

Proof. Using Lemma 4.1.4 of [CHTO08], choose an algebraic character ¢ : Ax/F>* —
C* such that ¥y =y to N p+. After replacing F' by a solvable CM extension,

. C —=ker 7, . .
linearly disjoint from F'F er i) over F'; we may assume that 1 is unramified at

all finite places. (Lemma 5.1.6 of [Ger09] shows that the ordinarity of 7 is preserved
under such a base change.) Then 7® (¢ odet) is RACSDC. Applying Lemma 5.1.7 of
[Ger09], we can find a solvable CM extension L of F, linearly disjoint from F” over
F, and a RACSDC automorphic representation 7" of GL,,(Az) of weight A} which
is unramified at all finite places, t-ordinary at all places dividing [ and satisfies
(") =27 (m)|a, ® 7. (Y)|q,- Let 71, (¥) : Gp — 061 be the Teichmiiller lift of

71, (¢) and let Y A% /F* — C* be the algebraic character with rl’L({/;) =77,.(¢).

We now take 7' = 71" ® (¢ o N /p o det). O
The following proposition is the main technical result of this paper.

Proposition 6.1.3. Let 7 : Gp+ — GLo(IF;) be an irreducible modular representa-
tion. Assume further that

(1) 1>5.
(2) f(Gf:Jr(%)) 8 2-bigi< i
(3) I:F er a T(Cl) :F er a ’I":I > 2‘

Then there exists a finite solvable extension of totally real fields L™ /FT such that

o LT is linearly disjoint from chw(cl) over FT.
. 77|GLJr is trivial for all places v|l of L.
o Thereisa reqular algebraic cuspidal automorphic representation m of GLa(Ap+)
of weight 0 such that
— 7 (m) = f|GL+.
— m is unramified at all finite places.
— For all places v|l of LT, Tl,L(TF)|GL+ is ordinary.

Proof. We firstly apply Lemma 6.1.1, to deduce that there is a finite solvable ex-
tension of totally real fields F,"/F* such that

—k '
e Fjf is linearly disjoint from FT “(¢) over FY.

. F|GF2+ is trivial for all places v|l of F,f.

e For each place v|l, [F;v Q] > 2.
e There is a regular algebraic cuspidal automorphic representation ms of
GL» (AF;) of weight 0 such that
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— 7. (m) = 7lg -
— Ty is unrarmﬁed at all finite places.
— For all places v|l of Fy, ri.(m2)lG, . is non-ordinary.
2,v
We now employ Lemma 2.1.2 in the following setting:
e F'* is the present Fy".

e [ is as in the present setting.

e m=n=2.

° F(avoid) F+F+kerr(<l).

o T'=1.

e =19 =1

o {hir,ha,} = {0,1} for each 7. Furthermore, for each place v|l, there

is at least one 7 corresponding to v with Ay, = 0, and at least one 7
corresponding to v with hy » = 1.
e hy,.=0and hy =2 forall 7.
o w=1
o w =2
We obtain a quadratic CM extension M/F," together with two continuous charac-
ters .
0 :Gy — 7
such that
(1) 0, 0" are congruent modulo 1.

G + = . .
(2) (77|GF+ ®Indg,? 0)(Gry () is big.
G
ad(r|c Jr(X)Ind 2+9)

(IndG = 9) (IndGZZ 0)Y @ et

representation which breaks up as a direct sum of characters

G + v v
(Indg,? Ole,. =" @ x5
where, for each i = 1,2, and each embedding 7 : F;"v — @, we have that:
HTT(XEU)) = hi,7'~

G+
In particular, the representation (IndGF2 9)|GF , is Barsotti-Tate and non-
2,11

ordinary. Similarly, the representation (IndG 2y e - is conjugate to a

representation which breaks up as a direct sum of characters
(Indy, 0o o, X 0"
where, for each i = 1,2, and each embedding 7 : FZTU — Q, we have that:

HT, () = i,



ORDINARY LIFTS OF HILBERT MODULAR FORMS 37

Thus by the choice of the hj ., x (U)|1 - has finite order, and X2v)|1 is

,v

+
a finite order character times ¢~2, so that (IndG;2 9’)|GF+ is ordinary.
2,0

Let Fy/F5 be a solvable extension of totally real fields such that
e I is linearly disjoint from ka(g) over F* and
G+ G,
. (IndG;2 e - and (IndGM )lc, . are both unramified at all places of
3
F+ not lying over [, and crystalline at all places dividing .

e If v is a place of F; lying over I, then (Ind %l 0)|c s is trivial.

e If v is a place of F;' lying over [, then F3+ » contains a primitive [-th root
of unity.

——ker7

Let F3/Fy" be a quadratic CM extension which is linearly disjoint from M F+ (@)
over F*, and in which all places of FJr lying over [ split completely. We choose
K C Q a finite extension of Q; with ring of integers O and residue field k. Assume
that K is sufficiently large that it contains the image of every embedding Fy < Q,
and the images of 6 and 6’ and that r L(m) can be defined over K. Choosing

stable lattices, we now regard 7 ,(m2), (IndGF2 e - and (IndGF2 ), ., as
3
representations to GLQ(O), and (after conjugating if necessary) we can and do

+
suppose that (Indg &l 9)\6; - (IndGAF; 0/)‘GF+' Note that there is a character
3
Xmy : Gy = OF such that

Tl,L(WQ) = Tl,b(ﬂ—Q)vXWz'

We now apply Theorem 3.5.1 in the following setting:

e m =n =2, and [ is as it has been throughout this section.
o '=F" = Fj.
o 7 =T|g,.
o\ = 671®Xﬂ2|GF+.
3

° X/ — 671.

_ -2~
o\ =¢ wxﬂ2|GF3+(5F3/F3+.

e S is any set of places of Fj consisting of exactly one place above each place
in Sl. o

e For each place & € Sy, the element a; € (22 )1o™(F5.2:Q) i given by setting
ar1 =1and ar2 =0 for each 7: F3 5 C—>@l

ag €T

e Rj; is the unique ordinary component of R,‘ (note that 7|g ry 18 trivial,

3 T
and €|g,,  is trivial, so there is a unique ordinary component by Lemma
F3,5 ?

3.4.3 of [Ger09]).
/ GF;
o ' =(Indg,” 0)lcp, -
o v =1, ()|, ® (IndGF2 )|, -

We now check that the hypotheses of Theorem 3.5.1 hold.
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(1),(3): That 7° = 7VX|g,, and 7 is odd, follow directly from the definitions and
the fact that 7, being modular, is odd (see the discussion of section 3.1.3).
That (r')¢ = (r')Vx'| gy, follows from (4) above.
(2),(4) That 7,7/,7",x,x" and x” are unramified away from [ and r’ is crystalline
above [ follows from the choice of F3 and properties of 5.
(5) 7" is automorphic of level prime to ! by Proposition 5.1.3 of [BLGG09]. It
satisfies (r”)° = (r"”)¥x"|G, by construction.
(6) 7' = 7@ 7 because § = §' and 71,.(m2)|Gr, = T. By definition we have
XN|GF3 = X|GF3 X/‘GFS'
(7), (8) That 7'(Gpy(¢,)) is big and Fkerad ™ does not contain ¢; follow from prop-
erty (2) of Lemma 2.1.2, the assumptions on 7 and the choice of F3.
(9) For all places v € S, if p, : Gry, — GL2(0) is a lifting of 7|g,,  corre-
sponding to a closed point on Ry, then p, is ordinary (by the definition of
a
R5), 80 py ~ (IndG;2+ 0')lGr, , by Lemma 3.4.3 of [Ger09] (because both
representations are crystalline and ordinary with the Sarrgz Hodge—Tate
+
weights, and trivial reduction). Similarly, 7"I|GF37,3 = (IndG;2 9)|GF3Jj ~
r1,.(72)|Gp, , by Proposition 2.3 of [Gee06b] (because both representations

are Barsotti-Tate and non-ordinary with trivial reduction). By the re-
sults of sections 3.3 and 3.4 of [BLGGO09], it follows that p, @ |G, . ~

G G
(IndG;2+ 9/)‘GF3,@ ®TZ,L(7r2)|GFM ~ m,L(m)\GFB,,D @(Indcf 9/)|GF3,,j =1"Gp, , -
We conclude that, after possibly extending O, there is a continuous lifting r : Gp, —
GL2(O) of 7|g, such that:
e 1 is unramified at all places of F' not dividing (.
° 7"|Gp3’5 is crystalline and ordinary at each place v € S'l, with Hodge-Tate
weights 0 and 2.
o 1° 2 Vo,

G+
re (IndG;2 0)|G, is automorphic of level prime to /.

Applying Proposition 5.1.1 (noting that 7‘|GMF3 is certainly irreducible, because
Tlaa, r, 18 irreducible), we deduce that in fact

e 7 is automorphic of level prime to [.
Since, in addition, 7"|Gp3,5 is ordinary for all o € Sj, it follows from Lemma 5.2.1 of
[Ger09] that in fact

e 7 is t-ordinarily automorphic of level prime to [.

By Lemma 6.1.2 we can and do choose a solvable extension F; /F;" of totally real
fields together with a RAECSDC automorphic representation w4 of GL2(Ap,) of
weight 0 where Fy = Fng such that

Fjf is linearly disjoint from Fgﬁkcw(cl) over Fy.

74 is unramified at all finite places and t-ordinary.

71.(7m) = TlGp, -

7y, (ma)¢ = rl7L(7T4)V6_1cTJ)Z|GF4 where Y is the Teichmiiller lift of .

Enlarging O if necessary, we may assume that r;,(ms) is valued in GL2(O). Let
X7T4 = 6_1@5(1|GFI .
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We now consider two deformation problems, one for 7 |GF . and ome for 7|g,, . Let
4

R N be the universal deformation ring for ordinary Barsotti-Tate deformations

’F‘G
Fy
of f|GF . which have determinant x, and which are unramified outside [. Let S} be
4

the set of places of F j above [, and let Sl' be the set of places of F; which lie above
places in S;. We can and do extend T|Gr, to a representation 7y : Gpy — Ga(k). For
each place v € gl’ , let R, be the unique ordinary component of the Barsotti-Tate
lifting ring for F\GFM. Let S be the deformation problem (in the sense of section
3.1.5)
(F4/F4+7 S, Sllv O, T4, X {Rv}vesl’)‘

Then by Proposition 3.6.3 of [BLGGO09], the corresponding universal deformation
ring Rs is a finite O-algebra. Furthermore, Ry G, is a finite Rg-algebra in a
natural fashion (cf. section 7.4 of [GG09]). In add41tion7 by Proposition 3.1.4 of
[GeeO6al, dim R > 1. Thus R is a finite O-algebra of rank at least

alte’ + ate] +

Fy Fy .
one (cf. the proof of Theorem 4.2.8 of [Kis07b]), and so it has a Q;-point, which
corresponds to a deformation ry : GF4+ — GL2(Q) of 7[¢_, which is Barsotti-
Tate and ordinary at each place dividing I, and which is unramified outside I.
Furthermore, by Theorem 5.4.2 of [Ger09], 74|g,, is automorphic, so that r4 is

automorphic by Lemma 1.5 of [BLGHT09], as required. (I

We can prove a similar result more directly in the case that 7 is induced from a
CM extension.

Proposition 6.1.4. Suppose that | > 3 is a prime, and that M/F™T is a quadratic
extension, with M a CM field. Let 0 : Gy — EX be a continuous character that does
not extend to Gp+, so that 7 := Indgi;r 0 is an irreducible modular representation.
Then there is a finite solvable extension Lt /F* such that
o LT is linearly disjoint from Mﬁke”(g) over FT.
e There is an t-ordinary regular algebraic cuspidal automorphic representa-
tion m of GLa(Ar+) of weight 0 and level prime to 1 such that
— T (m) = F|GL+.
— m is unramified at all finite places.

Proof. We construct 7 as an automorphic induction. Choose Ffr /FT a solvable
extension of totally real fields such that
e F is linearly disjoint from Mﬁke”(g) over F'T,
e Every place v|l of Fl+ splits in FfM
We now apply Lemma 4.1.6 of [CHTO08] with
e« F=F'M.
S the set of places of F' dividing I.
6 equal to our 0|g,.

X = € *(det f|GF . €), where a tilde denotes the Teichmiiller lift.
1

For each place v|l of Ffr, write the places of F' lying over v as © and v°.
Then

7/}17 = §|GF5 )
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and

’(/},[‘}c = 6_1€é|GFg .
We conclude that there is an algebraic character  : G+, — 7, lifting 0, such that

P
Ind 6 is ordinary and potentially Barsotti-Tate. Choose F,"/F;" a solvable

F M
extens1on of totally real fields such that

e Fyf is linearly disjoint from MF*kerF(Q) over F'T.
° G\GF o is crystalline at all places dividing [, and unramified at all other
2

places.
e F,FM/F, is unramified at all finite places.

Then by Theorem 4.2 of [AC89], there is a regular algebraic cuspidal automorphic
representation 7 of GLa(A F2+) of weight 0 and level prime to [ such that

TlﬁL(’lT) = IHdGFiM 0|G
2

P’
The result follows, as 7 is t-ordinary by Lemma 5.2.1 of [Ger09]. O

We now deduce the main results, essentially by combining the previous results
with those of [Gee06a]. For the terminology of inertial types, see section 3 of
[GeeO6a] (although note the slightly different conventions for Hodge—Tate weights
in force there).

Theorem 6.1.5. Let | > 3 be prime, and let F* be a totally real field. Let 7 :
Gr+ — GLy(F)) be irreducible and modular. Fiz a character ¢ : Gp+ — @lx such
that e has finite order, and v = det 7. Let S denote a finite set of finite places of
F7T containing all places at which ¥ or v is ramified, and all places dividing 1.

For each place v € S, fix an inertial type 7, of Ip+ on a Q-vector space, of
determinant (ye)r b Assume that for each place v € S, v 11, Tlg - has a lift
of type T, and determinant Yla it and for each place v € S, v|l, 7“|G e has a
potentially Barsotti-Tate lift of type T, and determinant |g . For each place

v € S, we let R, denote an irreducible component of the correspondmg lifting ring
REY:m[1/1] for (potentially Barsotti-Tate) lifts of type T, and determinant leF,j'

Assume further that

e Fither
- x [ > 5.
* f(GF+(<)) is 2-big.
[ keradr(cl) keradr] S 9
Or:

— x There is a quadratic CM extension M/FT, with M not equal
to the quadratic extension of F* in FT((;), and a continuous

character 6 : Gpy — F, such that ¥ = Indgj\jr 0.
Then there is a continuous representation v : Gp+ — GLo(Z;) lifting ¥ of determi-
nant Y such that

e 1 is modular.
e 7 is unramified at all places v ¢ S.
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e For each place v|l of FT, 7‘|GF+ is potentially Barsotti-Tate of type T, (and

indeed corresponds to a point Uof R,).
e [or each place v € S, v1l, 7"|GF+ has type T, (and indeed corresponds to a

point of R, ).

Proof. We argue as in the proofs of Proposition 3.1.5 and Corollary 3.1.7 of [Gee06a).
Indeed, examining the arguments of loc. cit., we see that it is enough to demon-
strate that there is a finite solvable extension of totally real fields F /F* such
that:

e There is an t-ordinary regular algebraic cuspidal automorphic representa-
tion 7o of GLa(A F;) of weight 0 which is unramified at every finite place,
with 7, (mg) = f|GF+, and detry,(m2) = z/)|GF+.

2 2
e If w is a place of F, lying over a place v € S, then TU|GF 4 is trivial.

2,w

. 7‘_|GF2+ is trivial for all places w]|l of F,f.

. ,F|GF+(( s irreducible, [F5 : Q] is even, and [F,F (¢) : Fy] = [FH(¢) : FY].
2 l
To see that we can do this, note that by Propositions 6.1.3 and 6.1.4, there is a finite
solvable extension of totally real fields F;"/F* and a regular algebraic i-ordinary
cuspidal automorphic representation m; of GLy(A F1+) of weight 0 such that

e 7y is unramified at all finite places.
o 7, (m2) = F|GF+'
1

——ker7
e F is linearly disjoint from F+ ¢ (¢;) over F'T.
Choose a solvable extension of totally real fields F,"/F;" such that
) w\gF . is crystalline at all places dividing [, and unramified at all other
2

finite places.

e If w is a place of F, lying over a place v € S, then 7'U|GF+ is trivial.
2,w

. F; is linearly disjoint from ka(g) over F't.
e 7l , is trivial for all places w|l of Fy".

2,w

e [F5 : Q] is even.
Let w5 be the base change of 71 to F; Note that ¢|GF+ and detr;,(m2) are
2

crystalline characters with the same Hodge—Tate weights, and are both unramified
at all places not dividing [, so they differ by a finite order totally even character
which is unramified at all finite places. Thus we may replace w3 by a twist by a
finite order character to ensure that detr;,(m2) = ¢, without affecting any of the
other properties of 7o noted above. The result follows (since the hypotheses of the
theorem imply that F‘Gﬁ(cl) is irreducible). O

We thank Brian Conrad for showing us the argument for case 2 in the proof of
the following lemma.

Lemma 6.1.6. Suppose | is an odd prime. Let K be a finite extension of Qi, and
7: Gg — GLo(IF)) a continuous representation, with

(Y *
= (01 w)
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for some characters vy, ¥y Let x : G — le be a finite order character lifting
Y19y. Then there is a continuous potentially Barsotti- Tate representation Gk —
GLa(Zy) of determinant xe* lifting ¥ with

~ (¥ *
r= (5 i)

for some potentially unramified characters 1y, Py lifting ¥, V5.
Proof. We first remark that any lift of the form

~ (U1 *
" (0 w)

is automatically potentially crystalline if 1) and 9 are finitely ramified ¥; # 5.

Case 1: 19y ! # 1: Choose an arbitrary finite-order lift ¥ of ¥, and set ¢y =
it Let E C @, be a finite extension of Q; with ring of integers O and residue field
F such that ¢; and 1o are valued in O*. By the remark above, it suffices to show
that the natural map H'(Gg, 0111y te)) — Hl(GK,IF(Elﬂ;E)) is surjective.
However, the cokernel of this map is a submodule of H?(G,O(¢11)5 '€)) which,
by Tate-duality, is Pontryagin dual to H(Gg, (E/O)(1917 1)) = {0}.

Case 2: 1)y ' — 1: Choose finitely ramified lifts 1, and v of ¥; and 9, such
that x = Y199, Let ¢ = 1/111/12_1. Choose E C Q,, a finite extension of Q; with ring
of integers O and residue field F such that ¢; and v are valued in O*. Let L be
the line in H'(Gx,F(€)) determined 7 (an extension of ,e¢~! by ;) and let H
be the hyperplane in H!(Gx,F) which annihilates L under the Tate pairing. Let
@ € O be a uniformizer. Let 6; : H'(Gg,F(€)) — H?*(Gk,O(v¢)) be the map
coming from the exact sequence 0 — O(1e) = O(tpe) — F(€) — 0 of G g-modules.
We need to show that 4, (L) = 0.

Let dp be the map H°(Gg, (E/O)(¢~1)) — H'(Gk,F) coming from the exact
sequence 0 — F — (E/O)(y~1) 3 (E/O)(¢~') — 0 of Gx-modules. By Tate-
duality, the condition that L vanishes under the map §; is equivalent to the condi-
tion that the image of the map dg is contained in H. Let n > 1 be the largest integer
with the property that ™! =1 mod @”. Then we can write ¢~ (r) = 1+w"a(z)
for some function a : Gxg — O. Let @ denote @« mod w : Gxg — F. Then @ is
additive and the choice of n ensures that it is non-trivial. It is straightforward to
check that the image of the map dq is the line spanned by @. If @ is in H, we are
done. Suppose this is not the case. We break the rest of the proof into two cases.

Case 2a: 1)y to 1, and 7 is trés ramifié: We can and do suppose that we have
chosen 11 and 15 so that 9 is ramified and further, that @ is ramified. The fact that
7 is trés ramifié implies that H does not contain the unramified line in H!(Gg,F).
Thus there is a unique T € F* such that @ + uz € H where uz : Gx — F is
the unramified homomorphism sending Frobx to Z. Let y be an element of O*
with 27 = 7. Replacing ¢; with 91 times the unramified character sending Frobg
to (1 + w@"y)~! and 99 with 15 times the unramified character sending Frobx to
1+ w™y, we are done.

— —1

Case 2b: 1y =1, and ¥ is peu ramifié: Making a ramified extension of O
if necessary, we can and do assume that n > 2. The fact that 7 is peu ramifié
implies that H contains the unramified line. It follows that if we replace 1 with
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11 times the unramified character sending Frobg to 1 + w and ¥y with ¥y times
the unramified character sending Frobx to (1 4+ @)1, then we are done (as the
new @ will be unramified). O

Using the previous two results, we can now give our main result on the existence
of ordinary modular lifts.

Theorem 6.1.7. Let [ > 3 be prime, and let F'T be a totally real field. Let T :

Gp+ — GLa(F)) be irreducible and modular. Fiz a character ¢ : Gp+ — @lx such
that €y has finite order, and b = det 7. Assume further that

e For every place v|l of F'T, 77|GF+ 18 reducible.

e FEither
x [ > 5.
_(GF+(Q)) 1s 2-big.
keradr keradr
* [FF Q) F ]>2.
Or:

— x There is a quadratic CM extension M/F™T, with M not equal
to the quadratic extension of FT in F“‘(Q) and a continuous

character 0 : Gy — IFl such that 7 = IndGl’:Jr 6.

Then there is a continuous representation v : Gp+ — GLo(Z) lifting 7 such that

o 1 is modular.
e For each place v|l of FT, T|GF+ is potentially Barsotti-Tate and ordinary.

o detr = 1.

Proof. For each place vl|l of F +, using Lemma 6.1.6, choose a potentially Barsotti-
Tate lift () : Gry — GLa(Zy) of 7|, with

T(v) ~ 1/151}) *
0 wgv) € 1

for some finitely ramified characters 1/)51’), év) with 1/1@@&3’) = elg,,. Let S
denote the set of primes of F'* not dividing | at which 7 or 9 is ramified. For each
v € S, choose a lift r(¥) of r|G of determinant ¢|g - (that this is possible follows

easily from Lemma 3.1.4 of [KlSO?C] which shows that 7 has a (global) modular lift
of determinant ). For each v € SU {v|l}, let 7, be the inertial type of r(*) and let

R, denote an irreducible component of the lifting ring RD iy [1/1] containing r®),
F

(The closed points of this ring correspond to lifts which have type 7,, determinant
¥ and are potentially Barsotti-Tate if v|l.) We note that if v|l, then R, is unique
and moreover any other lift of 7|q e corresponding to a closed point of R, [1/1] is

ordinary. The result now follows from Theorem 6.1.5. O

Combining this result with the improvements made in [Gee06b] to the modularity
lifting theorem of [Kis07c], we obtain the following theorem, where in contrast to
previous results in the area we do not need to assume that 7 has a modular lift
which is ordinary at a specified set of places.

Theorem 6.1.8. Let | > 3 be a prime, FT a totally real field, and r : Gp+ —
GL2(Q)) a continuous representation unramified outside of a finite set of primes,
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with determinant a finite order character times the inverse of the cyclotomic char-
acter. Suppose further that

(1) r is potentially Barsotti-Tate for each v|l.

(2) 7 is modular and irreducible.

(3) FEither
° — [ >5.
— T(Gr+(c)) 15 2-big.
keradr kerddr
- [Pt Q) F ]>2.
Or:
° — There is a quadratic CM extension M/FT, with M not equal

to the quadratic extension of F™ in FT((), and a continuous
character 0 : Gy — le such that 7 = Indgfjr 0.

Then r is modular.

Proof. This follows from Theorem 6.1.5, together with Theorem 1.1 of [Gee09].
More precisely, let S be the set of places of F* for which r|g - is ramified (so
that S automatically contains all the places dividing ). Let z/; detr. After
conjugating, we may assume that r takes values in GLy(Z;). For each v € S, let
T, be the type of r|GF;r, and let R, be a component of the lifting ring RP%7[1/]]
corresponding to r|GF 4 (The closed points of this ring correspond to lifts which
have type 7,, determinant ¢ and are potentially Barsotti-Tate if v|l.) Applying
Theorem 6.1.5, we deduce that there is a modular lift »* of 7 which is potentially
Barsotti-Tate for all places v|l, with »'|g e potentially ordinary for precisely the
places at which r|q ot is potentially ordmary The modularity of r then follows
immediately from Theorem 1.1 of [Gee09)]. O

We can use the results of section 4 to deduce corollaries of these theorems in
which the conditions on the image of 7 are more explicit. For example, we have the
following result.

Theorem 6.1.9. Let | > 7 be prime, and let F* be a totally real field. Let 7 :
Gr+ — GLy(F;) be irreducible and modular. Fiz a character ¢ : Gp+ — @lx such
that ey has finite order, and b = det 7. Let S denote a finite set of finite places of
F7T containing all places at which ¥ or v is ramified, and all places dividing .

For each place v € S, fix an inertial type 7, of Ip+ on a Q-vector space, of
determinant (ye)|r . Assume that for each place v € S, v {1, Tlg - has a lift
of type T, and determinant lfe! it and for each place v € S, vll, 7‘|G e has a
potentially Barsotti-Tate lift of type T, and determinant ¥|a ot For each place
v € S, we let R, denote an irreducible component of the correspondmg lifting ring
RE¥™(1/1) for (potentially Barsotti-Tate) lifts of type T, and determinant ¢|GF;“'

Assume further that

o [FT(¢): FT]>4.

. T|GF+<<L> 15 1rreducible.

Then there is a continuous representation v : Gp+ — GLo(Z;) lifting ¥ of determi-
nant Y such that

e 1 is modular.
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e 7 is unramified at all places v ¢ S.
e For each place v|l of FT, 7"|GF+ is potentially Barsotti-Tate of type T, (and

indeed corresponds to a point of R, ).
e For each place v € S, v {l, 7“|GF+ has type 7, (and indeed corresponds to a

point of R, ).

Proof. By Lemma 4.4.2 and its proof, we see that if the projective image of 7 is not
dihedral or A4, then 7(G p+(c,)) is 2-big. Furthermore, in these cases the image of
ad 7 is either of the form PGLy(k), PSLa(k), S4 or Ajs, so that ad 7(Gp+) has no
cyclic quotients of order greater than 2. By the assumption that [F7({;) : Ft] > 4,

——kerad 7 ——kerad 7

we deduce that [F'+ () : Ft ] > 2, so in this case the result follows
directly from Theorem 6.1.5.

In the remaining cases, we see from Lemma 4.4.2 that there are extensions
Ky/K,/FT, with K5/K; quadratic and K;/F* cyclic of degree 1 or 3, together
with a continuous character 6 : Ky — EX such that 7|g, = Indgz . Then K,
is totally real (as it is an extension of F'™ of odd degree), and K is CM (because
7, being modular, is totally odd). Furthermore, F\GK e is irreducible because

F\GF e is irreducible, by assumption, and K;/F7 is cyclic of degree 1 or 3. Thus
we can apply Proposition 6.1.4 to F\GKI, and the result follows as in the proof of

Theorem 6.1.5. O

From this, we immediately deduce the following versions of Theorems 6.1.7 and
6.1.8.

Theorem 6.1.10. Let | > 7 be prime, and let F7T be a totally real field. Let
7 : Gp+ — GLo(F}) be a modular representation such that F|GF+(4 | is irreducible.
1

Assume that [FT(¢) : FT] > 4. Assume further that
e For every place v|l of FT, e, is reducible.

Then there is a continuous representation v : Gp+ — GLo(Z) lifting 7 such that

e 1 is modular.
e For each place v|l of FT, r|GFJr is potentially Barsotti-Tate and ordinary.

Theorem 6.1.11. Let [ > 7 be a prime, F* a totally real field, and v : Gp+ —
GL2(Q,) a continuous representation unramified outside of a finite set of primes,
with determinant a finite order character times the inverse of the cyclotomic char-
acter. Suppose further that

(1) r is potentially Barsotti-Tate for each v|l.
(2) 7 is modular.
(3) T|GF+(<L) is irreducible.
(4) [FH(¢) : FY] > 4.
Then r is modular.

We also deduce improvements such as the following to the main theorem of
[Gee06¢], to which we refer the reader for the definitions of the terminology used.

Theorem 6.1.12. Let I > 7 be prime which is unramified in a totally real field
F*, and let 7 : Gp+ — GLo(F;) be an irreducible modular representation. Assume

that F|GF+((Z) is irreducible.
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Let o be a regular weight. Then 7 is modular of weight o if and only if o € W (7).

Proof. Note that since [ > 7 and [ is unramified in F*, [F*(() : F*] > 4. The
result now follows by replacing the use of Corollary 3.1.7 of [Gee06a] with Theorem
6.1.9 above. g
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