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ABSTRACT. We prove a companion forms theorem for ordinary n-dimensional
automorphic Galois representations, by use of automorphy lifting theorems
developed by the second author, and a technique for deducing companion
forms theorems due to the first author. We deduce results about the possible
Serre weights of mod [ Galois representations corresponding to automorphic
representations on unitary groups. We then use functoriality to prove similar
results for automorphic representations of GSp, over totally real fields.
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1. INTRODUCTION.

1.1. The problem of companion forms was first introduced by Serre for modular
forms in his seminal paper [Ser87]. Fix a prime [, algebraic closures Q and Q; of Q
and Q; respectively, and an embedding of Q into Q,. Suppose that f is a modular
newform of weight & > 2 which is ordinary at [, so that the corresponding [-adic
Galois representation py; becomes reducible when restricted to a decomposition
group Gq, at [. Then the companion forms problem is essentially the question of
determining for which other weights k' there is an ordinary newform g of weight
k' > 2 such that the Galois representations p r1 and pg; are congruent modulo /.
The problem is straightforward unless the restriction to Gg, of p;; (the reduction
mod [ of py;) is split and non-scalar, in which case there are two possible Hida
families whose corresponding Galois representations lift py;; the restrictions of
the corresponding Galois representations to a decomposition group at [ are either
“upper-triangular” or “lower-triangular”.
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This problem was essentially resolved by Gross and Coleman-Voloch ([Gro90],
[CV92]). In the paper [Gee07], the first author reproved these results, and gener-
alised them to Hilbert modular forms, by a completely new technique. In essence,
rather than working directly with modular forms, the method is to firstly obtain
a Galois representation which should correspond to a modular form in the sought-
after Hida family, and then to use a modularity lifting theorem to prove that this
Galois representation is modular. In [Gee07] the Galois representation is obtained
by using a generalisation of a lifting technique of Ramakrishna, which is proved by
purely deformation theory techniques. The modularity is then obtained from the
R =T theorem of Kisin for Hilbert modular forms of parallel weight 2 ([Kis09]).

These techniques seem amenable to generalisation (to other reductive groups over
more general number fields), subject to some important caveats. In particular, it
is necessary to have modularity lifting theorems available over fields in which [ is
highly ramified. The current technology for modularity lifting theorems requires
one to work with reductive groups which admit discrete series, and to work over
totally real or CM fields; so it is impossible at present to work directly with GL,, for
n > 2. Instead, one works with closely related groups, such as unitary or symplectic
groups, which do admit discrete series.

In the present paper we make use of R = T theorems for unitary groups to
deduce companion forms theorems for unitary groups (in arbitrary dimension), and
thus for conjugate self-dual automorphic representations of GL,, over CM fields.
We then deduce similar theorems for GSp, by developing the relevant deformation
theory and employing known instances of functoriality. The analogue for unitary
groups of the R = T theorems of [Kis09] seem to be out of reach at present, and we
use the main theorems of [Ger09] instead. As explained below, this in fact allows
us to prove stronger theorems than the natural analogue of [Kis09] would permit.
We replace the use of Ramakrishna’s techniques in [Gee07] with a method of Khare
and Wintenberger (cf. Lemma 3.6 of [KWO08]), which allows weaker hypotheses on
local deformation problems. This method shows that various universal deformation
rings are finite over various other universal deformation rings, and is employed in
Lemmas 3.2.5 and 7.4.1 below.

To our knowledge the only results on companion forms for groups other than GL,
are those announced for GSp, over Q in [HT08] (see also [Til09]). Our results are
rather stronger than those of [HT08] in several respects. We are able to work with
arbitrary totally real fields (with no restriction on ramification at [), rather than just
over Q, and we do not need any assumption that the residual Galois representation
occurs at minimal level (indeed, one may deduce results on level lowering for GSp,
from our theorem). In addition, the results of [HTO08] apply only in one special
case, effectively one of 8 cases (corresponding to the 8 elements of the Weyl group
of GSp,) where one could hope to prove a companion forms theorem; this is in part
due to the fact that their techniques only apply to Galois representations in the
Fontaine-Laffaille range. In contrast, we make no such restrictions. We hope that
these results will prove useful for generalisations of the Buzzard-Taylor method to
GSp,, as part of a program of Tilouine.

In recent years there has been a good deal of interest in generalisations of Serre’s
conjecture (cf. [ADP02]) and in particular in the question of determining the set
of weights of a given Galois representation (cf. [Her09]). One of us (T.G.) has
formulated a conjecture to the effect that the set of weights should be determined
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completely by the existence of (local) crystalline lifts (cf. [Geel0]). In general this
seems to be a very difficult conjecture to prove, but our methods give a substan-
tial partial result; essentially we prove the conjecture (subject to mild technical
hypotheses) for ordinary weights for unitary groups which are compact at infinity.
See section 6 for the precise statements.

The strategy of the proofs of our main theorems is as follows. In each case,
the required Galois representation is proved to exist by exhibiting it as a Q,-point
of an appropriate universal deformation ring. The automorphy then follows from
the automorphy lifting theorems of [Ger09]. In order to see that such Q-points
exist, we show that the universal deformation rings are finite over Z; and have
Krull dimension at least one. In both the unitary and symplectic cases, the lower
bound on the Krull dimension follows from standard techniques (one computes
the dimensions of the appropriate local universal lifting rings, and then applies a
cohomological calculation). In the unitary case, the finiteness over Z; follows from
the method of Khare-Wintenberger explained above, and the automorphy lifting
theorems of [Ger09], which prove the corresponding finiteness after a finite base
change.

In the symplectic case, in order to prove that the symplectic deformation ring
is finite over Z; we proceed slightly indirectly by reducing to the unitary case. In
order to do so we make a choice of a quadratic imaginary CM extension of our
totally real base field, and show that the symplectic universal deformation ring
is finite over the corresponding unitary universal deformation ring, using a slight
variant of the method of Khare-Wintenberger. Finally, we use the results of [GT07]
on the functoriality between GSp, and GL4 to deduce results for automorphic
representations on GSpy,.

We now outline the structure of the paper. In section 3 we develop the basic
deformation theory that we need. We then recall in section 4 the necessary material
on ordinary automorphic representations on unitary groups and modularity lifting
theorems for the corresponding Galois representations; in particular we recall the
main theorem of [Ger09].

Section 5 contains our main theorems for unitary groups; the corresponding
Galois representations are conjugate self-dual representations of the absolute Galois
group of an imaginary CM field. Using the results of section 3 we give a lower
bound for the dimension of a universal deformation ring, and the results of section
4 then permit us to prove that this universal deformation ring is finite over Z,
which implies that it has Q;-points, which correspond to the Galois representations
we seek. The automorphy of these Galois representations follows at once from
the modularity lifting theorems recalled in section 4. The particular universal
deformation ring we consider is one for representations of the absolute Galois group
of a totally real field, valued in a group G, defined in [CHTO08]. Representations
valued in this group correspond to representations which are self-dual with respect
to some pairing; this permits us to prove results for both the conjugate self-dual
representations considered in section 5, and the symplectic representations studied
in later sections.

We remark that the Q,-points of universal deformation rings that we study in
section 5 always correspond to ordinary crystalline representations of a certain
weight. This is in contrast to the approach of [Gee07], which used potentially crys-
talline representations corresponding to Hilbert modular forms of parallel weight 2
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and non-trivial level at [. The required automorphic representations were then ob-
tained by specialising Hida families through these points at the sought-for weight.
The difficulty with following this approach in general is that if the weight is not
sufficiently regular a specialisation of a Hida family at this weight may fail to be
an unramified principal series at places dividing ! (for example, a specialisation of
a Hida family of modular forms in weight 2 can correspond to a Steinberg repre-
sentation at [). It is for this reason that we use modularity lifting theorems for
crystalline lifts instead.

In section 6 we deduce results about the possible Serre weights of mod [ Galois
representations corresponding to automorphic representations of compact at infinity
unitary groups. In particular, we deduce that the possible ordinary weights are
determined by the existence of local crystalline lifts. We remark that these are the
first results in anything approaching this level of generality for any groups other
than GLs.

Finally in section 7 we study the analogous questions for automorphic represen-
tations of GSp, over totally real fields. We use the known functoriality between
globally generic cuspidal representations of GSp, and GL4 to apply the methods
of the earlier sections. In particular, we prove results analogous to those of section
3 for Galois representations valued in GSp,, and obtain a lower bound for the di-
mension of a universal deformation ring as in section 5. We then prove that this
universal deformation ring is finite over the corresponding one for unitary represen-
tations, which allows us to deduce that our symplectic universal deformation ring
is also finite over Z;. Our main results for symplectic representations follow from
this.

We remark that in all our main theorems we actually obtain somewhat more
precise results; we are also able to control the ramification of our Galois representa-
tions at places not dividing [, and we are able to choose our Galois representations
so as to correspond to points on any particular set of irreducible components of
the local deformation rings. Thus as a direct corollary of our results one obtains
strong results on level lowering and level raising for ordinary automorphic Galois
representations. Similarly, our method yields modularity lifting theorems for or-
dinary representations of GSp, which are rather stronger than those of [GT05];
for example, we do not need to assume any form of level-lowering for GSp,, we
work over general totally real fields, and we are not restricted to weights in the
Fontaine-Laffaille range.

The recent preprint [BLGGT10] contains some slight improvements to the results
of this paper. In particular, thanks to the work of Thorne ([Thol0]), one can
slightly weaken the “big image” assumptions made in this paper. One can also
relax the assumption that the Galois representations we work with are ordinary to
the assumption that they are potentially diagonalizable (see [BLGGT10] for this
notion).

We would like to thank Wee Teck Gan, Florian Herzig, Mark Kisin and Richard
Taylor for helpful conversations. We would like to thank the anonymous refer-
ees for an extremely thorough reading, and for numerous helpful corrections and
suggestions.
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2. NOTATION

If M is a field, we let Gj; denote its absolute Galois group. Let € denote the [-
adic or mod [ cyclotomic character of G . If M is a finite extension of Q, for some
p, we write Ip; for the inertia subgroup of Gj;. We write all matrix transposes on
the left; so A is the transpose of A. If R is a local ring we write mp for the maximal
ideal of R. We let Z7} denote the subset of elements A € Z" with A\ > ... > A,.

3. GALOIS DEFORMATIONS

3.1. Local deformation rings. Let [ be a prime number and K a finite extension
of Q; with residue field k£ and ring of integers O. Let M be a finite extension of Q,
(with p possibly equal to 1). Let p: Gy — GL, (k) be a continuous representation.
Let Co be the category of complete local Noetherian O-algebras with residue field
k. Then the functor from Cp to Sets which takes A € Co to the set of liftings of
P to a continuous homomorphism p : Gy — GL,,(A) is represented by a complete
local Noetherian O-algebra RﬁD. We call this ring the universal O-lifting ring of p.
We write p& : Gpr — GLn(RﬁD) for the universal lifting. We will need to consider

certain quotients of RHD.

3.1.1. The case where p # . Firstly, we consider the case p # [. In this case, the
quotients we wish to consider will correspond to particular inertial types. Recall
that 7 is an inertial type for Gps over K if 7 is a K-representation of I, with
open kernel which extends to a representation of G, and that we say that an
l-adic representation of G has type 7 if the restriction of the corresponding Weil-
Deligne representation to Ips is equivalent to 7. For any such 7 there is a unique
reduced, [-torsion free quotient R%l T of R%l with the property that if E/K is a finite
extension, then a map of O-algebras R%’ — FE factors through RﬁD '™ if and only if
the corresponding E-representation has type 7. Furthermore, we have:

Lemma 3.1.1. For any 7, if RE’T # 0 then R;""[1/1] is equidimensional of di-
mension n? and admits a dense open subscheme which is formally smooth over
K.

Proof. This is Theorem 2.1.6 of [Geel0)]. O

Of course, R%”T # 0 if and only if p has a lift of type 7.

3.1.2. The case where p = [. Now assume that p = [. In this case, we wish to
consider crystalline ordinary deformations of fixed weight. We assume from now
on that K is large enough that any embedding M — K has image contained in K.

Notation. Recall that Z'} is the set of non-increasing n-tuples of integers. Let e
be the l-adic cyclotomic character and let Arty, : M* — WP be the Artin map
(normalized to take uniformizers to lifts of geometric Frobenius).

Definition 3.1.2. Let A be an element of (Zi)Hom(M’K). We associate to A an
n-tuple of characters In; — O* as follows. For j = 1,...,n define

X;\:I]u — OX

o e(a)f(jfl) H T(Art&l(a))*Aﬂ"*j“.
T M—K



6 TOBY GEE AND DAVID GERAGHTY

Note that XJA- can also be thought of as the restriction to Ips of any crystalline

character Gy — @lx whose Hodge-Tate weight with respect to 7 : M < Q, is given
by (j —1) + A n—j41 for all 7 (we use the convention that the Hodge-Tate weights
of € are all —1).

Let A be an element of (Z7)Hem(.K) - We associate to A an [-adic Hodge type
v in the sense of section 2.6 of [Kis08] as follows. Let Dy denote the vector space
K". Let Dgy = Dg ®q, M. For each embedding 7 : M — K, we let Dg , =
Dr. v @rkomier K so that Dg y = ®;Dgk . For each 7 choose a decreasing
filtration Fil® Dy + of Dk, so that dimg gr’ Dy, = 0 unless i = (j — 1) + Arn—j+1
for some j = 1,...,n in which case dimg gr' Dk, = 1. We define a decreasing
filtration of Dg pr by K ®gq, M-submodules by setting

Fil' Dk y = @, Fil' Dk .

Let vy = {Dg, Fil' D¢ s}

Let B denote a finite, local K-algebra and pp : Gy — GL,(B) a crystalline
representation. Then Dp := Dgis(pp) = (pB ®q, Beis)M is a free B ®q, Mo-
module of rank n where My is the maximal subfield of M which is unramified over
Q;. Moreover, Dp is equipped with a B-linear and ¢g-semilinear morphism ¢p
where ¢g denotes the arithmetic Frobenius on M. For each embedding 7 : My —
K,let Dp; = Dp®pemy10r B. Then Dp = @, Dp . Also, for each 7, ¢ defines
an isomorphism of B-modules g : Dp . — D 1. Let f = [My: Q. Then

apé is a B-linear endomorphism of Dp which preserves each Dpg . For each 7, the

B,Topy

isomorphism ¢p : Dp » — DB’To%_l takes <p£ to goé.

Let F denote the flag variety over Spec @ whose set of A-points, for any O-
algebra A, corresponds to filtrations 0 = Filg C Fil; C ... C Fil,, = A" of A" by
locally free submodules which, locally, are direct summands and are such that Fil;

has rank j.

Definition 3.1.3. Let E be an algebraic extension of K let B be a finite local
E-algebra. Let p: Gpr — GL,,(B) be a continuous homomorphism. We say that p
is ordinary of weight A € (Zi)HOm(M’K) if p is conjugate to a representation of the
form

P o L. * *
0 ’(/)2 ce * *
0 0 e Q/Jn,1 *
0o o0 ... 0 U,
where for each j = 1,...,n the character 1); agrees on an open subgroup of Iy,

with the character x;‘ introduced above.

Equivalently, p is ordinary of weight \ if there is a full flag 0 = Fily C Fil; C ... C
Fil,, = B™ of B™ which is preserved by Gj; and such that the representation of G,
on gr; = Fil; / Fil;_1 is potentially semistable and for each embedding 7 : M — K,
the Hodge-Tate weight of gr; with respect to 7is (j — 1) + Ar n—jy1-

Lemma 3.1.4. Suppose that E is an algebraic extension of K and p : Gy —
GL,,(E) is ordinary of weight . Let 11, ...,%y, : Gay — E* be as above. Then

(1) p is potentially semistable.
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(2) If each ; is crystalline (which occurs if and only if ¥; agrees with X;‘ on
all of Ing), then p is semistable.

(3) If each o; is crystalline and if for each j = 1,...,n — 1 there exists T :
M — K with A+ ; > Ar jy1, then p is crystalline.

Proof. Part 2 follows from Proposition 1.28(2) of [Nek93] and part 1 follows from
part 2. Part 3 follows from Proposition 1.26 of [Nek93] and the formulae in Propo-
sition 1.24 of [Nek93]. O

Lemma 3.1.5. Let ¢; : Gy — E* be as above (with respect to some X\ €
(Zi)Hom(M*K)), with each ; crystalline. Suppose that p : Gy — GL, (k) is of
the form

oy % ... * *
0 ﬁz e * *
0 0 ... [p_q =*
0 0 ... 0 7,

where 1; = Ji; for each 1 < i < n. Suppose that for each i < j we have ﬁm;l # €.
Then p has a lift to a crystalline representation p : Gy — GL,(E) of the form

L * *
0 '1/12 * *
0 0 ... Yp_1 *
0o 0 ... 0 Yn

Proof. The fact that any upper-triangular representation of this form is crystalline
follows easily as in the proof of Lemma 3.1.4, because the assumption that ﬁm}l +€
implies that wiwj_l # €. The fact that such an upper-triangular lift exists follows
from the fact that H?(Gs,u) = 0, where u is the subspace of the Lie algebra adp
consisting of strictly upper-triangular matrices. The vanishing of this cohomology
group follows from Tate local duality and the existence of a filtration on u whose
graded pieces are one-dimensional with G, acting via the characters ﬁiﬁj_l #+ E,
i < j (cf. Lemma 3.2.3 of [Ger09]). O

We now recall some results of Kisin. Let A be an element of (Z’}F)Hom(M’K) and
let v be the associated l-adic Hodge type.

Definition 3.1.6. If B is a finite K-algebra and Vp is a free B-module of rank
n with a continuous action of GGj; that makes Vp into a de Rham representation,
then we say that Vg is of I-adic Hodge type v if for each i there is an isomorphism
of B ®q, M-modules

gri(VB Rq, BdR)GM = B K (gri DK,M)-

For example, if E is a finite extension of K and p : Gy — GL,(E) is ordinary
of weight A, then p is of l-adic Hodge type v.

Corollary 2.7.7 of [Kis08] implies that there is a unique [-torsion-free quotient
RV of RE with the property that for any finite K-algebra B, a homomor-
phism of O-algebras ¢ : RﬁD — B factors through RZ* if and only if ¢ o pH
is crystalline of l-adic Hodge type v). Moreover, Theorem 3.3.8 of [Kis08] implies
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that Spec RZ*“"[1/1] is formally smooth over K and equidimensional of dimension
n?+ in(n—1)[M : Q. In particular, RV is reduced.

Let F be the flag variety over Spec O as introduced above and let G* be the
closed subscheme of F Xgpec 0 Spec Rg*’cr corresponding to filtrations Fil which
(i) are preserved by the induced action of Gy and (ii) are such that Ip; acts on
gr; = Fil; / Fil;_; via the character XJA- for each j = 1,...,n. The fact that G is a
closed subscheme can be proved in the same way as Lemma 3.1.2 of [Ger09]. Let

RﬁA*’CT be the image of
R — Oga (GM1/1)).

In other words, Spec RﬁA M€ is the scheme theoretic image of the morphism G*[1/1] —

Spec R7*“". The next result follows from Lemma 3.3.3 of [Ger09].

Lemma 3.1.7. For any finite local K -algebra B, a homomorphism of O-algebras
(: RSV — B factors through RﬁA*’CT if and only if C o p= is ordinary of weight .
Moreover, the underlying topological space of Spec RﬁA*’CT is a union of irreducible
components of Spec R2M"

We note that since RV is reduced, the last statement determines RﬁA Aoer
uniquely as a quotient of R>*".
3.1.3. The p =1 case with a slight refinement. We continue to consider, as above,
crystalline lifts of p which are ordinary of a given weight A. A necessary condition
for such lifts to exist is that p itself is conjugate to an upper triangular represen-
tation whose ordered n-tuple of diagonal characters, restricted to I, is given by
(Y{‘, . ,Yf;). Let us assume that p has this property. In fact, let us fix charac-

ters fiy,..., i, : Gy — k™ with 7,7, = %\ and assume that p is conjugate to
an upper triangular representation whose ordered n-tuple of diagonal characters is
7= (fy,...,fy,). (We note that we may have more than one choice for the or-

dered n-tuple 7i. For example, if each Y;‘ is trivial and p is a direct sum of distinct
unramified characters, then choosing & amounts to choosing an ordering of these
characters.) We now would like to study crystalline lifts of p which are ordinary of
weight A and are such that for each j, the character ¢; of Definition 3.1.3 lifts 7.

Let Ry denote the object of Co representing the functor which sends an object A
of Co to the set of lifts (¢1, ..., ¥y) of the ordered n-tuple (&1, ..., f&,) with ¥;|7,, =
X? for each j. The ring Ry is non-canonically isomorphic to O[[X7, ..., X,]]. Let
(Yymiv, ..., 9uniY) be the universal lift of the tuple (%, ..., i, ) to Rg. Let g% denote

the closed subscheme of the flag variety F Xgpec (9Spec(RﬁA *’CT@)(QRﬁ) corresponding
to filtrations which are (i) preserved by the induced action of G and (ii) such
that Gas acts on gr; via the pushforward of z/);-mi" foreach j =1,...,n. Let R§ e

be the quotient of RﬁA‘ *’CT@)oRg corresponding to the scheme theoretic image of

A : A A :
G2[1/1]. Note that we have a natural morphism GZ[1/1] — G*[1/l] covering the

morphism Spec Ré%’" — Spec RﬁA*’CT. Let B be a finite local K-algebra and

¢: RﬁA MT@oRy; — B a homomorphism of O-algebras. Then ¢ o p is ordinary
of weight A. Let 11, ...,%, : Gay — B> be as in Definition 3.1.3. Then ( factors
through Ré%’cr if and only if ¢; = (o @[;}mi" for each j. If this is the case, then
v; lifts 7i; for each j. (Note that ¢; mod mp takes values in the ring of integers
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of E := B/mp and hence can be reduced modulo me,. The resulting character is
i)

Lemma 3.1.8. Suppose Ré%’” # (0). Then after inverting 1, the morphism

Spec Ré%’cr — Spec RﬁA*’CT becomes a closed immersion and identifies Spec Ré%’cr [1/1]

with a union of irreducible components of Spec R?*’CT[I/Z]. Moreover, every ir-
reducible component of SpeCRﬁA*’CT[l/l] is in the image of SpecRﬁ%’cr[l/l] —
Spec R?*’cr[l/l] for a unique i.

We note that the irreducible components of Spec RﬁA‘ 2€11/1] and Spec RﬁA Aer
are in bijection.

Proof. Let R = RﬁA M and let pr @ Gy — GL,(R) denote the push-forward of
the universal lift of 5. Let V' = (R[1/I])", endowed with the action of G coming
from pg. Choose an element o € I such that x (o) # X;‘(cr) for all i # j.
For 1 < j < n—1, let P;j(X) denote the polynomial [[,.;(X — xMo)) and let
V; = Pj(pr(0))V C V. Note that for each maximal ideal p of R[1/l], we have
dimpgp1 /1770 ((V/V}) @rpuyy R[1/1]/9) =n — j by Lemma 3.1.7. It follows that V/V
is locally free of rank n — j. We then deduce that V; is locally free of rank j
and a direct summand of V. Note that V; is Gjs-stable. (For each 7 € Gy,
the quotient V;/(V; N pr(7)(V;)) vanishes modulo p for each maximal ideal p of
R[1/1] and hence is zero.) Note also that V4 C Vo C -+ C V,_1. (We have
Vi = (pr(o) — X.;\+1(U))‘/j+1 for j=1,...,n—2.) Set V,, =V and Vy = (0). For
j=1,...,n,let ¥; : Gpy = R[1/1]* denote the character giving the action of G
on the rank 1 locally free R[1/l]-module V;/V;_1. We have 9;|1,, = X;‘ by Lemma
3.1.7 and the fact that R is reduced.

Let R denote the normalisation of R. Note that R[1/] = R[1/l] since normalisa-
tion commutes with localisation and R[1/I] is normal (being formally smooth over
K). It follows that R C R C R[1/]. Note also that R is a product of complete lo-
cal Noetherian integral domains whose residue fields are finite extensions of k (this
follows from the fact that R is finite over R) and that the irreducible components
of Spec R biject with those of Spec R[1/1]. For each maximal ideal o of R[1/l], the
character (; mod ) : Gar — (R[1/1]/p)* takes values in the ring of integers O,
of R[1/1]/p (since G is compact and ¢; mod p is continuous). By Theorem 7.4.1
and Lemma 7.1.9 of [dJ95], the character 1, takes values in R*.

For each maximal ideal o of Spec R[1/1] let ¢, ; denote the composition of the
character v; mod p : Gy — OF with the reduction map O — k(p)* where
k(p) denotes the residue field of O,. We now show that the ordered n-tuple ¢, :=
(1> -1y, ) is constant for p varying in a fixed irreducible component of R[1/1]:
let q be a minimal prime of R[1/I] and ¢ =qN R the corresponding minimal prime
of R. Let n denote the maximal ideal of the local ring ﬁ/ﬁ We also regard n as
an ideal of R. For j = 1,...,n, let @q’j . Gy — (R/n)* denote the character Y
mod n. Since p* = Eq,l G- B Jq,n’ we see that each @q’j is valued in £*. Let
Eq = (@q’l, . ,Eq’n). It is then tautological that Ep = @q for each maximal ideal
p of R[1/l] containing the minimal prime q.
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The assumption that Ré AT

R[1/1] such that ¢, = 7 is non-empty. Let I denote the intersection of these minimal
primes. Then the map g%[l/l] — Spec R[1/]] factors through Spec R[1/I]/I. To
prove the first statement of the lemma, it suffices to show that the natural map
from R[1/1]/I to the image of the map

a: (RBoRg)[1/1] = Ogx(92(1/1))

# (0) implies that the set of minimal primes q of

is an isomorphism. The injectivity of the map R[1/I]/I — Im « follows from the
fact that the map Q% — Spec R[1/1]/I is dominant (as every closed point of the
target is in the image).

We now establish surjectivity. Let I = RN 1. The characters ; give rise to a
map Ry — E/ I under which w}miv pushes forward to ¥; mod I. This gives rise to
an R-algebra surjection 3 : (R®oRyz)[1/1] = R[1/1]/I. Moreover, for each closed
point = of Q%, the composite

(RoRz)[1/1] = Oga (G [1/1)) — k(x)

factors through 3. (This follows from the fact that Gas acts on V;/V;_1 via ¢;.) It
follows that the map « factors through 8 and in particular, R[1/1]/I surjects onto
the image of a. Thus we have established the first statement of the lemma. The
second statement is immediate. (]

3.1.4. The p =1 case in non-fived weight. In this section we assume that p = [,
that p : Gy — GL,, (k) is the trivial homomorphism. Let R%’ denote the universal
O-lifting ring of p and let Ays = O[[Ipzan /24 (1)"]] where for a group H, H(l) denotes
its pro-I completion. Then Aj; represents the functor Co — Sets sending an algebra
A to the set of ordered n-tuples (x1,. .., X») of characters x; : Ipab /ps — A* lifting
the trivial character modulo m4. Let pY denote the universal lift of 7 to RﬁD and

let (X1, ..., x4"V) denote the universal n-tuple of characters I an M A%,
Let R% Ay = RE@OAM. Let G denote the closed subscheme of the flag variety

F Xgpec© Spec R%’ A, Ccorresponding to filtrations which are (i) preserved by the

induced action of G and (ii) such that Ips acts on gr; via the pushforward of

X}mi". Let Ré A, Pe the quotient of R%’ A,, corresponding to the scheme theoretic
image of the morphism

g1/l — SpecRgAM.

O

If E is a finite extension of K, a homomorphism of O-algebras ¢ : R — E factors

P AMm
through Ré A,, if and only if (o p" is conjugate to an upper triangular representation
whose ordered n-tuple of diagonal characters, restricted to I, is the pushforward
of (XY™, ..., Xu"V). A quotient RSy of R’y is introduced in Definition 3.4.5 of
[Ger09]. This quotient is equidimensional of dimension 1+n2+[M : Q|n(n+1)/2.
Moreover, if ( : Ré A, — £ is a homomorphism of O-algebras such that ¢ o P is
potentially semistable of [-adic Hodge type v) for some A € (Zi)Hom(M’K), then ¢
factors through RZ\*" . (See Lemmas 3.4.6 and 3.4.7 of [Ger09] and Lemma 3.1.4

A
of this paper.)

3.2. Global deformation rings.
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3.2.1. The group G,. Assume from now on that [ > 2. Let n be a positive integer,
and let G,, be the group scheme over Z which is the semidirect product of GL,, x GL;
by the group {1, j}, which acts on GL,, x GL; by

3lg, )i~ = (u'g™" ).

There is a homomorphism v : G,, — GL; sending (g, ) to p and j to —1. Write g2
for the trace zero subspace of the Lie algebra of GL,,, regarded as a Lie subalgebra
of the Lie algebra of G,.

Definition 3.2.1. Let F'™ be a totally real field, and let 7 : G+ — G, (L) be a
continuous homomorphism, where L is a topological field. Then we say that r is
odd if for all complex conjugations ¢, € Gp+, vor(c,) = —1.

3.2.2. Bigness. Recall definition 2.5.1 of [CHTO08].

Definition 3.2.2. Let k be an algebraic extension of the finite field F;. We say
that a finite subgroup H C GL, (k) is big if the following conditions are satisfied.

e H has no quotient of [-power order.

o HY(H,g,(k)) = (0).

o H'(H,g,(k)) = (0).

e For all irreducible k[H]-submodules W of g% (k) we can find h € H and « €
k such that the a-generalised eigenspace V}, , of h in k™ is one-dimensional
and furthermore mp o 0 W o ip o # (0). Here mp q @ k" — Vi o is the h-
equivariant projection of k™ to V}, o, and 4y, o is the h-equivariant injection
of V3, o into k™.

We call a finite subgroup H C G, (k) big if H surjects onto G,,(k)/G%(k) and H N
GY(k) is big.

3.2.3. Deformation problems. Let F/F* be a totally imaginary quadratic exten-
sion of a totally real field F'™. Let ¢ denote the non-trivial element of Gal(F/F™).
Let k denote a finite field of characteristic [ and K a finite extension of Q;, inside
a fixed algebraic closure Q,, with ring of integers © and residue field k. Assume
that K contains the image of every embedding F' < @Q, and that the prime [ is
odd. Assume that every place in F'* dividing [ splits in F. Let S denote a finite
set of finite places of F'* which split in F', and assume that S contains every place
dividing I. Let S; denote the set of places of F* lying over I. Let F(S) denote
the maximal extension of F' unramified away from S. Let G+ g = Gal(F(S)/F™T)
and Gpg = Gal(F(S)/F). For each v € S choose a place ¥ of F lying over v and
let S denote the set of ¥ for v € S. For each place v]oco of FT we let ¢, denote a
choice of a complex conjugation at v in G+ g. For each place w of F' we have a
G s-conjugacy class of homomorphisms G, — Gp,s. For v € S we fix a choice
of homomorphism Gr, = Gp,s.

If R is aring and r : Gp+ g — Gn(R) is a homomorphism with 7~ (GL,(R) x
GL1(R)) = Gr,g, we will make a slight abuse of notation and write r|g, 5 (respec-
tively |G, for w a place of F') to mean 7|g,. s (respectively r|g,. ) composed with
the projection GL, (R) x GL;(R) — GL,(R).

Fix a continuous homomorphism

T GF+,S — Qn(k)
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such that Gp g = 7' (GL, (k) xGL; (k)) and fix a continuous character x : Gr+ g —
O* such that v o7 = X. Assume that 7|g, s is absolutely irreducible. As in
Definition 1.2.1 of [CHTO08], we define

e a lifting of ¥ to an object A of Co to be a continuous homomorphism
r: Gp+ s — Gn(A) lifting 7 and with vor = x;

e two liftings r, ' of ¥ to A to be equivalent if they are conjugate by an
element of ker(GL,(A) — GL,(k));

e a deformation of T to an object A of Co to be an equivalence class of liftings.

For each place v € S, let RY

T\GF17

let Ry denote a quotient of RElG which satisfies the following property:
Fy

denote the universal O-lifting ring of 7|, and

*) let A be an object of Co and let ¢,¢’ : RY — A be homomorphisms
Tla
F~

corresponding to two lifts r and 7’ of 77|GF5 which are conjugate by an
element of ker(GL,,(A) — GL,(k)). Then ( factors through Ry if and only
if ¢’ does.

We consider the deformation problem

S= (F/F+7S7 g,O,f,X, {RU}UES)

(see sections 2.2 and 2.3 of [CHTO8] for this terminology). We say that a lifting r :
Gr+ 5 — Gn(A)is of type S if for each place v € S, the homomorphism RE‘G — A
Fy

corresponding to r|g Py factors through R;. We also define deformations of type S
in the same way.

Let Defs be the functor Co — Sets which sends an algebra A to the set of
deformations of 7 to A of type S. By Proposition 2.2.9 of [CHTO08] this functor
is represented by an object REMY of Co. In the statement of the next lemma, we
note that the rings R%:I T and R7M" are reduced and hence any union of irreducible
components corresponds to a unique quotient ring.

Lemma 3.2.3. Let M be a finite extension of Q, for some prime p and p: Gpr —
GL, (k) a continuous homomorphism. If p # 1, let T be an inertial type for Gy
over K and let R be a quotient of R‘F]’T corresponding to a union of irreducible
components. If p =1, assume that K contains the image of every embedding M —
K, let X € (27)HomMK) and let R be a quotient of RX" corresponding to a union

17
of irreducible components. Then R satisfies property (*) above.

Proof. We consider the case p = I; the other case is similar. Let RJ»“"[[X]] =
X 2 1 < d,5 < n]] and consider the lift of p to RZV[[X]] given by
(1, 4+ (Xi;))p" (1, + (Xi;))~ 1. This lift gives rise to an O-algebra homomorphism
RﬁD — R2V[[X]]. We claim that this homomorphism factors through RZ*“". This
follows from the fact that RZ“[[X]] is reduced and I-torsion-free and every Q;-
point of this ring gives rise to a lift of p which is crystalline of [-adic Hodge type
vx. Let a denote the resulting O-algebra homomorphism R — RZV[[X]]
and let ¢ : 2V — RZV[[X]] denote the standard RZ*“-algebra structure on
REVX]].
The irreducible components of Spec R7**"[[X]] and Spec R7*“" are in natural
bijection (if g is a minimal prime of R%*’Cr, then () generates a minimal prime of

> [[X]])- Let p be a minimal prime of R, We claim that the kernel of the
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map B : RNV — REV([X]]/u(p) = (B2 /p)[[X]] induced by « is p. To see this

7]
note that the map v : RV [[X]] — RIMV[X]]/(X;5) = RV satisfies yo o = id.

From this it follows that ker 5 C p. Since @ is minimal, we must have ker § = p. If

1, -, o are minimal primes of R7*" and I = g1 NN g, we deduce that the
kernel of the map RZ*" 5 (B2 /D[[X]] is I. The lemma follows. O

3.2.4. A lower bound. Let F,FT,S, S and 7 be as in the previous section. In this
section we will give a lower bound on the Krull dimension of the ring R4™ for
certain deformation problems S.

For each place v € S away from [, fix an inertial type 7, for Ir, and assume
0,70

- is non-zero). Let Ry be a
T\GFF

that 7|, has a lift of type 7, (in other words,
quotient of RE"GT“ corresponding to a union of irreducible components.
Fy

For each place v € S lying above [, let Ay be an element of (Zi)Hom(Fﬁ’K), and
assume that 7|, has a crystalline lift which is ordinary of weight Ay and let Ry be

a quotient of the ring RFAI?;ZLCT corresponding to a union of irreducible components.
Let

S=(F/F*,8,5,0,7 x,{Rs}ves)-
Write ad 7 for the adjoint action of G+ g on M, (k).

Lemma 3.2.4. Assume that T is odd, and that H°(Gp+ 5,ad7(1)) = {0}. For S
as above, the Krull dimension of R&™ is at least 1.

Proof. By Corollary 2.3.5 of [CHT08] (noting that x(c,) = —1 for all v|oo) we see
that this dimension is at least

14> (dim Ry —n® — 1) — dimy, H*(Gp+ 5,ad 7(1)) = > _n(n —1)/2.

veS v|oo

For v € S away from [, we have dim Ry = n? + 1 by Lemma 3.1.1. For v € S lying
over | we have dim Ry = n? + 1+ n(n — 1)[F, : Q] by Lemma 3.1.7 and the
remark preceding it. We therefore have

Z(dim Ry —n®—1)= Z %n(n —D[F : Q]

veS vl
1
= in(n —1)[F:Q]
=> n(n-1)/2,
v|oco
giving the required bound. (I

3.2.5. A finiteness result. Let F, F+ S, S and 7 be as in the previous two sections.
Suppose that LT/F* is a finite totally real extension. Let L = L*F. Let S’
(resp. S') denote a set of places of LT (resp. L) all of which split in L, containing
all places lying over a place in S (resp. containing exactly one place above each
place in S’, and containing every place lying above a place in §) Let Gp+ g =
Gal(L(S")/L™"), where L(S’) is the maximal extension of L unramified outside S’.
Let G5 = Gal(L(S5")/L). We assume that 7|, _, is absolutely irreducible.
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Let
SOZ(F/F+757§a07F7Xa{RI; }UES)

T|GF§

and
S(/) = (L/L+7 S/, S/, Oa F|GL+,S”X|GL+,S/’{RTE;GLN, }U’GS’)

and let Rg‘giv and Rgzi" denote the rings representing the functors Defs, and Defs;.

Restricting the universal deformation valued in Rggi" to Gp+ g gives Rg’gi" the
structure of a Rgzi"—algebra.

Lemma 3.2.5. Rgﬁi" is a finite Rgziv-algebm.

Proof. The argument is extremely similar to that of Lemma 3.6 of [KW08]. We will
follow the proof of Lemma 1.2.2 of [BLGGT10]. Write my+ for the maximal ideal of

s and let rp+ .+ denote the Rgf)‘i" Jmp+ Rggiv—representation of Gp+ g obtained

univ

from the universal representation over Rg)". By definition, rp+ 1+ le is equiva-

L+,s’
lent to F|GL , o+ Asaconsequence, if M denotes the normal closure of the composite

of L™ and the fixed field of ker 7, then rp+ 1+ factors through Gal(M/F7), and the
image of 7+ 1+ is necessarily finite. [Alternatively, note that the image of G+ g
in Gp+ g has finite index.]

Let m be the order of the image of rp+ 1+, and choose elements g;,...,gm €
G+ s whose images exhaust the image of rp+ r+. Let

F(T) = II -G+t enl)

and let A denote the maximal quotient of k[X; ;|; j=1,.n over which the mth-

power of the matrix (X; ;) is 1,. If p is a prime ideal of A then all the roots
of the characteristic polynomial of (X; ;) over A,/p are m‘" roots of unity and
hence f(tr(X;;)) =0in A/p C A,/p. Thus there is a positive integer a such that
f(tr(X;4))* =01in A. Then we get a map

k[Tlv s 7Tm]/(f(T1)aa B f(Tm)a) — R?s?v/mmeéﬁiv
Ti — tI”I"F+7L+(gi).

By Lemma 2.1.12 of [CHTO08] we see that this map has dense image. Since the
source of the map is finite, we see that Rgﬁi" /mp+ Rg«‘;i" is finite, and the result
follows from the topological form of Nakayama’s lemma. ]

4. ORDINARY AUTOMORPHIC REPRESENTATIONS

4.1. Ordinary automorphic representations of GL,,. Let L be either a totally
real number field or a quadratic totally imaginary extension of a totally real number
field. Let A € (Z7)Hom(E0), Let 7 be an automorphic representation of GL,,(Ar)
which is
e RAESDC (regular, algebraic, essentially-self-dual, cuspidal) of weight A if
L is totally real, or
e RACSDC (regular, algebraic, conjugate-self-dual, cuspidal) of weight X if
L is totally imaginary.
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See section 5 of [Tay08] or section 4 of [CHTO08] for definitions of these terms. Let [
be a prime number and ¢ : Q; — C an isomorphism of fields. Let v be a place of L
dividing [ and w, a uniformizer in Or,,. For each b > 0, let Iw(v*?) denote the open
compact subgroup of GL,(Op,) consisting of matrices which reduce modulo v° to

1

a unipotent upper triangular matrix. The space (¢~ m)lw(”b’b) carries commuting

actions of the scaled Hecke operators

J
0w = [TT TT rtm e ) [ (Fg 0 Jrwier)

1 .

1=1 7:L,—Q, "
for j = 1,...,n. We define the ordinary part (L_lm)lw(”b’b)"’rd of (L_lm)lw(”b’b)
to be the maximal subspace which is invariant under each U L(f; w, and such that

every eigenvalue of each U ) is an [-adic unit. We define

LA\, Ty
(L717T1,)0rd — @(Lflﬂ.v)lw(vb,b)’ord'
b>0

1 v)ord

We say that 7 is ¢t-ordinary at v if the space (¢ 7 is non-zero.

4.2. l-adic automorphic forms on definite unitary groups. Let F'* denote a
totally real number field and n a positive integer. Let F//F* be a totally imaginary
quadratic extension of F't and let ¢ denote the non-trivial element of Gal(F/F™).
Suppose that the extension F'/F'T is unramified at all finite places. Assume that
n[FT : Q] is divisible by 4. Under this assumption, we can find a reductive algebraic
group G over F* with the following properties:

e G is an outer form of GL,, with G,r = GL,,/F;

e for every finite place v of '™, G is quasi-split at v;

e for every infinite place v of F'*, G(F, ) = U,(R).
We can and do fix a model for G over the ring of integers O+ of F' as in section
2.1 of [Ger09]. For each place v of F* which splits as ww® in F there is a natural
isomorphism

Ly - G(Fj) L) GLn(F’u})

which restricts to an isomorphism between G(Op+) and GL,(Op, ). If v is a place
of F'* which splits in F' and 7 is a place of F' dividing v, then we let

o Iw(v) denote the subgroup of GL,,(OF,) consisting of matrices which reduce
to an upper triangular matrix modulo v.

e Tw(v%¢), for 0 < b < ¢, denote the subgroup of GL,,(OF,) consisting of
matrices which reduce to an upper triangular matrix modulo v¢ and to a
unipotent matrix modulo ?°. In particular Iw(7%?) = GL,,(OF, ).

Let [ > n be prime number with the property that every place of F'* dividing [
splits in F. Fix an algebraic closure Q; of Q;. Let K be an algebraic extension of
Q; in Q; such that every embedding F < Q, has image contained in K and such
that K contains a primitive [-th root of unity. Let O denote the ring of integers in
K and k the residue field. Let S; denote the set of places of F'* dividing ! and for
each v € S, let ¥ be a place of F over v. Let S; be the set of ¥ for v € S;. We write
Op+ = Op+ ®z 2y, Fl+ =Ft ¢ Q.

Let W be an O-module with an action of G(Op+ ;). Let V' C G(A%¥,) be a
compact open subgroup with v; € G(Op+ ;) for all v € V, where v; denotes the
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projection of v to G(F;"). We let S(V, W) denote the space of l-adic automorphic
forms on G of weight W and level V| that is, the space of functions

[ GIFPN\GAE) - W
with f(gv) =v; ' f(g) for allv € V.

Let I; denote the set of embeddings F' — K giving rise to a place in S;. To
each A € (Z7)" we associate a finite free O-module M, with a continuous action
of G(Op+ ) as in Definition 2.2.3 of [Ger09]. The representation M) is the tensor
product over 7 € I, of the irreducible algebraic representations of GL,, of highest
weights given by the A.. We write S\ (V, Q) instead of S(V, M) and similarly for
any O-module A, we write Sy (V, A) for S(V, M\ ®c A).

Assume from now on that K is a finite extension of Q; containing a primitive
l[-th root of unity. Let [ denote the product of all places in S;. Let R and S,
denote finite sets of finite places of F'™ disjoint from each other and from S; and
consisting only of places which split in F. Assume that N(v) =1 mod [ for each
v € R. Assume also that each v € S, is unramified over a rational prime p with
[F((p): F]>n. Let T = S, [[ R[] Sa- For each v € T fix a place v of F dividing v,
extending the choice of ¥ for v € S;. We henceforth identify G(F,}) with GL,,(F5)
via ¢y for v € T without comment. Let U = [[, U, be a compact open subgroup of
G(AY,) with
Uy = G(Op+) if v &€ RUS, splits in F;

U, =1Iw(®) if v € R;

U, = ker(GL,(OF,) — GL,,(k(0))) if v € Sg;

U, is a hyperspecial maximal compact subgroup of G(F\) if v is inert in
F.

If0<b<c welet U(I>) =U' x [Les, Iw(2%¢). We note that if S, is non-empty
then U is sufficiently small (which means that its projection to G(F,) for some
finite place v of F'™ contains no finite order elements other than the identity).

For each v € §; fix a uniformizer wy in Op,. For 0 < b < ¢ with ¢ > 0 and

7 =1,...,n, consider the scaled Hecke operator
() ! wyl 0
J L e ~b,c vlj ~b,c
Uy, = H H, 7(wg) "M lE it |:IW(U ) ( 0 1nj> Iw(v )}
=1 1.y 5Q,

acting on the space Sy (U (1*¢), O) (see Definition 2.3.1 of [Ger09]). We let SST4(U(1€), O)
denote the ordinary part of Sy(U(1>¢), 0) as defined in section 2.4 of [Ger09] (not-

ing that the space Sx(U(I"¢),0) is denoted Sy (13 (U(1"¢),O) in [Ger09]). This is

the maximal submodule on which each of the operators U ;\j ;5 acts invertibly. This
space is preserved by the Hecke operators

qujj) =g (|:GLn(OFw) (wzlj 0 ) GLn(Q%)])

1o

for w a place of F, split over I and not lying over T, j = 1,...,n and
wy & uniformizer in O, , and
[ ]

(u) :== H [Iw(ﬂb’c) diag(uz) Iw(ﬂb’c)]

vES]
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for u = (ug)ves, € Hvesl(oléﬂ)n-
We let T} (U (1), 0) denote the O-subalgebra of Endo (S$*4(U(17€), O)) gener-
ated by the operators T, (T{V)~! and (u). It is commutative. We let

Ty (U (%), 0) i= I T (U (1), 0),

Let T,, denote the diagonal torus in GL,. We define T, (l) as the pro-l part of
T,(Op+,1) = [l,es, Tn(Op+). In other words, we have an exact sequence

0= Tn(l) = T0,(Op+ 1) = Tn(Op+ /1) = 0.
Define the completed group algebras
AT = O[[Tn(Op+ )]
A = O[TL(D]]-

Identifying T,,(Op+ ;) with [, cg, Tn(OF;) in the natural way gives T3 (U (1), 0)
the structure of a A*-algebra (via the operators (u)).

It is shown in section 2.6 of [Ger09] that the algebra T} **4(U(1°°), ) is inde-
pendent of the weight A in the sense that for each A there is a natural isomorphism
T3 (U (1), 0) = TEO (U (1), ). We let T (U(1°°), ©) denote the univer-
sal ordinary Hecke algebra as in Definition 2.6.2 of [Ger09]. By definition, this is

just TEO(U(1°°), O) with a modified A*-structure which is more convenient from
the point of view of Galois representations.

4.3. An R™! = T Theorem. Let TT-°"4(U(1>°), O) be the algebra introduced
above. Let m be a maximal ideal of TT-°*4(U(1>°), O) with residue field k& which
is non-Eisenstein in the sense of section 2.7 of [Ger09]. According to propositions
2.7.3 and 2.7.4 of [Ger09] one can choose a continuous homomorphism

Pt Gpe = Gu(THOYU (1), 0) /m)
with |G, absolutely irreducible and a continuous lifting
ot Gpe = Gu(TT YU (), 0)m)
with the following properties:
(0) 7ol (GL,, x GL1)(TTor (U (1°°), O) ) = G-
(1) 7y is unramified outside T
(2) If v € T is a place of F™ which splits as ww® in F' and Frob,, is the
geometric Frobenius element of Gr, /I, , then 7y (Frob,,) has characteristic
polynomial
Xn—TOX 4 (=1) (Nw)? D270 x4 (1) (Na)" (= D/27(m)

(3) vory = el_”6;7F+ where dp )+ is the non-trivial character of Gal(F/F™)
and um € Z/27Z.
(4) If v € R and o € Ip,, then ry(0) has characteristic polynomial (X — 1)™.
We make the following assumptions:
(a) The subgroup 7o (Gr+(¢,)) of G (k) is big;
(b) Forv e S;UR, Tm(Gr,) = {1, };
(c) Theset S, is non-empty and for v € Sq, Tm|G . is unramified and HY(GF,,adTn(1)) =

{0}.
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For v € S}, let
Ap, = O[[Ing/F;, "]

where for a group H, H(l) denotes the pro-I completion. The inverses of the Artin
maps Artp, for v € S; give rise to an isomorphism

I Teee i, )= [T (1 + @508,)" = (1)
vES vES)
and hence an isomorphism
®’U€SZAF5 —A.
Corollary 3.4.8 of [Ger09] shows that ry, satisfies the following property, in ad-
dition to (0)-(4) above:
(5) For v € S}, the homomorphism RY =~ ®oAp, — TTO"(U (1), 0)y com-

Flo,
ing from rw|g, and the Ap;-algebra structure on TTord(U(1°°), 0) fac-
tors through the quotient R%"*" of RH

Tlap, Ary Tlog,
3.1.4.

We now turn to deformation rings. For v in R, let R}; o denote the quotient
m F:’]

®oAp, introduced in section

of Rgm‘ck corresponding to lifts r for which r(o) has characteristic polynomial

(X —-1)" for each o € I, . This ring is studied in section 3 of [Tay08]. Let

Sp = (F/F+7T,T,A,r,61—n5;7F+7 RE }Uesw{R;MGFN}UG&{RAM ,AFa}vesz>

F‘“\GF;] Fm\GFE
Let Cp denote the category of complete local Noetherian A-algebras with residue
field k. We say that a lift r of 7 to an object A of Cp is of type Sy if vor = 61_"5;')‘F+,
and for each v € S;, the homomorphism RElG ®oAp, — A coming from 7|,
Fy v

N ar

Tlap Ary

and the A-structure on A factors through R and if for each v € R the
O

= We

define deformations of type Sa in the same way. Let Defs, : Cp — Sets be the
functor which sends an object A to the set of deformations of 7 to A of type Sy.
This functor is represented by an object Rg‘:" of Cy.

Properties (0)-(5) above imply that the lift 7, of 7y to TT*(U(1°°), O)y, is of

type Sp and hence gives rise to a homomorphism of A-algebras
RN — TH (U (1%9), O)m.
The following result is contained in Theorem 4.3.1 of [Ger09).

homomorphism R — A coming from r|g, factors through R;

mlep

Theorem 4.3.1. The map REY — TTorY(U(1°°), O)w induces an isomorphism
(Rg‘r;iv)red L> TT,ord(U([oo)’ O)m
and pm =n mod 2 so that T is odd.

Let A\ € (Z’_}_)T" and for each v € Sy, let Ay denote the element of (Z7)Hom(Fs.K)

given by the A, for 7 : F; — K. In section 3.1.2 we associated to Ay an n-tuple of
characters (x17,...,x7) from Ipe /F; t0 O*. The restrictions of these characters

to Ipav /(1) induce an O-algebra homomorphism

X/\i :AFg -0
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and taking the tensor product over the places v € S;, we get a homomorphism
A= O.

We denote the kernels of these homomorphisms by gy, and py. The next result fol-
lows from Corollary 2.5.4 and Lemma 2.6.4 of [Ger09] (noting that U is sufficiently
small since S, is non-empty).

Proposition 4.3.2. The algebra TTord(U(1°°), 0) s finite and faithful as a A-
module and for every \ € (Zi)ll there is a natural surjection

THor U (1), 0) @4 Ag, /ox — T U (), 0) @0 K
whose kernel is nilpotent.

Let A and Ay for v € S; be as above. Consider the deformation problem
T —n shm Bxg
Sy = (F/F+, T.T,0,r, ¢! 5;/F+v {REm\cn vesa {Rl boer, {R T

Fm‘Gpi

Tm ‘GFg }UGSl)
univ

and the corresponding deformation ring Rgﬁi". Consider Rg)" as a A-algebra via
Apy — 0 — Rg‘;iv. The universal deformation over Rg’;‘i" is of type Sp and hence
gives rise to a map Rgﬂiv — Rgﬁiv which is surjective (to see that it is surjective,
note that a lift » : Gp+ — G,,(A4) of type Sa is of type Sy if and only if for each
v € Sy, the map R B oer )

Folep Ar — A corresponding to r|g Py factors through R

Tm ‘GF17 :

Corollary 4.3.3. The ring Rg‘;iv is a finite O-algebra.

Proof. First of all, observe that if R is an object of Co, then R is a finite O-algebra if
R4 is. Indeed, if R™4 is finite over O then R/me is Noetherian and 0-dimensional
and hence Artinian. It follows from the topological Nakayama lemma that R is
finite over O.

The ring (Rg‘;i")md is a quotient of (R&") /oy, By Theorem 4.3.1 and Propo-
sition 4.3.2, (R&2Y)™d /oy is a finite O-algebra. The result follows. O

5. EXISTENCE OF LIFTS

5.1. Let F be an imaginary CM field, F'" its maximal totally real subfield and c the
non-trivial element of Gal(F/F 7). Let 7 be a RACSDC automorphic representation
of GL,(AF) and ¢ an isomorphism Q; — C. In [CH09] it is shown that there is a
semisimple representation

r.(7) : Gr = GLn(Q)

uniquely determined by the following properties:
(1) Tl,L(Tr)C = TZ,L(’]T)Velin;
(2) for w a place of F not dividing | we have

tWD(ry,(7)|Gp, )™ = rec(my ® | det |(1_")/2)SS

where WD(r;,,(7)|Gp, ) denotes the Weil-Deligne representation associated
to r;,.(m)|ay, and rec is the local Langlands correspondence of [HTO1];

(3) for w a place of F' not dividing I, r;,, ()|, is unramified if 7, is unrami-
fied.
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If F and c are as above, we let (Zi)?omw’@l) denote the subset of (ZQL_)Hom(F*@l)
consisting of elements A with A;¢ ; = —A; p—j4q1 forall7: F — @l andj=1,...,n.
If X e (Z’}r)gom(F’Ql) and w is a place of F' dividing I, we let Ay = (Ay,0)o be the
element of (Zi)Hom(Fw Q) determined by Aw,o = Ag| forall o : F, — Q.

The representation ry,(m) can be conjugated to take values in GL,(Og,). Re-
ducing modulo the maximal ideal of O@l and semisimplifying, one obtains a rep-

resentation 7,(m) : G — GL,(F;) which is independent of any choices made.
Furthermore, if 7;,(7) is irreducible, then by Lemma 2.1.4 of [CHTO08], one can
extend r;,(m) to a continuous representation 7 : Gp+ — G,(Q;) with r|g, =
(r.(m), el ™) and G = r71(GL,(Q;) x Q). After conjugating by an element of
GL,(Q,) C G.(Q,), we may assume that the extension r takes values in G, (O)
for some finite extension K/Q; (see Lemma 2.1.5 of [CHTO08]) .

If K (resp. k) is an algebraic extension of Q; (resp. ;) and p : Gp — GL,,(K)
(resp. p: Grp — GL,(k)) is a continuous representation, we say that p (resp. p) is
automorphic if there exists a m and ¢ as above with 7, () (resp. 77,.(m)) isomorphic
to p @ Q; (resp. p @y, F;). We say that p (or p) is ordinarily automorphic if in

addition 7 and ¢ can be chosen so that 7 is t-ordinary at every place dividing . We

say that p is ordinary automorphic of weight \ € (Zﬁ)?om(}?’@l) if p is automorphic

and p|g,, is ordinary of weight A\, € (Zi)Hom(Fw ‘@) for each place wl|l of F. We
say that p is ordinary automorphic if it is ordinary automorphic of some weight. If
p is ordinarily automorphic and its reduction p is absolutely irreducible, then p is
ordinary automorphic by Proposition 5.3.1 of [Ger09].

We are now ready to prove our main theorem. For the convenience of the reader,
we recall all our assumptions in the statement of the theorem.

Theorem 5.1.1. Let F be an imaginary CM field with mazximal totally real subfield
F*. Letn > 2 be an integer and | > n a prime number. Assume that the extension
F/F* is split at all places dividing l. Suppose that

p:Gr — GL,(F)

is an irreducible representation satisfying the following assumptions.
(1) The representation p is ordinarily automorphic (so in particular p¢ = p¥e* =" );
say p =7, (m).
) Any place of F at which p is ramified splits over FT.
) The image p(Gr(c,)) is big.
)
)

F7 goes not contain F(¢) (so in particular, ¢ ¢ F).

There is an element \ € (Zi)?om(F’@’) such that for every place w|l of F,

Plar, has a crystalline lift which is ordinary of weight Ay, .

Then p has a lift p which is crystalline and ordinary of weight Ay, at each place w
of F dividing l, and which is ordinarily automorphic of level prime to .

In fact, suppose we are given a finite set of places S of Ft which split in F,
a choice of a place © of F' above each place v of F*, and an inertial type 75 for
Ip, for each v € S not dividing | such that ﬁ\GFé has a lift of type 15. Then p can
be chosen to be of type T3 at © for all places v € S, v t 1. More precisely, choose
a model v : Gp+ — Go(Ok) of an extension to G,(Q;) of r..(m), where K/Qu(¢)

is a finite extension in Q, which contains the image of every embedding F — Q.
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Assume moreover that each Ty is defined over K. Then, given a choice of irreducible

. A,
component of each O -lifting ring R-"™ (resp. RF\;U ") withv € S and v t1 (resp.
l F

Tlop
v|l), we may choose p so as to give a point on each of these components and, if S
contains all places at which p is ramified, we may choose p to be automorphic of
level dividing S\ {v|l}.

Proof. 1t suffices to prove the final statement. Let ¢, 7w, r and K be as in the final
statement and let O = Ok and k = O/mp. By a slight abuse of notation, we
will let p denote the representation Gp — GLy, (k) obtained from 7|, . Extending
S if necessary, we may assume that S contains all places above [ and that p is
unramified away from S. Indeed, for the places v { I just added to S, the lift 7|g,.

determines an inertial type 75 for Ir, and at least one irreducible component of
O,75 Axgoer
'F‘GFI_/
is non-zero and hence we can choose an irreducible component of this ring.
By Lemma 2.1.4 of [CHTO08], v o7 = El’”6§‘,/F+ for some p € Z/27Z, where
dp/p+ is the quadratic character of G+ corresponding to F. By Theorem 4.3.1, 7

is odd, so in fact y = n mod 2. For each v € S, let Ry be the chosen irreducible

; Dirgs = ~
component of R when v 11 or R; 7" when v|l. Let S denote the set of ¥ for

p‘GF~
v € S and let

. For the places v|l just added to S, assumption (5) guarantees that R

FlGFv

b
IGFT;

S= (F/F+a S, 570;77761_n5;/p+7 {RE}UES)'

To prove the theorem it suffices to show that we can find a closed point of REMV[1/]]
so that the corresponding representation restricted to Gy is automorphic of level
dividing S\ {v|i}.

Choose a finite place v, of F' not lying over S so that

e vp is unramified over a rational prime p with [F((,) : F] > n;
e v; does not split completely in F({;);
e ad7(Frob,,) = 1.

The last two conditions imply that H%(GF, ,ad7(1)) = {0}. Choose a CM exten-

v

sion L of I’ with the following properties:

e L/F is Galois and soluble;
e L is linearly disjoint from Frered T)(Q) over F

e all primes of L lying above S or {v;} are split over L where LT is the
maximal totally real subfield of L;

e the extension L/L7 is unramified at all finite places;

o 4|[LT: FT;

e for each place v € S away from [ and each place w of L lying over v,
we have Nw = 1 mod [, p(Gr,) = {1.}, the type 75 becomes trivial

w

upon restriction to I, and if 7, denotes the base change of 7 to L, then
Iw(w)
(7L )w # 0.
e the places {vy, cv1} split completely in L;
e for each place v € S dividing [ and each place w of L lying over v we have

ﬁ(GLm) = {ln}

e if w is a place of L not lying over [ such that (7 ), is ramified, then w lies
over a place of L+ which splits in L, and (r7 )™ # 0.
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Let T denote the set of places of L* comprised of those lying above S U {v{|p+},
together with any places of LT over which there is a place w of L with (mp ),

ramified. Let 7 denote a set of places of L, containing all places lying above
Su {v1}, such that T consists of one place @ for each place w € T. For each @ € T

lying above vq, let Rg = RU . For @ € T not dividing [ or v, let Ry denote the

Play,
quotient R%‘G of R?‘?Ic corresponding to lifts for which each element of inertia
L

has characteristic polynomial (X — 1)™. Let Ay be the element of (Z’_ﬁ)?om(L’@ )
determined by (Ar); = A, for all 7 : L < Q. Extend K if necessary so that

it contains the image of every embedding L < Q,. For w & T lying above [, let

A )
Ry = RSO0 Let

Plar,

T|F

1 na#

S/:(L/L+,T,T,O,f|g L/L+7{Rﬁ}wET)'

L+,T7
Restricting the universal deformation over Rg“iv to Gp+ p gives rise to a map
R“m" — Rgniv and by Lemma 3.2.5, this map is finite (this lemma shows the finite-
ness of the corresponding map of unrestricted deformation rings, and the finiteness
of the map R“m" — Rg“i" follows by taking the appropriate quotients).

Now, let G be a reductive group over O+ as in section 4.2 (with LT replacing
F). By Théoreéme 5.4 and Corollaire 5.3 of [Lab09] and the assumption that L/L*
is unramified at all finite places, 7y, is the strong base change of an automorphic
representation II of G(Ap+). By Lemma 5.1.6 of [Ger09] 7y, is t-ordinary at each
place of L dividing I. Let U C G(A$% ) be a compact open subgroup defined as in
section 4.2 with S, the set of places of T above v1|p+ and R the set of places of
T not dividing [ and not in S,. Then extending O if necessary, the Hecke eigen-
values on (L_IHZ’OO)UI ® ®U|Z(L_1Hv)°rd give rise to an O-algebra homomorphism
T (U (1°°),0) — O. Reducing this modulo the maximal ideal of O gives a
maximal ideal m of TZ-°*4(U(1°°), ©) which is non-Eisenstein by the second of our

conditions on L above. All of the hypotheses of section 4.3 are satisfied and we
deduce from Corollary 4.3.3 that R is finite over O. Theorem 4.3.1 and Propo-
sition 4.3.2 imply that every closed point of REMV[1/1] gives rise to a representation
of Gr, which is ordinarily automorphic of level dividing 7.

Since R“ni" is finite over O and has Krull dimension at least one by Lemma
3.2.4, the ring RY"V[1/l] is non-zero. Any closed point on this ring gives rise
to a crystalline ordinary representation p of Gp which is ordinarily automorphic
of level dividing T upon restriction to Gr. By Lemma 1.4 of [BLGHTO09] any
such p is automorphic and hence, by Lemma 5.1.6 of [Ger09], is in fact ordinarily
automorphic. The fact that p|g, is automorphic of level dividing 7' implies that
p is automorphic of level dividing S U {vq,v{}. (Suppose p = 7y, (7). Then for
v ¢ SU{vy,vf} a prime of F' and w|v a prime of L, we have that BCp /g, ()
is unramified since w ¢ T. In particular, the monodromy operator N is zero
on rec(m,). We deduce from property (2) of r;,(7") (at the beginning of section
5) that ¢ WD(p|a,, )5 = rec(n, @ | det |(1=™)/2), where F-ss denotes Frobenius
semisimplification. Since p is unramified at v, we see that «/ is unramified.) By
varying the choice of v1, we see that p must in fact be automorphic of level dividing
S. Finally, Theorem 5.3.2 of [Ger09] implies that p is automorphic of level prime
to L. (]
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We can frequently make this rather more explicit.

Corollary 5.1.2. Let F' be an imaginary CM field with mazimal totally real subfield
FT. Let n > 2 be an integer and | > n a prime number. Suppose that ¢ & F'.
Assume that the extension F/F™T is split at all places dividing . Let S be a set
of places of F lying over I, containing exactly one place above each place of F+
dividing 1. Suppose that

is an irreducible representation satisfying the following assumptions.

(1) The representation p is ordinarily automorphic (so in particular p¢ = p¥et=™).

(2) Any place of F at which p is ramified splits over FT.
(3) The image P(Gpc,) is big.
(4) TP Joes not contain F(¢).
(5) There is an element A € (Zi)?om(F’Q’) such that for every place © € Sy,
ﬁ|Gpﬂ is isomorphic to a representation
Hgq o * * *

0 Fgo * *

0 0 .. fgp %

0o 0 .. Tisn

where iy |1, = yﬁﬂ,% (where X7 is the crystalline character of Defini-
tion 3.1.2), and for each i < j we have ﬁ{),iﬁ;; # €.
Then p has an ordinarily automorphic lift (of level prime to 1) p which is crystalline

and ordinary of weight A, at each place wll; furthermore for each place ¥ € Sy,
p|GFa 18 1tsomorphic to a representation

1/1571 * . * *
0 1/){,72 N * *
0 0 ce ¢57n_1 *
0 0o ... 0 Vis,n

with ¥5; a lift of 115 ; agreeing with X;\f’ on Ip,.

Proof. This is an immediate consequence of Theorem 5.1.1, Lemma 3.1.5 and
Lemma 3.1.8. g

We now state a corollary to the proof of Theorem 5.1.1, which we will use in
section 7.

Corollary 5.1.3. Letl,n,F, F* p,n,7, S, §, {Tg}q,esﬂ,)ﬂ, {Ns}ves, and {Rz}vpes be
as in Theorem 5.1.1 and its proof. Let

S=(F/F",8,80,7 e 6% pi {Ri}ves)-

Then RV is a finite O-module of rank at least 1.
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6. SERRE WEIGHTS

6.1. We now put ourselves in the setting of section 4.2. In particular, we let F'"
denote a totally real number field and n a positive integer. Let F/F* be a totally
imaginary quadratic extension of F'™ and let ¢ denote the non-trivial element of
Gal(F/F*). Suppose that the extension F//FT is unramified at all finite places.
Assume that n[FT : Q)] is divisible by 4. We note that we could make somewhat
weaker assumptions, but the necessity of considering definite unitary groups which
fail to be quasi-split at some finite places would complicate the notation unneces-
sarily.

Let G be the reductive algebraic group over F* defined in section 4.2, together
with a fixed model over O+ as before. Again, we take a prime number [ > n so
that every place in the set S; of places of F™ dividing [ splits in F. Fix a set S
of places of F consisting of exactly one place above each place in .S;. Let O be the
ring of integers of Q;, with residue field F;. Let I; denote the set of embeddings
F — Q, giving rise to one of the places & € S;. Let Iy denote the subset of I; giving
rise to ¥. Let the residue field of F; be k(0). Then any element o € I; induces an
embedding 7 : k(%) < F;. For an embedding 7 : k(%) < F;, we let I denote the
subset of I consisting of the ¢ with @ = 7. We let I; be the set of embeddings
7 : k(?) = F; (running over all v).

Define (Z77)" as in section 4.2. Let (Z7 )" be the subset of (Z")!t consisting
of Awith I —1> X\ ; —Arip1 >0 forall rand alli =1,...,n— 1. Let (Z7 )"
denote the subset of (Zi)jl consisting of weights A with the property that for each
v and 7 : k(0) < Fy, it is possible to write I = {or1, .. ore} with Ap_, ; =0 if
i>landl—=12> X, | j— Ao, j+1 > 0forall j=1,...,n—1. This being the case,
we define A, j := A, ;. In this way, we define a surjective map 7 from (Z7 )"
to (Zi,res)ll .

Fix A € (Z% ,.s)". We now consider the finite free O-module My of Definition
2.2.3 of [Ger09]. This has a continuous action of G(Op+ ;) = [] GL,.(OF,).
The action on M) ® F; factors through [T,es, GLn(k(D)).

Let S, be a nonempty set of finite places of F'*, disjoint from S;, such that any
place v of S, splits in F' and is unramified over a rational prime p with [F({,) :
F] > n. Choose a place ¥ of F lying over each v € S,. Let U =[], U, be a compact
open subgroup of G(A%, ) such that

o U, C G(OFJ) for all v which split in F
U, = t; " ker(GL,,(OF,) — GL,,(k(?))) if v € Sy;
= G(OFJ’) if v|l;

Uy
U, is a hyperspecial maximal compact subgroup of G(F,’) if v is inert in
F.

VES]

Then (because S, is nonempty) U is sufficiently small, and
S)\(U, O) ®Fl = S(U, M)\) ®Fl = S(U, My ®Fl).

Let T be a finite set of finite places of F'* which split in F, containing S; and
all the places v which split in I for which U, # G(Op+). We let T3 """ be

the commutative O-polynomial algebra generated by formal variables T,S} ) for all
1 < j <n, wa place of F lying over a place v of F* which splits in F' and is
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not contained in T, together with variables T/{jg forall v e S;and j =1,...,n.

Let T7-%"# denote the subalgebra generated by the operators Té}j ). We now fix a
uniformiser @y of Op, for each v € S;. The algebra ']I‘f’”mv acts on S(U, M) via
the following Hecke operators:
[ )
Tw 1j 0

T -, {GLMOF,LU) ( - ) GanFw)]

for w not lying over a place in T and w,, a uniformiser in Op,, and

1,

J
. _ . _ W51 j 0
TV) = II [1 () rm—se Lﬁl[Glm(OFb)( . ]%_j)(ﬁLn(OFJ}.
1=1 T:F5—=Q,
for v € 5;.

Let Thy = [, 15—, T;\jf)). Then there is a (unique) T} "“"*-stable decomposition
S(U, My) = S°4(U, My) & Smer-ord (U, M) with Ty ; being topologically nilpotent
on Snomord(77 ML) and every eigenvalue of Th; on S°'4(U, M) being an [-adic
unit. Suppose that m is a maximal ideal of T7*%™" with residue field F; such that

Sr4(U, M\)m # 0. Then, by Proposition 2.7.3 of [Ger09], there is a continuous
semisimple representation

m: Gp — GLH(FZ)

naturally associated to m. We have the following definition.

Definition 6.1.1. Suppose that  : G — GL,(FF;) is a continuous irreducible
representation. Then we say that p is modular and ordinary of weight A € (Zi’res)fl

if there is a U, T as above and a maximal ideal m of TT"*"% with residue field F,
such that

o SYU, My)m # 0, and

e pETy.
We say that p is modular and ordinary if it is modular and ordinary of some weight
>\ e (Zi res)ll'

Note in particular that if p is modular and ordinary then it is unramified at any
place of F which doesn’t split over F'™. We have the following theorem.

Theorem 6.1.2. Suppose that
0:Gp — GLH(FZ)

is an irreducible representation satisfying the following assumptions.

(1) The representation p is modular and ordinary (so in particular p¢ = p¥e!=").
(2) The image p(Gr(c,)) is big.

(3) F"% does not contain F(¢).
)fl if and only if

e For every place v|l of FT, ﬁ‘GF,; has a crystalline lift which is ordinary of
weight Ag.

Then p is modular and ordinary of weight X € (Z"

+,res
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T res)'. Then
by definition we see that there is a U, T, m as above such that S°*4(U, M)y # 0
and 7y = 5. Choose an isomorphism ¢ : Q, — C and let 1.\ be the element of
(Zi)Hom(RC) with (t4A).0r,; equal to A;; if 7 € E and —A;,—jy1 if T € Tl We
see by Corollaire 5.3 of [Lab09] and Lemmas 2.2.5 and 2.7.6 of [Ger09] that there is
a RACSDC representation 7 of weight ¢, A of GL, (Ar) which is unramified at [, ¢-
ordinary at all v|l and which satisfies 7, (7) = 5. (The cuspidality of 7 follows from
the irreducibility of p.) Thus, for each prime v|l of F*, 7 ,(7)|g,, is crystalline
and ordinary of weight A\; and provides the required lift of ﬁ|Gpﬁ~

For the converse, if the condition holds then by Theorem 5.1.1, p has a lift to
a representation p which is crystalline and ordinary of weight A and ordinarily
automorphic of level dividing a (finite) set of places which split over F* and don’t
divide I. The result now follows from Corollaire 5.3 and Théoréme 5.4 of [Lab09],
the assumption that F'/F7 is unramified at all finite places and Lemmas 2.2.5 and
2.7.6 of [Ger09]. O

Proof. Suppose firstly that p is modular and ordinary of weight A € (Z%

We now show that if p is modular and ordinary of weight A € (Z’}hres)h, then
it is modular of weight m(\) in the sense of generalisations of Serre’s conjecture
(cf. [Her09]). This is a straightforward consequence of the elementary calculations
underlying Hida theory, as we now explain.

Let vy be the rank one O-submodule of M, on which the usual maximal torus
of GL,, acts via the highest weight A. Let vy, be the rank one O-submodule of
M on which the usual maximal torus of GL,, acts via the lowest weight wgA.

The irreducible F;-representations of ], . s, GLy(k(?)) are tensor products of
irreducible representations of the GL, (k(?)). From the standard classification of
the irreducible F;-representations of GL, (k(?)) (see for example the appendix to

[Her09]), one sees that:

(1) There is an irreducible F;-representation F\ of [I,cs, GLn(k(?)) for each
A€ (Z o), and every irreducible F-representation of [1,es, GLn(k(9))

is equivalent to some F).

(2) Take X € (Z7 ,.,)". Let Py be the sub-I[, cg, GLn(k(?))-representation of
M, ® F; generated by vy ® F;. Then Py = Frn (since both representa-
tions are obtained by restriction from the corresponding algebraic group,
it suffices to establish the analogous result for representations of GL,,, for
which see I1.8.8(1) of [Jan03]).

(3) Py contains v, ® F;.
For A € (Z%

T reg)Il, we have an exact sequence
res

0— S(U,P,\) — S(U,M)\ ®Fl) — S(U, (M)\ ®ﬁl>/P,\) —0

of T">*"**-modules (as U is sufficiently small). Let To; = [, [T}=, Tijg, regarded
as an endomorphism of S(U, My ® ;). We claim that T\ ; preserves S(U, Py) and
is zero on the quotient S(U, (My ® F;)/Py). To see this, let ag% denote the matrix

(w;(,)lj 1 0 ‘>, regarded both as an element of GL,(Fy) and of G(F,") (via t3).
n—j

Let a =[], | agg € G(F") C G(A%,). Decompose UaU = [[, z;aU. Then
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the action of Th; on S(U, M) is given by sending an element f(g) to the function

g~ Z(Jsi)z((woA)(a)’la)f(gxia)-

(Here (z;); denotes the I-part of x; and (woA)(a) is the element of Q; defined in
Definition 2.2.3(2) of [Ger09].) The operator (wo))(a)la acts trivially on v,
and acts via multiplication by an element of mep on all other weight spaces of M.
It follows that (woA)(a) Lo induces a projection onto v,y ® F; C My ®@ F;. The
claimed result now follows from property (3) above and we have established the
following lemma.

Lemma 6.1.3. Let T); be the Hecke operator Hu|l,1§j§n T/&z} Then Ty, preserves
S(U, P\) and acts by 0 on S(U, (My @ F;)/Py).

We let S°"4(U, Py) denote the maximal F;-subspace of S(U, Py) on which every
eigenvalue of Ty ; is non-zero. Then S°4(U, Py) is a TT*""_direct summand of
S(U, Py) and S°'4(U, Py) = S°*4(U, M) ®F;. In particular, if m is a maximal ideal
of TT:#" vyith residue field F; such that S (U, Py)m # 0, then S°*4(U, My # 0,
and we have a Galois representation 7y, : Gp — GL,,(F;) as before.

Corollary 6.1.4. p is modular and ordinary of weight \ € (Zi’res)fl if and only

if there is a U, T as above and a mazimal ideal m of TT U™ with residue field F
such that

o SUYU, P\)m #0, and
o Py,
Proof. This is an immediate consequence of the definitions and of Lemma 6.1.3. O

T )t Fix A € (Zi,res)il with m(A) = u. Then there
is an equivalence Py = F),, so that TTuniv acts on S(U, F,,) and we can define a
subspace S$™4(U, F,,) of S(U, F,,) corresponding to S (U, Py). Suppose that X' €
(Z7 1es)™ with w(X') = p. Then we obtain another action of T**" on S(U, F),)
and a subspace S{4(U, F,) of S(U, F,). It is easy to check that the two actions of
TTuniv on S(U, F,) coincide. Moreover, we have SS4(U, F,) = SI4(U, F,,) and we
denote this space unambiguously by S*4(U, F,,). (Note that the induced action of
Ty on S(U, F,) differs from the induced action of T»; by multiplication by the
image of (woA)(a)(woA)(a)~! € ©* in F,".) We can therefore make the following
definition.

Fix now an element u € (Z"

Definition 6.1.5. Suppose that p : Gp — GLn(Fl) is a continuous irreducible
representation. Then we say that p is modular and ordinary of weight p € (Z +JCS)I !
if there is a U, T as above, and for some (equivalently, any) A € (Zi,ros)il with
7(\) = p there is a maximal ideal m of T7>%"% with residue field F; such that

o SOYU,F,)m # 0, and

o p=Ty.

We can then reinterpret Theorem 6.1.2.

Theorem 6.1.6. Suppose that

s an irreducible representation satisfying the following assumptions.
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(1) The representation p is modular and ordinary (so in particular p¢ = p¥el=").
(2) The image p(Gr(¢,)) is big.

(3) F"7 does not contain F(Q).

Then p is modular and ordinary of weight p € (Zﬁ’res)jl if and only if for some
(equivalently, any) X\ € (Z

+’res)ll with w(A\) = u, the following condition holds.

e For every place v|l of FT, ﬁ\gpﬁ has a crystalline lift which is ordinary of
weight \g.

Proof. This follows at once from Theorem 6.1.2, Lemma 6.1.3, and Definition 6.1.5.
O

7. GSpy

7.1. Definitions. We define GSp, to be the reductive group over Z defined as a
subgroup of GL,4 by

GSpy(R) = {g € GL4(R) : gJ'g = pu(g)J}

where 1(g) is the similitude factor (which is uniquely determined by g), and J is
the antisymmetric matrix
0 X
(% )

where X is the 2 x 2 antidiagonal matrix with all entries on the antidiagonal equal
to 1. Note that the map p: g — u(g) gives a homomorphism GSp, — G,,.

Lemma 7.1.1. Let I be a profinite group, and S C R be complete local Noetherian
rings with mp NS = mg and common residue field k of characteristic > 2. Let p :
' — GSp,(R) be a continuous representation. Suppose that p mod mpg is absolutely
irreducible (when considered as a representation to GLy(k)) and that trp(I') C S.
Then there is a ker(GSp,(R) — GSpy(k))-conjugate of p whose image is contained
in GSp,(9).

Proof. By Lemma 2.1.10 of [CHTO08], we see that p is ker(GL4(R) — GL4(k))-
conjugate to a representation p’ valued in GL4(S). Now, (o p)? = det p = det p/
is valued in S, which by Hensel’s lemma means that p o p is valued in S. Thus
t(p') "t (uop) is also valued in GL4(S). Because p’ and *(p') ™1 (uop) are conjugate in
GL4(R) they are also conjugate in GL4(.S), by Théoréme 1 of [Car94]. Suppose that
p' = B'(p')"Y(nop)B~L. The matrix B is antisymmetric (because p is symplectic).
By choosing a symplectic basis for the symplectic form determined by B, we see
that p is GL4(R)-conjugate to a representation valued in GSp,(S), and it is easy
to check that one may choose the symplectic basis so that the conjugating matrix
is in ker(GL4(R) — GL4(k)). It remains to check that the conjugating matrix is
also in GSp,(R); but this is an immediate consequence of Schur’s lemma. O

7.2. Symplectic lifting rings (local case). Fix as before a finite field k of
characteristic I > 2, and a finite totally ramified extension K of W (k)[1/I] with
ring of integers O. Let the maximal ideal of O be mg = (7). Let M be a finite
extension of Q, for some prime p, possibly equal to . In the case where p = [, we
assume that K contains the image of every embedding of M into K. Let

p: Gu — GSpy(k)



COMPANION FORMS FOR UNITARY GROUPS 29

be a continuous representation. Since GSp, is an algebraic subgroup of GL4, we
can also view it as a representation to GL4(k). Then there is a universal O-lifting

p7 1 Gar — GL4(RS),

and it is immediate that there is a quotient RﬁD sympl o R%’ and a universal sym-
plectic lifting

pD,sympl . GM N GSp4(R|ﬁ:’,Sympl).

Fix a character ¢ : Gpy — O lifting p o p, which we assume to be crystalline if
p = [; then there is a quotient RﬁEI sympl¥ the universal lifting ring for lifts with
similitude factor ).

We will need to study certain refined lifting problems. Suppose that p = [.
Let A be an element of (Zi)Hom(M’K) and let vy be the associated [-adic Hodge
type (see section 3.1.2). Corollary 2.7.7 of [Kis08] shows that there is a unique

Reymplvaser e pbsympl,d
P P

[-torsion-free quotient with the property that for any

finite K-algebra B, a homomorphism of O-algebras RﬁD symplY B factors through

RevmPbvaer it and only if the corresponding representation is crystalline of [-adic

Hodge type v (where as usual we define a homomorphism Gy — GSp,(B) to be
crystalline of a particular Hodge type if and only if the same is true of the composite
homomorphism to GL4(B)).

The following discussion will be useful below. Let E be a finite extension of K
and let Cg be the category of finite, local E-algebras with residue field E. If B
is an object of Cg, a symplectic B-module is a pair (Vp,ap) where Vg is a free
B-module of rank 4 with a continuous action of Gj; and ap is a perfect symplectic
pairing Vi x Vg — B satisfying

ap(gr,9y) = ¥p(g)ap(z,y)

for all x,y € Vg and g € G}y, for some continuous character g : Gy — B*. A
symplectic basis of such a pair (Vp,ap) is a basis 8p = {e1, ea,e3,e4} of Vg where
the matrix (ap(e;,e;)) equals A\J for some A € B*. A symplectic basis always
exists. Two symplectic B-modules (Vp,ap) and (V},o/z) are isomorphic if there
is an isomorphism of B[Gjs]-modules Vg =V} under which o/ pulls back to ap.
In this case ¥p = V5.

Fix a symplectic E-module (Vg, ag) together with a symplectic basis Sg. A de-
formation of (Vg, ag) to an object B of Cg is a triple (Vp, ap, tp) where (Vp, ap) is
a symplectic B-module and ¢g is an isomorphism (Vg ® g B/mp,ap ®p B/mp) =
(VE,ag) of symplectic E-modules. A framed deformation of (Vg,ag,Bg) is a
deformation (Vg,ap,tp) together with a symplectic basis 8p of (Vp,ap) reduc-
ing to Sg under t5. We say that two framed deformations (Vp,ap,tp,8p) and
(VE,alg, Uz, B) are isomorphic if there is an isomorphism f : Vg — V} which is
compatible with ¢ and ¢z, which is compatible up to a scalar with ap and o5, and
which takes Sp to f%; in particular, multiplication by any scalar in 14+mp preserves
the isomorphism class of a framed deformation. Let pg : Gar — GSpy(E) be the
matrix of Vg with respect to Sg. For an object B of Cg there is a natural bijection
between the set of isomorphism classes of framed deformations of (Vg, ag, 8g) to
B and the set of lifts pg : Gy — GSpy(B): the class of a framed deformation
(VB,ap,fp) corresponds to the matrix representation of Vi with respect to the
basis Sp. Similarly, there is a natural bijection between the set of isomorphism
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classes of deformations of (Vg,ap) to B and the set of deformations of pg to B,
that is, ker(GSp,(B) — GSp4(F))-conjugacy classes of lifts pp : Gpr — GSpy(B)
of pg: the class of a deformation (Vp,ap) corresponds to the conjugacy class of
the matrix representation of Vg with respect to any symplectic basis S lifting Sg.

Suppose that (Vp,ap) is a crystalline symplectic B-module and let Dp :=
D.is(Ve) = (VB Qq, Beis)®™ be the associated weakly admissible filtered ¢-
module. Let Dy, = Dqyis(¥p). There is an associated alternating pairing

D(aB) :Dp x D — DdJB

which is a map of filtered p-modules and is non-degenerate in the sense that it
induces an isomorphism Dp — Hom(Dpg, Dy, ). This pairing is defined by taking
the Beris-linear extension of ap to Vg ®q, Beis and then taking Gps-invariants.
Suppose in addition that Vp has l-adic Hodge type vy. Let 7 : M — K be
an embedding and let Dp , = (D @m, M) ®om,10+ B and Dy, » = (Dyy @,
M)®pem,1or B. Then D(ap) induces a symplectic pairing Dp » X D r — Dy, -
For j = 1,...,4, let i; = A;; + (4 — j) be the Hodge-Tate weights of Vg with
respect to 7. Let iy be the Hodge-Tate weight of ¥p with respect to 7. Then
iy = 1 +14 = g+ i3 since Vg = Homp(Vp, ¥5). Let Fil’ be the filtration on Dp ;.
In order for D(apg) to respect filtrations and to be non-degenerate we must have
D(ap)(Fil" | Fil®) = {0}, D(ap)(Fil*,Fil®) = Dy, , and D(ag)(Fil",Fil*) =
Dy, ~. In other words, we can find a symplectic basis ey, ez, e3,e4 for Dp . such
that Fil¥ = Be; +...+Bejforj=1,...,4.

We define a symplectic filtered p-module over an object B in Cg to be a pair
(Dp,D(ap)) consisting of a weakly admissible rank 4 filtered ¢-module Dp over
B ®q, My and an alternating, non-degenerate morphism of filtered p-modules

D(OzB) : DB X DB — D,/,B

where Dy, is a weakly admissible rank 1 filtered ¢-module over B ®q, My. There
is an obvious notion of isomorphism between symplectic filtered p-modules and
also an obvious notion of a deformation of a symplectic filtered ¢-module over E
to an object B of Cg. The functors D5 and Vs are quasi-inverse equivalences
of categories between the category of crystalline symplectic B-modules and the
category of symplectic filtered p-modules over B (all morphisms in these categories
are isomorphisms).

Suppose now that M is a finite extension of Q,, p # [. Then it is easy to
check (for example by considering the Weil-Deligne representation corresponding
to the universal lifting) that the inertial type at a closed point of the generic fibre
is an invariant of the irreducible components of RZ**Y™P“¥[1/]]. Thus for any
4-dimensional inertial type 7 of Ip; which is defined over K, there is a unique

Ryl ¢ pUsymply
P P

reduced [-torsion-free quotient , corresponding to a union

of irreducible components of RﬁD sympLY T /11 with the property that for any finite

extension L of K, a homomorphism of O-algebras RﬁD =symplW T factors through

R™P L% if and only if the corresponding lifting of 7 (considered as a representation

to GL4(L)) has type 7.

Let ad p denote the Lie algebra of GSp, over k, and ad’ p the Lie algebra of Spy-
These have a natural action of Gj; via p and the adjoint action of GSp,(k), and
are respectively 11-dimensional and 10-dimensional k-vector spaces.

We have the following result on the dimensions of these local lifting rings.
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Proposition 7.2.1. Let M be a finite extension of Q,. If p # 1, and T is such that

the ring R%ympl’T’w is non-zero, then any irreducible component of R%ympl’T’w has
dimension at least 11. If p =1 and vy is such that R%ympl’v*’cr’w[l/l] is mon-zero,

then this ring is formally smooth over K of relative dimension 10 4+ 4[M : Qy].

Proof. Firstly, suppose p = [ and let X = Spec R Lvxer - Tet 2 be a closed
point of X [1/1] with residue field E. We need to show that the completed local ring
O% . is formally smooth over E of dimension 10 + 4[M : @Q;]. We first establish
formal smoothness. Let pg : Gar — GSp,(F) be the representation associated to
x. Let B denote a finite local E-algebra with residue field E and let I be an ideal of
B with mpl = {0}. Let ¢ : R%ympl’”’cr’w — B/I be an O-algebra homomorphism
corresponding to a crystalline lift pg,; : Gn — GSpy(B/I) of pp. We need to
show that we can lift ( to B, or equivalently, that we can find a crystalline lift
Gn — GSpy(B) of pp/r with similitude character .

Let Vg1 = (B/I)* regarded as G pr-module via pp/r and let ag/r : Vg5 x
Vi1 — (B/I)(1) be the symplectic pairing associated to the matrix .J (that is,
ap/r(z,y) = 'xJy where x and y are regarded as column vectors). Let (Dg/r, D(apr))
be the symplectic, filtered p-module over B/I associated to (Vg,r,ap,r). To con-
struct the required lift of pp/ 1, it suffices (by applying Viyis) to construct a symplec-
tic filtered ¢-module (Dp, D(ap)) over B (with D(ap) valued in B Deyis(E()))
hftlng (DB/IaD(aB/I))'

Let b be an E ®gq, Moy-generator of Dy := Deis(E(¢)). Choose a (B/I) ®q,
My-basis eq, ez, e3,e4 for Dp/r so that the matrix (D(apg/r)(ei,e;)) is (1 ®b)J €
Myx4((B/I) ®g Dy). The matrix M, of ¢ with respect to this basis is an element
of GSp,((B/I) ®q, Mp) with similitude factor ‘o(b)/b’€ (E®qg, Mo)* C ((B/I)®q,
Mp)™. Let ]’\\Jip be a lifting of this matrix to an element of GSp,(B ®g, My) with
the same similitude factor. Let Dp be the free B ®qg, Mp-module on generators
€1, €,€3,¢64. Endow it with the symplectic form D(ap) : Dg x D — B ®g Dy
defined by (D(ap)(€;,¢;)) = (1 ®b)J. Let ¢ be the gg-semilinear automorphism
of Dp whose matrix with respect to the basis €; is AA/fw. Now choose a filtration
on Dp ®pg, M lifting the filtration on Dp/; ®p, M and such that Dp becomes
a weakly admissible symplectic filtered ¢-module and we have shown that (93\(, 5 18
formally smooth over F.

We now determine the relative dimension d of O% , over E. Let g denote the

Lie algebra of GSp,(F) and g° the Lie algebra of Sp,(E). Let DPDE (Ele]) (resp.
D, (E[e])) denote the set of crystalline lifts (resp. deformations) Gar — GSp,(Ele])
of pp with similitude character . These sets are naturally F-vector spaces. Since
the natural map DPDE(E[E]) — D, (Ele]) is a g/g%™ = g°/(g°)“M-torsor, we have

d = dimg D} (E[e]) = dimg (g°/(g°)%™) + dimg D,,, (E[e]).

Let Dp,(E[e]) denote the set of equivalence classes of deformations (D, D(«a)) to
Ele] of the symplectic filtered ¢-module (Dg, D(ag)) where the pairing D(«) takes
values in E[e]®g D,. By the discussion preceding the proposition, we see that there
is a natural bijection between D, (Ee]) and Dp, (E[e]).

Choose any deformation (D', D(«)") in Dp,(Fle]). We can choose an isomor-
phism of Ele] ®qg, Mp-modules j : D' — Dg ®g Ele] taking D(ag) @ Ele] to
D(a). Let ¢ denote the g-operator on Dr ®p Ele] and Fil the filtration on
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(Dg ®n, M) ®p Ele]. Let ¢’ denote the operator on D ®p E[e] correspond-
ing under j to the g-operator on D’. Similarly, let Fil’ denote the filtration on
(Dg ®@pm, M) @ Ele] corresponding under j to the filtration on D’ ®pz, M. Let
gp and g7, denote the Lie algebras of GSp(Dg, D(ag)) and Sp(Dg, D(ag)) re-
spectively. Similarly, let gp,, ,, denote the Lie algebra of GSp(Dg @, M,ap®1).
Let bp,, ,, denote the Lie algebra of the Borel subgroup of GSp(Dg @y, M,ap®1)
which stabilises the filtration on D ®p, M. Then there exists X € g7, and
Y € gpy ,, such that ¢’ = (1 +eX)p and Fil' = (1 + €Y) Fil. Moreover, any such
pair X,Y gives rise to a deformation of (D, D(ax)) and we get a surjective linear
map

Q%E @ gDE,M/bDE,M - DDE (E[&])
The kernel of this map is the image of the map
gODE — goDE S2) gDE,M/bDE,M
sending Z to the pair (Z — o Z o p~! 7). Denote the kernel of this last map by
(8%,)?=""1. We have shown that
d = dimg (go/(go)GM) + dimpg gDE,M/bDE.M + dimE(goDE)Lp:LFﬂ'

The result now follows from the fact that dimg g° = 10, dimggp, ,, /by =
4[M : Q] and (g°)™ 22 (g%, )*=LF via Deys.

E
Now suppose that p # [. In this case we only need to establish a lower bound

on the dimension, and we do this by means of a slight variant of Mazur’s lower
bound for the dimension of an unrestricted deformation ring (see Proposition 2 of
[Maz89]). Note that by the construction of the ring R>/"™" b7Y we need only show
that each irreducible component of R%’ symplY pas dimension at least 11.

Let m®¥"?! denote the maximal ideal of Rﬁm’sympl’w. Then RpEl’sympl’w is the
quotient of a power series ring over O in dimg m®¥™P!/((m*¥"P))2 1) variables.
The argument of the proof of Lemma 4.1.1 of [Kis07] shows that it is necessary to
quotient out by at most dimy H?(Gy, ad® p) relations. Thus every component of
RE symPlY pas dimension at least

1 4 dimy m*¥™P!/(ms¥™Ph)2 ) — dimy H? (G, 2d’ p).
Now, m*¥™P! /((ms¥mPH)2 11) is dual to the tangent space
DPsvmrl (k) /(¢%)),
where DBs¥mPl i the functor represented by R%l “ymPLY - The elements of this
space are 1-cocycles in Z'(Gyy,ad’ p), so we see that
dimy, m*¥™P/(m*v™PH2 1) = dimy, Z4(Gar, ad® p)
= dimy, H (G, ad” p) + dimy, ad® 5 — dimy, H%(G s, ad’ 5).
Thus every component of Rlﬁ:’ <ymPLY has dimension at least
1+ dimy HY(Gar,ad’ ) + dimy ad® 5 — dimy, H(Gar, ad” p) — dimy, H2(Gr, ad’ p)
=1+dimzad’p
=11

by the local Euler characteristic formula, as required. (I
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Remark 7.2.2. In the case where p = 1, it follows immediately that R>¥"” hvaery ig
reduced and equidimensional of dimension 11+4[M : @Q;] (whenever it is non-zero).
Remark 7.2.3. Tt is presumably possible to use the techniques of [Kis08] to prove
that if p # [, and 7 is such that the ring R*¥™PL™¥ is non-zero, then it is equidi-
mensional of dimension 11. As we do not need this result we have not attempted
to verify this.

The following lemma can be proved in exactly the same way as Lemma 3.3.3 of
[Ger09].

Lemma 7.2.4. Let M be a finite extension of Q;. There is a quotient R%ympl’a“cr’w

of R%ympl’”’cr’w corresponding to a union of irreducible components such that for

any finite local K -algebra B, a homomorphism of O-algebras ¢ : R%ympl’v”cr’w — B

factors through R%ympl’A*’cr’w if and only if C o p© is ordinary of weight (when
considered as a representation valued in GL4(B)).

(We remark that any ¢ o p9 : Gjy — GSp,(B) as above is ordinary of weight \ if
and only if it is conjugate in GSp,(B) to an upper triangular representation of the
form appearing in Definition 3.1.3. We note that since 2/"™" BYaer s reduced, the
last statement determines 127" LANCrY yniquely as a quotient of R bvaser
7.3. A lower bound on the dimension of a symplectic deformation ring.
In this section we outline a proof of a lower bound on the dimension of a global
deformation ring. This material is by now rather standard (see for example section
4 of [Kis07] or Corollary 2.3.5 of [CHT08]), and we content ourselves with a sketch
of the proofs.

Suppose that F* is a totally real field. Let p : Gp+ — GSp,(k) be absolutely
irreducible. Let S be a finite set of finite places of F'*, including all places at which
p is ramified, and all places dividing I. Let FT(S) be the maximal extension of
F* unramified outside of S and infinity, and write G r+(s),F+ for the Galois group
Gal(F*(S)/F") (note that we do not use the more usual notation G+ g for this
group, as to do so would be inconsistent with [CHTO08] and the earlier sections of
this paper). Fix a crystalline character v : Gp+(g)/p+ — O lifting the character
wop (note that such a character need not exist - this is an assumption on p and .S).
If R is a complete local Noetherian O-algebra with residue field k, then an R-valued
deformation of p is a ker(GSp,(R) — GSp,(k))-conjugacy class of liftings of p to
GSp,(R). Since p is absolutely irreducible, it is an easy consequence of Schur’s
lemma that p has a universal symplectic deformation with fixed similitude factor

to a complete local Noetherian O-algebra R}¥™ gl’w (see for example Theorem 3.3

of [Ti196)).
Let REf 5 "% denote the complete local Noetherian O-algebra representing the

O, sympl,yp
DF*,S

residue field k the set of equivalence classes of tuples (p, {a, }ves) where p is a lifting
of p to R with similitude character ¢ and for each v € S, «, € ker(GSp,(R) —
GSp,(k)). Two such tuples (p, {a fves) and (o', {a), }ves) are said to be equivalent
if there exists an element 3 € ker(GSp,(R) — GSp,(k)) with p' = BpB~! and

o! = Pa, for all v € S. Note that REfySmpl’w is formally smooth over R;yflspl’w

of relative dimension 11|S| — 1. For each v € S let RIY:5¥"Pb¥ denote the ring

functor which assigns to a complete local Noetherian O-algebra R with



34 TOBY GEE AND DAVID GERAGHTY

Rg‘zy:np LY defined above. Let Rg’ = RuegRIsymPlY - There is a natural map
FT/

RY — Rgf‘lfgmpl’w given on R-points by sending a tuple (p, {a, }ves) to the tuple

(ajt Pl aw)ves (note that this map is well-defined by the definition of equivalence

for these %uples).
We let h% denote the k-dimension of the kernel of the natural map

62 : HQ(GF+(S)/F+,adOﬁ) — H HZ(GFj,adoﬁ).
veES
Let mp+ g denote the maximal ideal of REf 5 L% and mg the maximal ideal of
Rfl’
=
Proposition 7.3.1. Let

n:mg/(mg, TK) = mF+,S/(m§w+,5»7TK)

O, sympl
F+.,5
dimy, coker ) variables by at most dimy, ker n + h% relations.

be the natural map. Then R is a quotient of a power series ring over Rfé’ m

Proof. This may be proved in exactly the same fashion as Proposition 4.1.4 of

[Kis07]. O
Corollary 7.3.2. Suppose that H(G p+ () p+» (ad’p)*(1)) = 0. Lets = Zv|oo dimy, HO(GFJ, ad’ p).
Then for some non-negative integer v and some fi,..., frys, there is an isomor-
phism
O,sympl, ~
RF*,Z‘/S' phy — Rlsp[[xh s 7xr+|5|71]]/(f17 RN fT+s)-

Proof. This is very similar to the proof of Proposition 4.1.5 of [Kis07]. By Propo-
sition 7.3.1 we see that the result will hold with s chosen such that

|S| —s—1=dimy mF+,5/(m§;+’S,7TK) — dimy, mg/(m%, 7x) — h%,

so it suffices to show that this agrees with the value of s in the statement of the
corollary. Note firstly that Homk(mF+,S/(m%+ §» Tk ), k) is naturally isomorphic to

DEf & Y (k[€e]/(¢2)). Consideration of the equivalence relation defining Dgf%mp LY

shows that this space has k-dimension
111S| + dimy, Hl(GF+(5)/F+, ad® p) — dimy, HO(GF+(S)/F+,adﬁ).

Similarly,
dimy mg/(mg, mx) = Y _(dimad®p + dimy H'(Gpy,ad’ p) — dimg H(Gpy,ad’ §))
vES
= > (10 + dimy H'(Gp+,ad” p) — dimg HO(G s, ad” p)).
vES

The condition that HO(G p+(s)/p+, (ad’p)*(1)) = 0, together with the last 3
terms of the Poitou-Tate sequence, shows that the map 62 is surjective, so that
hg = dimy H*(Gp+(s)/p+,ad’p) — Y dimg H*(Gpr,ad” ).
veS
Thus

dimy, mF+,S/(m2F+,Sa ) —dimg mg/(mg, 7 ) —hg = |S|+Z X(Gpss ad’ P)—X(Gp+(s)/r+ ad’p)—1,
veS
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where x denotes the Euler characteristic as a k-vector space, and it suffices to show
that

> x(Gpt,ad’p) = X(Gre(s)/r+,ad’p) = dimg H(Gpr,ad’ ).
veS

This follows at once from the local and global Euler characteristic formulae. (Il

For each place v € S not dividing | we fix a type 7, such that ﬁ|GF 4 has a
symplectic lifting of type 7, and similitude character 1/)|GF . » and we fix an [-torsion

free quotient R, of Rﬁymp L7 corresponding to a union of irreducible components.

For each v|l we fix a Welght Ay such that plg - has a crystalline symplectic ordinary
lift of weight A, and similitude character w|g b and we fix an [-torsion free quotient
sympl,Ax, ,cr2)
R, of R &
Rg’w = ®uesRy, and let REJ? = RD sympl w@ wRT Y. Let ngmpl ™% be the
universal deformation O-algebra reprebentlng the functor which asblgnb to R the
ker(GSp,(R) — GSpy(k))-conjugacy classes of liftings of p with the property that
for each v € S the corresponding lifting of p|G gives an R-point of R, (that this

corresponding to a union of irreducible components. Let

functor is well defined follows from the symplectlc analogue of Lemma 3.2.3 which

can be proved in the same way). Thus R/ i Sympl i

4 g is formally smooth over R/

of relative dimension 11|S| — 1.

Definition 7.3.3. We say that p is odd if for all complex conjugations ¢ € Gp+,
(o)) = —1.

Proposition 7.3.4. Assume that p is odd and that H°(Gp+(g)/p+, (adp)*(1)) =
0. Then the Krull dimension of ngmpl ™V s at least one.

Proof. 1t suffices to check that the dimension of RY,
lary 7.3.2, it would be enough to check that

o ’S is at least 11|S|. By Corol-

dim RGY + [S| — 1= dimy H°(G pt,ad’p) > 11]S].
v|oo
By Propositions 7.2.1 and 7.2.4, together with Lemma 3.3 of [BLGHT09],
dim RGY > 1+ 10[S| + 4[F* : Q].

An easy calculation using the fact that p is odd shows that for each v|oo, dimy, H° (GFJ ,ad’ D) =
4 (for example, one easily checks that if ¢, is a corresponding complex conjugation
then p(c,) is conjugate to the diagonal matrix diag(1,1,—1, —1), and one may then
compute explicitly). Thus

dim RG"+|S|—-1-) " dimy H*(G .+ ,ad” p) > 10[S|+4[FF : Q|+|S|-4[FT : Q] = 11[5],

as required. (I
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7.4. Relationship to unitary representations. Let F' be a totally imaginary
CM field with maximal totally real field '™, with the property that all primes in
S split in F. Let S denote a set of places of F' consisting of one place dividing each
place in S. Recall that we let Gp+ g = Gal(F(S)/FT). Let p: Gp+ — GSpy(R)
be a continuous representation, with R a complete local Noetherian ring. Assume
that F is linearly disjoint from (F*)k'? over F*. Then, as in Lemma 2.1.2 of
[CHTO8], there is a continuous homomorphism 7 : Gp+ — G4(R) determined by

r(g) = (p(9), (we p)(9))
if g € Gp, and
r(g) = (p(9)J, —(m o p)(9))i
if g ¢ Gp. We have
vor=ponp.
Furthermore, this construction is obviously compatible with deformations, in the
sense that if B € ker(GSp,(R) — GSp,(k)) and p is replaced by pp with

pB(9) = Bp(g)B™",
then r is replaced by rp with

rg(g) := (aB,1)r(g)(aB, 1)71,

where a € 1+ mp satisfies a? = u(B)~! (such an a exists because u(B) € 1 + mp

and [ > 2). Applying this construction to the universal symplectic deformation of
the previous section

UNIU sympl,T,
p . GF+(S)/F+ — GSp4(RFy+’g ¢)7

we obtain a deformation

sympl

r RsymleW)

1 Gre(s) p+ — Ga(RE g
We may also consider the corresponding residual representation
7:Gp+ g — Ga(k),
and (in the notation of sections 2.2 and 2.3 of [CHTO08]) the deformation problem
S=(F/F",8,50,7,%,R,)
with corresponding universal deformation
rs:Gp+ g — g4(R§“iV).

(Here R, is the quotient defined in the previous section, regarded now as a lifting
ring for E‘GF‘;} .) Since Gp+(g)/p+ is a quotient of G+ g, there is a homomorphism

: R&Y — RY™ gl’”p such that there is an equality of deformations

sympl

r =f0ors.

Lemma 7.4.1. R¥"2"™ is finite over RE™Y.

Proof. Let pg p+ denote the GSp4(Rjﬂngl’T’w/9(ngmv))—valued representation ob-
, and let rp p+ denote the corresponding representation to Q4(R?If§l’r’w /6(m Rgn;v)).
Then rp g+ is equivalent to 7, so it has finite image, and thus the image of pp p+ is
also finite. An argument exactly as in the proof of Lemma 3.2.5 (using Lemma 7.1.1
in place of Lemma 2.1.12 of [CHTO8] to see that the universal deformation ring is

generated by traces) shows that R}™ gl’T’w /0(mpaniv) is finite, as required. O

tained from p¥m#v
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7.5. Companion forms for symplectic Galois representations and auto-
morphic representations for GL;. We now prove our first companion forms
theorem for symplectic representations. This theorem applies to automorphic rep-
resentations of GLg4; in the next section we will use functoriality to deduce a result
for automorphic representations of GSp,.

Suppose that 7 is a RAESDC representation of GLy(Ap+), with 7V = 7. Let
t:Q; = C. Then there is a continuous semisimple representation

pi.(m) : Gpv — GL4(Q))

associated to 7 (see theorem 1.1 of [BLGHTO09]). We say that a representation
p: Gp+ — GL4(Q)) is automorphic if p = p;, () for some ¢, .

The representation p; ,(m) may be conjugated to be valued in the ring of integers
of a finite extension of Q;, and we may reduce it modulo the maximal ideal of this
ring of integers and semisimplify to obtain a well-defined continuous representation

ﬁl’b(ﬂ) :Gp+y — GL4(EI)

We say that a representation p : Gp+ — GL4(F;) is automorphic if p = p; ,(m) for
some ¢, m. We say that p is symplectic ordinarily automorphic if p = p, (), where
7 is t-ordinary and p;,(7) is symplectic. We say that 7 is symplectic ordinarily
automorphic of level prime to [ if furthermore m may be taken to be unramified at
all places dividing I.

Corollary 7.5.1.issume that p is symplectic ordinarily automorphic, that p(Gr+(¢,))
is big, and that (F+)%"247 does not contain F*(¢;). Then R;yf’lgl”’w is a finite
O-module of rank at least one.

Proof. This follows from Lemma 7.4.1, Corollary 5.1.3 and Proposition 7.3.4 (note
we are free to choose F linearly disjoint from (F+)kerad?(¢)) over F1). O

Suppose that p: Gp+ — GSp4(O@l) is crystalline. Then the similitude factor ¥
of p is a crystalline character of G+, so there is an integer n such that for all places
u|l, w|1F+ = €". Suppose now that p' : Gp+ — GSp4((’)@l) is another crystalline

representation with similitude factor ¢/, and that 5 = 5. Then ¢ = @l, and there
is an integer n’ such that for all places v|l, 1/)|1F+ = ¢"'. Thus ¢ =" is a crystalline
character of Gp+ whose reduction mod [ is everuywhere unramified. This motivates
the choice of similitude factor in the following theorem (in particular, it shows that
our choice of similitude factor does not exclude any possibilities for the Hodge-Tate

weights of the Galois representations we construct).

Theorem 7.5.2. Let F* be a totally real field. Let 1 > 5 be a prime number such
that [FT(¢;) : F*] > 2. Suppose that

p: G — GSpy(F)

is an irreducible representation, and let n be an integer such that €" is an unramified
character of Gp+. Suppose that p satisfies the following assumptions.

(1) There are finite fieldsF; C k C k' such that Spy(k) C p(Gp+) C (k') GSpy (k).

(2) The representation p is symplectic ordinarily automorphic of level prime to
l; say p=p,,(m), and write Y for the similitude factor of py,(m).
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(3) Define ¢, := e™w™™, where @ is the Teichmiiller lift of the mod 1 cyclo-
tomic character (so 1, = 1, and 1), is crystalline). There is an element
e (Z4 YHom(F*Q0) gych, that

o for every place v|l of FT, plg - has a crystalline symplectic lift which

is ordinary of weight (M), (where the indexing set runs over the em-
beddings 7 € Hom(F*,Q;) inducing v) and similitude factor ,,.

Then p has a lift to a representation p : Gp+ — GSp,(Q,) which is automorphic of
level prime to I, such that for each place v|l, ,O\GF+ is crystalline and ordinary of
weight A, . ’

Given any finite set of places S of F'T, and an inertial type 7, for each v € S not
dividing | such that p|c - has a symplectic lift of type T, and similitude factor 1,

p can be chosen to be of similitude factor ¥, and of type T, at v for all placesv € S,
v 1. More precisely, choose a model Gp+ — GSp,(Ok) for p,,(7) where K/QZ(Q)
is a finite extension in Q, containing the image of each embedding F* — Q.
Assume moreover that each 75 is defined over K. Then, given a choice of an

irreducible component of each O -lifting ring Rf?mpl o (resp. Riympl’AA“ ’CT’%)
Gt

v

forve S, vil (resp. v|l), we may choose p may be chosen so as to give a point on
each of these components.

We remark that condition (1) implies that the similitude factor of p;,(m) is
uniquely determined. (If we had p;, (7)Y = p; (7)1’ for some ¢’ # 1, then p would
become reducible upon restriction to Gy, for some finite abelian extension L/F7.)

Proof. Tt suffices to prove the last statement. Enlarge S if necessary so that S
contains all places of F'* dividing / and all places at which 7 is ramified. Choose
a totally imaginary quadratic extension F/F* such that all places in S split in F,
and such that F is linearly disjoint from (F)°? Note that we can choose a type
7, at any place not dividing [ such that p|g - has a symplectic lift of type 7, and

similitude factor ¢n; p1,.(7)|c - provides such a lift if n = 0, and we may twist

this lift in the general case (note that v, ! is unramified at v, and there is no
obstruction to taking a square root of an unramified character). We then consider
deformation problems as in the previous section. By Lemma 2.5.5 of [CHT08], and
the fact that Sp,(k)/ 4 1 is simple, we see that p(G p+(c,)) is big. Again, because
Sp,(k)/ £ 1 is simple, the abelianisation of ad p(Gr+) is a subgroup of

PGSp, (k)/(Spa(k)/ £1) = & /(k*)?.

As this latter group has cardinality 2 and [F'7(¢;) : FT] > 2, we see that F'+
does not contain F'*(¢;). Then Corollary 7.5.1 gives the existence of a Galois rep-
resentation satisfying every property except possibly automorphicity, which follows
from Theorem 4.3.1 and Lemmas 1.4 and 1.5 of [BLGHT09]. O

——keradp

7.6. Companion forms for GSp,. We now prove results for automorphic rep-
resentations for GSp, over totally real fields by making use of known cases of
functoriality between GSp, and GL4. The main result we need is the following.

Theorem 7.6.1. Let M be a number field. There is an injective map 7 +— 11X 6§
from the set of globally generic cuspidal representations m of GSp, over M to the
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set of globally generic representations IIX 6 of GLy x GLy over M. This map has

the following properties:
2

e

(1) 6 =wy (the central character of w), and the central character of 11 is w

(2) T2V @ wy.

(3) For each place v of M there is an equality of Weil-Deligne representations
recgT(my) = rec(Il,), where we denote the local Langlands correspondence
of |GTO7] by recgr, and consider GSp, as a subgroup of GL4.

(4) If TIX O is such that 11 is cuspidal, then TLX 0 is in the image of the map
if and only if the partial L-function L°(s,1I, /\2 ®0~1) has a pole at s =1
(where S is any finite set of places of M ).

(5) If IIX O is in the image of the map and II is not cuspidal, then II is an
isobaric direct sum of two cuspidal representations of GLo.

Proof. This is a special case of Theorem 12.1 of [GTO07]. O

Definition 7.6.2. Let '™ be a totally real field, and let m be a cuspidal auto-
morphic representation of GSp, over F. Assume further that 7 is automorphic of
weight 17 = (14,1, 70,25 Q) vjoc € (ZS)Hom(F+7R), in the sense that for each v|oo, m, is
a discrete series representation with the same central and infinitesimal characters as
the finite-dimensional irreducible algebraic representation of highest weight given
by
t = diag(ty, ta, t3, ts) = 7 0" 2p(t) = (watnuztan)/2,

Here 1y,1 > 1y,2 > 0 and 1,1 + 1,2 has the same parity as a,. Fix an isomorphism
t:Q; =+ C. Then we say that there is a Galois representation associated to 7 if
there is a continuous semisimple representation

Prp i Gpt — GSP4(@1)

such that:
e for each finite place v 1 [,
LWD(p.,r’L|WF+)SS > recgr(my, & | - |*3/2)557
where | - | is the composition of the similitude character and the norm
character.

o If m, is unramified at a place v|l then pr, is crystalline at v, and in any
case it is de Rham. L
e Define ), ,, € (Z4)Hom(F7.Q) by letting

)\L,’V],T = (61,07' + Thor,1 + Nor,25 5LOT + TNor,15 6LOT + TNor,25 6LOT)

for each embedding 7 : F+ < Q,, where

1
6’0 = _5(7711,1 + Tv,2 + av)

for each v|oo. Then for each 7 : FT — Q, lying over a place v of F*, the
Hodge-Tate weights of ,07F,L|GFJr with respect to 7 are the A\, , - ; +4 — 7.

We remark that if p, , is irreducible and is not induced from the Galois group
of a finite extension of F'T, then it follows from Schur’s lemma that it is unique up
to isomorphism as a symplectic representation.

We now define what it means for a cuspidal automorphic representation of GSp,
to be ordinary. We could do this directly in terms of Hecke operators on GSpy,,
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but for the sake of brevity we use the local Langlands correspondences for GL4 and
GSp, and the definition of ordinarity for GLj.

Definition 7.6.3. Let ¢ : Q; — C be an isomorphism, and let 7 be a cuspidal
automorphic representation of GSp, (A p+) which is of weight 17 = (19,1, 7v,2; @ )v|oo
in the above sense. Let A € (Zi)HOHl(FJrR) be defined by Ay = (0y + 70,1 + 70,2, 6 +
N1, 0u +Mw2,0,). We say that 7 is t-ordinary if for each v|l, the irreducible admis-
sible representation II, of GL4(F,") with

recgr(my) = rec(Il,)

satisfies (:7'1L,)°"d # 0, where the space (¢~'II,)°*? is defined as in section 4.1.
(We remind the reader that this notion depends on A, and thus on 7.)

Definition 7.6.4. We say that a continuous irreducible representation
p:Gpr — GSpy(Q))

is GSp,-automorphic (of weight A € (Zi)HOIn(FJr’QZ)) if there is a 7 and an ¢ :
Q, = C with p & p,,, and for each 7 : F* < @, lying over a place v of FT,
the Hodge-Tate weights of pr, with respect to 7 are the A;; +4 — j. By the
above definitions, we see that this is equivalent to 7w being automorphic of weight
n with A, ,, = A. We say that p is GSp,-automorphic and holomorphic if ™ can be
chosen to be a holomorphic discrete series at all infinite places, and that p is GSp,-
automorphic and generic if  can be chosen to be globally generic (note that it is
possible for p to be both holomorphic and generic, corresponding to different choices
of 7 in the same global L-packet). We say that p is GSp,-ordinarily automorphic
if m can be chosen to be t-ordinary. We say that p is GSp,-ordinarily automorphic
and holomorphic (respectively generic) if m may be chosen to be simultaneously ¢~
ordinary and holomorphic discrete series at all infinite places (respectively globally
generic). Finally, we say in addition that p is automorphic of level prime to [ if m
is unramified. We say that p is automorphic of level prime to ! and holomorphic
if 7 can be chosen to be simultaneously of level prime to [, and to be holomorphic
discrete series at all infinite places.

In recent work ([Sor10]) Sorensen has used Theorem 7.6.1 and the constructions
of [HT01] to associate Galois representations to certain globally generic cuspidal
representations of GSp, over totally real fields. In particular, he obtains the fol-
lowing theorem, which gives a ready supply of Galois representations associated to
automorphic representations of GSpy,.

Theorem 7.6.5. Let Ft be a totally real field, and let ® be a globally generic
cuspidal automorphic representation of GSp, over FT of weight n for some 7.
Assume that for some finite place v the local component m, is an unramified twist
of the Steinberg representation. Then there is a Galois representation associated to
.

It is now straightforward to use the results of the previous sections to deduce a
theorem about companion forms for automorphic representations of GSp, over F'*.

Theorem 7.6.6. Let F'T be a totally real field. Let I > 5 be a prime number such
that [F*((;) : FT] > 2. Fiz 1 : Q, — C. Suppose that

p: G — GSpy(F)
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is an irreducible representation, and let n be an integer such that €" is an unramified
character of Gp+. Suppose that p satisfies the following assumptions.
(1) There are finite fields F; C k C k' such that Spy(k) C p(Gp+) C (K')* GSpy(k).
(2) The representation p has a lift which is GSp,-ordinarily automorphic and
generic of level prime to l; say p = p, ,, and write v for the similitude
factor of px...
(3) Define 1, = e"@™™, where & is the Teichmiiller lift of the mod | cy-
clotomic character (so 1, = 1, and 1, is crystalline). There is a X €
(24 )Hom(F.Q) such that
e for every place v|l of FT, pla - has an ordinary crystalline symplectic

n

lift of weight (A\;)r (where the indexing set runs over the embeddings
7 € Hom(F™*,Q,) inducing v) and similitude factor .

Then p has an ordinary crystalline symplectic lift p of weight X and similitude
factor ¥y, which is GSp,-ordinarily automorphic of level prime to | and generic.
If F* = Q then p is also GSp,-ordinarily automorphic of level prime to 1 and
holomorphic.

Given any finite set of places S of FT, and an inertial type 7, for each v € S
not dividing | such that P\G has a symplectic lift of type T, and similitude factor

Uy, p can be chosen to have type Ty at v for all places v € S, v 1. More precisely,
choose a model Gp+ — GSpy(Ok) for pr,, where K/Q() is a finite extension in
Q, containing the image of each embedding F* < Q,. Assume moreover that each
Ty 15 defined over K. Then, given a choice of an irreducible component of each

O -lifting ring ]L?’mpl T (regp. Rﬁ?;npl AT V) forv e S, vil (resp. v|l), we

may choose p may be chosen so as to gwe a point on each of these components.

Proof. This follows from Theorems 7.6.1 and 7.5.2. Note that if 7 is a globally
generic automorphic representation of GSp, with p, , = p, then the transfer of
7w to GL4 is cuspidal (because p is irreducible). Conversely, if II is a RAESDC
automorphic representatlon of GLg(Ap+) with IV 2 xII, and p;, (II) is symplectic,
it follows that LS (s, II, A>®x ') has a pole at s = 1 (because the corresponding
statement is true for p; ,(II)).

In the case F* = Q, the fact that p is also GSp,-automorphic and holomorphic
follows from Proposition 1.5 of [Wei05] (because our assumptions on p obviously
imply that if p = p, , then 7 is neither CAP nor weak endoscopic). g

In many cases we can make this rather more explicit, just as in the unitary case.

Lemma 7.6.7. Let M be a finite extension of Q;. Take \ € (Z4)Hom(MQ) - [et
E be a finite extension of Q; with residue field k. Let v;, 1 <1 < 4, be crystalline
characters Gy — E*, with 1i|1,, = X}1,, in the notation of Definition 3.1.2.
Assume that Y11y = Poths. Suppose that p: Gy — GSpy (k) is of the form

o o oF

* *
o *
0 *
0 Iz

=
oXl %« x

where 1, = T, for 1 <i < 4. Suppose that none of the characters ﬁiﬁj_l, 1< j, are
equal to €. Then p has a lift to a crystalline representation p : Gpr — GSpy(E) of
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the form
P ok k%
0 Yy x  x
0 0 wg *
0 0 0 4y
Proof. This is proved in exactly the same way as Lemma 3.1.5. O

Just as in section 3.1.3, we can consider ordinary crystalline lifts of a particular
form. Given p, A as in the previous lemma (but no longer requiring that the
characters ﬁiﬁj_l =€), we can consider ordinary lifts where we demand that ¢;|;,, =

sympl, A ,cryh
L ’

XM, and ¢, = 7;, 1 < i < 4. This gives a deformation ring and

the following lemma may be proved in exactly the same way as Lemma 3.1.8.

U, AN, era)
RSymplL A er,
Pl

becomes a closed immersion identifying Spec R%%npl’a*’cr’lp[l/l] with a union of ir-
reducible components of Spec R%ympl’A*’”’w[l/l].

REymPLAN T
1

Lemma 7.6.8. After invertingl, the morphism Spec — Spec

Theorem 7.6.9. Let F'* be a totally real field. Let 1 > 5 be a prime number such
that [FT(() : FT] > 2. Fiz 1 : Q, — C. Suppose that
7p: Gp+ — GSpy(Fy)
is an irreducible representation. Suppose that the following conditions hold.
(1) There are finite fieldsF; C k C k' such that Spy(k) C p(Gp+) C (k') GSpy (k).
(2) The representation p has a lift which is GSp-ordinarily automorphic and
generic of level prime to (.
(3) Thereis a X\ € (Zi)Hom(FJr’Ql) such that
o m:= A1+ A4 = A2+ A3 is independent of T, and
e for every place v|l, ﬁ|GFJr is isomorphic to a representation

ﬁv,l * * *
0 e *
0 0 ﬁv,S *
0 0 0 .
where none ofﬁw-ﬁ;;, 1 < j, are equal to €. Furthermore, ﬁv,i‘fﬁ =
Y;\”|1F+ for each i (in the notation of Definition 3.1.2).
Then p has an ordinary crystalline symplectic lift p of weight X, which is GSp,-

ordinarily automorphic of level prime to | and generic, with similitude factor 1,
say. Furthermore 1e™*3 is a finite order character, and for every place v|l, p\GF+

s isomorphic to a representation of the form

Yy 1 * * *
0 7/)1),2 *
0 0 %,3 *
0 0 0 Yy
where the 1, are crystalline characters such that Ev,i = fiy,; and w”’i|1p+ =
Xg\”|1F+, Finally, if F* = Q then we may in addition assume that p is GSpy-

ordinarily automorphic and holomorphic (of level prime to 1).
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Proof. This follows from Theorem 7.6.6, together with Lemma 7.6.7 and Lemma
7.6.8. 0

Remark 7.6.10. It is expected that whenever 7 is a cuspidal automorphic represen-
tation of GSp,(Apr), M a number field, and 7 is neither CAP nor weak endoscopic,
then 7 is stable. In the special case that 7 is a discrete series representation at each
infinite place, this means that if 7 = 7y ® 7 (With 7, T respectively denoting
the finite and infinite factors of ) then 7y ® 7/, is also automorphic for any w/
in the same L-packet as m, i.e. we are free to change between holomorphic and
generic discrete series at any infinite place. Assuming this result, which is expected
to follow from Arthur’s work on the trace formula (cf. [Art04]), one could con-

clude that the representation p in the above theorems is also GSp,-automorphic
and holomorphic, even if F* # Q.
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