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SIMULATIONS

All numerics were done with Matlab2011a using a fourth order Runge-Kutta method.

We remind that the main equations are given by

ẋi = f(xi) + α
n∑

j=1

aijH(xj − xi). (1)

Hindmarsh-Rose oscillators

The Hindmarsh-Rose model is a three dimensional ordinary differential equation which

models the membrane potential of a neuron. Depending on the parameter settings it exhibits

spiking and bursting behaviour. For this model, the local dynamics f is given by

ẋ = y + a1x
2 − x3 − z + I

ẏ = 1− 5x2 − y

ż = a2(s(x− xR)− z).

Here, I is a constant input current. The parameters are chosen as follows: a1 = 3.01,

a2 = 0.006, s = 4, I = 3.2 and xR = −1.6. In this regime we can observe chaotic bursting

in the local dynamics [1]. We consider the electrical synaptic interaction between neurons

given by

H =


1 0 0

0 0 0

0 0 0

 ,

so the local coupling is only in the x-component, known as membrane potential. The stability

condition α<(λ2) > αc can be verified via a master stability function approach [2]. In order

to achieve stable synchronized motion for the whole network we fixed α = 0.96.
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Roessler oscillators

For the Roessler oscillators the local dynamics are given by

ẋ = −y − z

ẏ = x+ a1y

ż = a2 + z(x− a3).

where we chose a1 = 0.2, a2 = 0.2 and a3 = 9. We consider the interaction in all variables

H =


1 0 0

0 1 0

0 0 1

 .

In this case, applying the results from [3] we again obtain the stability condition α<(λ2) > αc.

In order to achieve stable synchronisation we fixed α = 0.092.

LAPLACIANS OF DIGRAPHS AND ASSOCIATED EIGENVECTORS

Suppose we have the following Laplacian

L =

 L1 0

−C L2 +DC

 ,

for two strongly connected components, where C 6= 0 represents the cutset pointing from

the strongly connected component associated to L1 ∈ Rn1×n1 to the one associated to

L2 ∈ Rn2×n2 . We assume that the underlying network has a rooted spanning tree, then the

zero eigenvalue is simple [4]. Because of the block form of the Laplacian, the characteristic

polynomial factorizes to

p(λ) = det(λ−L1) det(λ− (L2 +DC)).

Now, suppose the nonzero eigenvalue with smallest real part λ2 is simple and given as a

zero of the second factor, so it is an eigenvalue of L2 +DC . Then we can show that this

eigenvalue is real and positive and the corresponding left and right eigenvectors of L2 +DC

are positive as well. We begin by showing that the eigenvectors are positive. To do so,

consider s = maxi

{
di +

∑
j 6=i aij

}
, then N = sI − (L2 +DC) is a nonnegative matrix by
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definition of s. Furthermore, as the component associated to L is strongy connected, N is

irreducible. Then, by the Perron-Frobenius theorem [5], N has a maximal real eigenvalue

Λ with corresponding nonnegative left and right eigenvectors ω and η. That is

Nη = Λη

⇐⇒ (L2 +DC)η = (s− Λ)η.

As Λ is the maximal eigenvalue and all the eigenvalues ofL2+DC are obtained by eigenvalues

µ ofN through s−µ, we must have that s−Λ is real and the minimal eigenvalue of L2+DC .

Furthermore, N and L2 +DC have the same eigenvectors, so the left and right eigenvectors

corresponding to s−Λ are nonnegative, which proves the first statement. For the positiveness

of the minimal eigenvalue s−Λ of L2+DC first remark that L2+DC is diagonally dominant

(L2 +DC)ii = (DC)ii +
∑
k 6=i

(L2)ik

≥
∑
k 6=i

(L2)ik

=
∑
k 6=i

(L2 +DC)ik.

By the Gershgorin theorem [5] every eigenvalue lies in at least one of the circles with center

(L2 + DC)ii and radius
∑n

k=1(L2 + DC)ik. Consequently, the eigenvalues cannot have

negative real parts. As by our assumptions the zero eigenvalue is simple, s − Λ has to be

positive.
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