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Abstract. Regularity properties of generic hyperbolic systems with diagonal-
izable principal part will be established in Lp and other function spaces. Sharp
regularity of solutions will be discussed. Applications will be given to solutions
of scalar weakly hyperbolic equations with non-involutive characteristics. Es-
tablished representation of solutions and its properties allow to derive spectral
asymptotics for elliptic systems with diagonalizable principal part.
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1. Introduction

Let X be a smooth manifold without boundary of dimension n ≥ 3. Let P be an
elliptic self-adjoint pseudo-differential operator of order one acting on half-densities
on m-dimensional cross-sections of vector bundles on X . Since we will be mostly
interested in local properties of solutions, we may already assume that P acts on
functions, and can think of it as an m×m matrix of pseudo-differential operators
of order one. We consider the following Cauchy problem for u = u(t, x)

{
iu′ − Pu = 0, (t, x) ∈ [0, T ]× X,
u|t=0 = u0,

(1.1)

and we think of u0 as of an m-vector. It is well known that if equation (1.1) is
strictly hyperbolic, the system can be diagonalized and its solution can be given
as a sum of Fourier integral operators applied to Cauchy data. Our question here
is to study what happens when P has multiple characteristics.

This work was supported by EPSRC grant GR/R67583/01.



54 I. Kamotski and M. Ruzhansky

Everywhere in this paper Ψµ = Ψµ
1,0(X) will denote the space of classical

pseudo-differential operators of order µ of type (1, 0). The space of Fourier integral
operators of order µ with amplitudes of type (1, 0) will be denoted by Iµ. All
Fourier integral operators in the sequel will be non-degenerate, which means that
its canonical relation satisfies the local graph condition, i.e. it is locally a graph of
a symplectic diffeomorphism from T ∗X\0 to itself.

Let A(x, ξ) denote the principal symbol of P . If A is a diagonal matrix, prop-
erties of system (1.1) have been studied by many authors. For example, Kumano-go
1981 used the calculus of Fourier integral operators with multiphases to show that
the Cauchy problem (1.1) is well-posed in L2 and Sobolev spaces Hs. Systems
with symmetric principal part A have been extensively studied as well (e.g. Ivrii
1998, Kucherenko 1974, etc.) In a generic situation, such systems have double char-
acteristics, and their normal forms have been found by Braam and Duistermaat
1993. Recently, Colin de Verdiere 2003 used these representations to derive some
asymptotic properties of such systems. Polarization properties of similar systems
were studied in Dencker 1992.

More elaborate analysis of system (1.1) becomes possible if we assume that
the principal symbol matrix A(x, ξ) is smoothly (microlocally) diagonalizable with
smooth eigenvalues aj(x, ξ) and smooth eigenspaces. Then, as it was pointed out
in Rozenblum 1980, there exists a finite dimensional cover X̃ of X such that A
lifted to X̃ is globally diagonalized. In this situation, Rozenblum showed that
the Picard series for this problem gives an expansion with respect to smoothness
under the condition that at all points of multiplicity, bicharacteristics intersect
characteristics transversally. In other words, if aj(x, ξ) = ak(x, ξ) for j �= k, then
the Poisson bracket {aj, ak}(x, ξ) �= 0. However, this condition is non-generic even
for diagonal systems. For example, it is clear that if one of characteristics has a
fold, there may be a point where this transversality condition fails, and it is not
possible to remove it by small perturbations.

The purpose of this paper is to present results removing the transversal in-
tersection condition and to investigate regularity properties of system (1.1) in a
generic setting. Apart from this, our results will cover systems arising from some
scalar weakly hyperbolic equations. Now we will formulate our main assumption.

Let us define operator

Haj f = {aj , f}, j = 1, . . . , m,

where

Hg(f) = {g, f} =
n∑

k=1

(
∂g

∂ξk

∂f

∂xk
− ∂g

∂xk

∂f

∂ξk

)

is the usual Poisson bracket.
Our assumption is that at points of multiplicity aj = ak (assuming that they

are not identically the same), bicharacteristics of aj intersect level sets {ak = 1}
with finite order, i.e. HM

aj
ak �= 0 for some M at points where aj = ak. In other
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words, for j �= k,

aj(x, ξ) = ak(x, ξ) =⇒

HM
aj

ak(x, ξ) = {aj, {aj , · · · {aj , ak

M︷ ︸︸ ︷
}} . . .} (x, ξ) �= 0,

(1.2)

for some number M . This number M may depend on the point (x, ξ). While the
function M = M(x, ξ) is locally bounded, it is allowed to grow at infinity. We
note here that the transversal situation considered by Rozenblum requires (1.2)
to hold with M = 1. In the strictly hyperbolic case we may set M = 0. The case
M = 2 corresponds to the case when aj and ak define glancing hypersurfaces (as
considered by Melrose). Here we also assume that aj and ak are not identically
the same at (x, ξ).

Let us now give some examples where this property holds while the tranver-
sality condition (M = 1) fails.

Example 1. In scalar equations with Levi conditions studied by Chazarain 1974,
Mizohata-Ohya 1971, Zeman, one assumed that {aj , ak} = Cjk(aj −ak). It is clear
that in this situation aj(x, ξ) = ak(x, ξ) implies {aj , ak}(x, ξ) = 0. However, in a
general case when Cjk(x, ξ) is non-constant, condition (1.2) may be satisfied.

Example 2. Let L be a scalar operator with involutive characteristics. More pre-
cisely, let us denote ∂j = Dt + aj(t, x, Dx). Let

L = ∂1 · · · ∂m +
∑
k<m

bj1,··· ,jk
∂j1 · · · ∂jk

+ c,

where b(t, x, Dx), c(t, x, Dx) ∈ Ψ0 are pseudo-differential operators of order zero
for all t is some bounded interval. Let us assume that operator L has involutive
characteristics, i.e. that

[∂j , ∂k] ≡ ∂j∂k − ∂k∂j = αjk∂j + βjk∂k + γjk,

where αjk, βjk, γjk ∈ Ψ0 are pseudo-differential operators of order zero. Then it
was shown in Morimoto 1979 that the Cauchy problem for the equation Lu = f
is diagonalizable (with 1+

∑m−1
j=1 m!/j! components). Even in the simplest case of

characteristics not depending on t, we have

{aj, ak} = αjk(x, ξ)(aj − ak) + γjk,

similar to Example 1.
Propagation of singularities of systems with vanishing Poisson brackets has

been also studied in these situations. For example, Iwasaki and Morimoto (1982,
1984) studied propagation of singularities of 3 × 3 systems, where the second
Poisson bracket vanish. Also, Ichinose 1982 studied 2 × 2 systems with vanishing
second Poisson brackets.

Regularity properties of solutions of hyperbolic equations have been exten-
sively studied over the years. In the case of scalar higher order strictly hyperbolic
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equations, this reduces to the corresponding questions for Fourier integral opera-
tors. Seeger, Sogge and Stein 1991 showed that Fourier integral operators of order
−(n− 1)|1/p− 1/2| are bounded from Lp

comp to Lp
loc, 1 < p < ∞. This implies the

loss of (n − 1)|1/p − 1/2| derivatives in Cauchy problems for strictly hyperbolic
equations. We will extend this result to the weakly hyperbolic case of equations
or systems satisfying condition (1.2). Let us now give an example of second order
weakly hyperbolic equations where this condition is satisfied.

Example 3. Let us consider the second order equation

u′′ + b(x, Dx)u′ + c(x, Dx)u = 0,

where b ∈ Ψ1, c ∈ Ψ2. Let us denote 〈x〉 = (1 + x2)1/2. Introducing v =( 〈Dx〉u
u′

)
, the matrix form of this equation is given by

v′ =
(

0 〈Dx〉
−〈Dx〉−1c −b

)
v.

Let b1 and c2 be principal symbols of b and c. The equation is hyperbolic if b2
1 ≥ 4c2,

with multiple roots at b2
1 = 4c2. Assume that b2

1 − 4c2 = µ2, with µ ∈ S1 being a
symbol of order one. Then characteristics a1, a2 satisfy {a1, a2} = 1

2{b1, µ}, which
may vanish.

Let the Cauchy data be u(0) = f0, u
′(0) = f1. Let α = (n−1)|1/p−1/2| and

1 < p < ∞. If µ is elliptic, it is known that if fj ∈ Lp
α−j, then u(t, ·) ∈ Lp

loc. Our
result of Theorem 2.4 will imply that the same is true for any µ ∈ S1.

As before, we assume that the principal symbol A of operator P may be
(micro)locally diagonalized. As we already mentioned, we may then lift A to a
finite dimensional cover of X to separate the characteristic roots and eigenspaces.

Therefore, we may assume from now on that A is globally diagonalized, that
is

P = A + B, A = diag{A1, . . . , Am},
where Aj ∈ Ψ1 are scalar pseudo-differential operators with principal symbols
aj(x, ξ) (eigenvalues of A). Here aj’s may be identically equal to each other or
may intersect with any finite order, according to our assumption (1.2). Here B is
an m× m matrix of classical pseudo-differential operators or order zero. Without
loss of generality we may assume that Bjj = 0 for 1 ≤ j ≤ m. Indeed, we can
always add these terms to the corresponding entries of A. In the case of some of
aj ’s being identically equal to each other locally at some points, the construction is
slightly different, but all the results remain valid. Substitution U = e−iAtV leads
to the equation {

iV ′ = Z(t)V,
V |t=0 = I,

(1.3)
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with Z(t) = eiAtBe−iAt. Writing the Picard series for problem (1.3), we obtain
the expansion

V (t) = I +
∫ t

0
Z(t1)dt1 +

∫ t

0

∫ t1
0

Z(t1)Z(t2)dt2dt1 + · · · (1.4)

A general term of this series is

Ql =

l︷ ︸︸ ︷∫ t

0

∫ t1

0

· · ·
∫ tl−1

0

eiA1t1b12e
iA2(t2−t1) · · ·dtl . . . dt1.

It is easy to see that ||Ql||L2→L2 ≤ C/l! and that series (1.4) converges in L2 and
in Hs. Using the notion of a multiphase for Fourier integral operators, Kumano-go
1981 studied propagation of singularities of Ql. Instead of introducing multiphases
for Ql, we will analyze operators Ql in more detail and will show its smooth-
ing properties in Sobolev spaces under assumption (1.2). Here, contrary to the
transversal case (M = 1) considered by Rozenblum 1980, we do not have good
control on the singular supports of integral kernels of operators Ql, so more elab-
orate geometric analysis is required.

In fact, our Theorem 2.1 asserts that Ql(t) maps L2 to some Sobolev space
Hp(l), and that p(l) → ∞ as l → ∞. Then we will show that this allows to treat
the Picard expansion as a series with finitely many terms, with many conclusions.

2. Results

Here we will formulate our results concerning operators Ql and solutions to systems
(1.1) and (1.3).

Our first main result will be Theorem 2.1 on the smoothing properties of
terms Ql. The other two important results will be Theorem 2.4 on the Lp-regularity
of solutions to system (1.1) and Theorem 2.3 on the spectral asymptotics for
elliptic operator P satisfying our assumptions. To obtain Lp-estimates, we use
Theorem 2.5, which we regard as a general principle behind regularity estimates
for general Cauchy problems based on several natural properties of the right hand
side operators Z(t). We will illustrate its use in several situations in Corollaries 1-3.
Finally, Theorem 2.2 is a statement on the propagation of singularities on operators
Ql or, more generally, of Fourier integral operators where the frequency integration
is performed over a cone rather than the whole space. Note that these results
will still hold for microlocally smoothly block-diagonalizable operators with any
(finite) geometry of characteristics, i.e. characteristics satisfying our assumption
(1.2). Proof of Theorems 2.1–2.4 can be found in our paper [11].

The following Theorem establishes a smoothing property of operators Ql

under our assumption (1.2).
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Theorem 2.1. Let condition (1.2) be satisfied, that is, assume that for any (x, ξ) ∈
T ∗X and any 1 ≤ j, k ≤ m, j �= k, with aj(x, ξ) = ak(x, ξ), we have

{aj , {aj, · · · {aj, ak

M︷ ︸︸ ︷
}} . . .} (x, ξ) �= 0

for some number M . Then Ql is a bounded linear operator from L2
comp to H

p(l)
loc ,

with p(l) ∼ l
6M+2 , as l → ∞.

In fact, a more precise statement here is to say that Ql is a bounded linear
operator from L2

comp to H
p(l)
loc , with p(l) = ((−3n/2 − 2)(3[l/2]− 1 − n) + ([l/2]−

n − 1)(l/(2M) − n − 1))(3[l/2] − 2n − 2 + l/(2M))−1. In turn, this order can be
improved further. However, in our applications it will be important that p(l) → ∞
as l → ∞.

This theorem implies, in particular, that the series

V (t) = I + Q1(t) + Q2(t) + · · ·
is a series with respect to smoothness. This fact allows one to refine the study of
propagation of singularities and regularity properties of solutions to systems (1.1)
and (1.3).

Let us now discuss the propagation of singularities for operators Ql. This
result is essentially a reformulation of Rozenblum’s result in our case of finite
geometry under condition (1.2). It is clear (also from multi-phase analysis) that
singularities propagate along broken Hamiltonian flows. Let

J = {j1, . . . , jl+1}, 1 ≤ jk ≤ m, jk �= jk+1.

Let ΦJ(t, x, ξ) be the corresponding broken Hamiltonian flow. It means that points
follow bicharacteristics of aj1 until meeting the characteristic of aj2 , and then con-
tinue along the bicharacteristic of aj2 , etc. Note that singularities may accumulate
if wave front sets for different broken trajectories project to the same point of X .

We can write

Ql =
∫

∆

I(t̄)dt̄,

where t̄ = (t1, . . . , tl), ∆ is a symplex in Rl and I(t̄) = Z(t1) ◦ . . . ◦ Z(tl). It
is possible to treat it as a standard Fourier integral operator with the change of
variables t̄ = ζ|ξ|−1. Let K be a cone in RN = Rn+l. Let

Iu(x) =
∫

K

∫
Y

eiφ(x,y,θ)a(x, y, θ)u(y)dydθ

be a Fourier integral operator with integration over the cone K with respect to θ.
Let Kj be K or a face of K. Let φj(x, y, θj) = φ|Kj , θj ∈ Kj . Let Λj ⊂ T ∗X×T ∗Y
be a Lagrangian manifold with boundary:

Λj = {(x,
∂φj

∂x
, y,−∂φj

∂y
) :

∂φj

∂θj
= 0}.
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For G ⊂ T ∗Y , let Λj(G) = {z ∈ T ∗X : ∃ζ ∈ G : (z, ζ) ∈ Λj}. Then we have the
following statement on the propagation of singularities.

Theorem 2.2. Let u ∈ D′(Y ). Then WF (Iu) ⊂ ∪jΛj(WF (u)).

From this, we can deduce first and second terms of the spectral asymptotic
of operator P (see also [10]). Let us call T a period of symbol A(x, ξ) if there
exists J such that j1 = jl+1, and trajectory of ΦJ is closed: ΦJ (T, x, ξ) = (x, ξ).
Then we have the following extension of well-known results of Hörmander 1968,
Duistermaat–Guillemin 1975, Safarov–Vassiliev 1997, and Rozenblum 1980.

Theorem 2.3. Assume that X is compact and assume that condition (1.2) holds. Let
D be the set of (x, ξ) ∈ T ∗X such that there exist T and J such that ΦJ (T, x, ξ) =
(x, ξ). Assume that the measure of D is zero. Then for the spectrum of P the
following Weyl formula holds:

N(λ) = 
{j : λj < λ} = cnλn + c′nλn−1 + o(λn−1),

where λj are eigenvalues of P .

It turns out that smoothing properties of Ql in Theorem 2.1 can be used
to establish local Lp properties of solutions to systems with multiplicities (1.1).
For strictly hyperbolic equations such estimates have been established by Seeger,
Sogge and Stein 1999, and some optimal estimates were given by Ruzhansky 2000.

Theorem 2.4. Assume that condition (1.2) holds. Let 1 < p < ∞ and let α =
(n − 1)|1/p − 1/2|. Let u0 ∈ Lp

α be compactly supported. Let u = u(t, x) be the
solution of the Cauchy problem (1.1). Then u(t, ·) ∈ Lp

loc for small t. We also have

sup
t∈[0,T ]

||u(t, ·)||Lp ≤ C||u0||Lp
α
,

uniformly for all u0 supported in some fixed compact subset of X.

As a consequence, if the Cauchy data u0 is compactly supported, we obtain
local estimates in other spaces as well:

• u0 ∈ Lp
s+α implies u(t, ·) ∈ Lp

s, s ∈ R.
• u0 ∈ Lip(s + (n − 1)/2) implies u(t, ·) ∈ Lip(s).
• Let 1 < p ≤ q ≤ 2. Then u0 ∈ Lp

s−1/q+n/p−(n−1)/2 implies u(t, ·) ∈ Lq
s. Dual

result holds for 2 ≤ p ≤ q < ∞.

The proof of Theorem 2.4 relies on the smoothing properties of operators Ql

and the following general principle for solutions to differential functional equations.

Theorem 2.5. Let W0, W1 ↪→ W be linear subspaces of D′(X). Let Z(t), t ∈ [0, T ],
be a family of L2(X)–bounded operators such that supt∈[0,T ] ||Z(t)||L2→L2 < ∞.
Assume also that

(i) (Boundedness) Z(t) extends to a bounded linear operator from W1 to W , for
all t ∈ [0, T ].

(ii) (Calculus) Z(t1) ◦ · · · ◦ Z(tl) : W1 → W are bounded for all l, and for all
t1, . . . , tl ∈ [0, T ].
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(iii) (Smoothing) There exists l such that

Z(t)
∫ t

0

∫ t1

0

· · ·
∫ tl

0

Z(t1) · · ·Z(tl)dtl · · · dt1

is bounded from W to W0, for all t ∈ [0, T ].
(iv) (Zero Cauchy data) The Cauchy problem{

v′ − Z(t)v = r, r(t) ∈ W0,
v(0) = 0 (2.1)

has a unique solution v(t) = v(t, ·) ∈ L2 which also satisfies v(t, ·) ∈ W for
all t ∈ [0, T ].

Then the solution u = u(t, x) of the Cauchy problem{
u′ − Z(t)u = r, r(t) ∈ W0,
u(0) ∈ W1.

(2.2)

satisfies u(t, ·) ∈ W for all t ∈ [0, T ].
Moreover, if W0, W1, W are normed spaces and if solutions v to (2.1) satisfy

||v(t, ·)||W ≤ C||r(t)||W0 for all t ∈ [0, T ], then also

||u(t, ·)||W ≤ C(||u(0)||W1 + ||r(t)||W0 ),

for all t ∈ [0, T ].

Let us now give some examples of the use of Theorem 2.5 in different situ-
ations. Below we will always assume the well-posedness, namely we will always
assume that Z(t) and r(t) are such that system (2.1) has a unique solution
v(t, ·) ∈ L2, at least locally.

Corollary 1. Let Z(t) be a family of pseudo-differential operators. Let us choose
W = W1 = W0 = Lp

comp with 1 < p < ∞. Let Z(t) ∈ Ψ0 and assume that
supt∈[0,T ] (||Z(t)||L2→L2 , ||Z(t)||Lp→Lp) < ∞ (note that this condition always holds
pointwise in t). Then the solution u = u(t, x) of the Cauchy problem{

u′ − Z(t)u = r, r(t) ∈ Lp
comp,

u(0) ∈ Lp
comp.

satisfies u(t, ·) ∈ Lp
loc and u′(t, ·) ∈ Lp

loc for all t ∈ (0, T ].
Here properties (i) and (ii) of Theorem 2.5 follow from local properties of

pseudo-differential operators of order zero. Property (iii) follows from the fact
that Z(t) are locally bounded in Lp. Finally, property (iv) follows from Duhamel
principle and smoothing properties of the Picard series.

Corollary 2. Let Z(t) be a family of Fourier integral operators. Let us choose
W = L2∩Lp

comp, W1 = (Lp
α)comp with α = (n−1)|1/p−1/2|, and let W0 = Hs

comp ⊂
Lp

comp with some sufficiently large s (for example, with s = (pn − 2n)/2p when
p ≥ 2). Let Z ∈ I−ε, ε > 0, be a family of non-degenerate Fourier integral operators
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of negative order −ε such that the composition of two such operators is again a non-
degenerate Fourier integral operator. Assume also that supt∈[0,T ] ||Z(t)||Hs→Hs <

∞ (note that this condition always holds pointwise in t). Then the solution u =
u(t, x) of the Cauchy problem{

u′ − Z(t)u = r, r(t) ∈ Hs
comp,

u(0) ∈ (Lp
α)comp ∩ L2.

satisfies u(t, ·) ∈ Lp
loc for all t ∈ (0, T ].

Here property (i) of Theorem 2.5 follows from the fact that non-degene-
rate Fourier integral operators of order zero map (Lp

α)comp to Lp
loc. Property (ii)

follows from the calculus of non-degenerate Fourier integral operators of order
zero. Smoothing condition (iii) follows from the fact that Z(t) are operators of
negative orders. Finally, property (iv) is again a consequence of Duhamel principle
and smoothing properties of the Picard series.

The last corollary is the situation of equation (1.2), where Z(t) is a Fourier
integral operator of order zero of the form eiAtBe−iAt.

Corollary 3. Let Z(t) = ieiAtBe−iAt be a Fourier integral operator of order zero,
where A and B are as in the Introduction, and A satisfies condition (1.2). Let
us choose spaces W, W0, W1 as in Corollary 2. The smoothing property (iii) of
Theorem 2.5 now follows from Theorem 2.1. Therefore, a combination of Theorems
2.1 and 2.5 yields Theorem 2.4.

Before proving Theorem 2.5, let us make a remark.

Remark 2.6. Under conditions of Theorem 2.5, let also R(t) be a continuous linear
operator from W1 to W0. Then the solution operator U(t) of the Cauchy problem{

U ′ − Z(t)U = R(t),
U(0) = I

(2.3)

satisfies U(t)w ∈ W for all w ∈ W1. Moreover, if W0, W1, W are normed spaces
and the estimate for solutions of (2.1) in Theorem 2.5 holds, then there is a con-
stant C > 0 such that

‖U(t)w‖W ≤ C(‖w‖W1 + ‖R(t)w‖W0), (2.4)

for all w ∈ W1.

We will now prove Theorem 2.5 and Remark 2.6. We note immediately that
the statement of this remark with R(t) = 0 and assumption (iv) of Theorem 2.5
imply the statement of the theorem. Therefore, it is sufficient to prove the remark.

Let R(t) be a continuous linear operator from W1 to W0. Let U0(t) be some
partial solution to the problem{

U ′
0 − Z(t)U0(t) = R(t),

U0(0) = 0.
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Then the solution U(t) of the Cauchy problem (2.3) satisfies

U(t) = U0(t) + I +
∫ t

0

Z(t1)dt1 +
∫ t

0

∫ t1

0

Z(t1)Z(t2)dt2dt1 + . . . (2.5)

The convergence of this series can be understood in L2. Indeed, because of as-
sumption (i), the term of this series with k integrals can be estimated by
tk supt ||Z(t)||kL2→L2/k! From this and the well-posedness assumption it also fol-
lows that U(t) is a solution of (2.3) from L2 to L2. Let us now define

SN (t) = I +
∫ t

0

Z(t1)dt1 +
∫ t

0

∫ t1

0

Z(t1)Z(t2)dt2dt1 + . . .

+
∫ t

0

∫ t1

0

. . .

∫ tN−1

0

Z(t1)Z(t2) . . . Z(tN )dtN . . . dt2dt1.

Let V (t) = U(t)−SN(t), it is equal to U0(t) plus the remainder of the series (2.5).
Then we have

V ′(t)−Z(t)V (t) = R(t)−Z(t)
∫ t

0

∫ t2

0

. . .

∫ tN−1

0

Z(t2) . . . Z(tN )dt2 . . . dtN . (2.6)

Choosing N = l, and renumbering tl’s, it follows from assumption (iii) of the
theorem that the second term is continuous from W1 to W0. Since also R(t) is
continuous from W1 to W0, it follows that the right hand side is also a continuous
linear operator from W1 to W0.

Let w = u(0) ∈ W1 be the Cauchy data for (2.2). If we denote by ρ(t) the
value of the operator in the last line of (2.6) at w, we will have ρ(t) ∈ W0. The
value of V (0) is

V (0) = U(0) − SN (0) = 0.

It follows now that V (t)w solves Cauchy problem in (iv), so it belongs to W by
the assumption. Since SN (t) is continuous from W1 to W by assumption (ii), and
V (t)w = U(t)w − SN (t)w is in W , be obtain u(t, ·) = U(t)w ∈ W .

Moreover, suppose that we also have the estimate ‖v(t, ·)‖W ≤ C‖ρ(t)‖W0 in
(iv). Then we also have

‖u(t, ·)‖W ≤ ‖V (t)w‖W + ‖SN (t)w‖W ≤ C‖ρ(t)‖W0 + C‖w‖W1

≤ C(‖w‖W1 + ‖R(t)w‖W0),

which implies (2.4).
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