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Abstract. We consider elliptic and hyperbolic systems with diagonalizable principal part. Char-
acteristics are allowed to have variable multiplicities. Assuming that the characteristics are generic,
we give estimates for solutions of a hyperbolic Cauchy problem in Lp spaces. The first and second
terms of the spectral asymptotics are obtained for the corresponding elliptic system.
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1. Introduction. Let X be a smooth n-dimensional manifold without boundary, where n � 3,
and let P be an elliptic self-adjoint first-order pseudodifferential operator acting on half-density
sections of m-dimensional vector bundles on X . We consider the following Cauchy problem for a
function u = u(t, x): {

iu′ − Pu = 0, (t, x) ∈ [0, T ] × X,

u|t=0 = u0.
(1)

It is well known that the spectral asymptotics of P is closely related to the representation of
the propagator of problem (1) in the form of a Fourier integral operator. Such a representation
was obtained in [4] for the case in which the Cauchy problem (1) is strictly hyperbolic, i.e., the
characteristics of P are real and pairwise distinct. In this case, the first and second terms in the
spectral asymptotics of P were obtained in [2, 3]. For a smoothly diagonalizable operator P whose
principal symbol has multiple eigenvalues aj , 1 � j � m, that satisfy {aj , ak} �= 0 at the points
where aj = ak , the solution of the Cauchy problem (1) was obtained in [7] in the form of an
asymptotic series with respect to smoothness. The terms of this series are iterated Fourier integral
operators integrated with respect to time. Spectral asymptotics of such systems were also studied
in [7]. We note that some results about the second term of the spectral asymptotics were obtained
in [5] without the assumption of smooth diagonalizability but under additional assumptions (not
used in the present paper) on the propagation of singularities for solutions of system (1).

Lp estimates for solutions of strictly hyperbolic scalar equations and nondegenerate Fourier
integral operators were obtained in [9]. See also the survey paper [8], where Lp estimates were
related to geometric properties and singularities of the wave fronts of the corresponding Fourier
integral operators.

We make the following assumptions. First, microlocally the principal symbol of P is smoothly
diagonalizable, i.e., has smooth eigenspaces and eigenvalues aj . Second, there exists a number M
such that if aj(x, ξ) = ak(x, ξ) for some (x, ξ) ∈ T ∗X and j, k ∈ {1, . . . , m}, j �= k, but aj and ak

do not coincide identically near (x, ξ), then the iterated Poisson brackets satisfy the condition

{aj , {aj , · · · {aj , ak

λ︷ ︸︸ ︷
}} · · · }(x, ξ) �= 0, (2)

for some λ(x, ξ) � M . The strictly hyperbolic case corresponds to M = 0. The transversal case
considered by Rozenblyum [7] corresponds to M = 1. The case of glancing hypersurfaces considered
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by Melrose [6] corresponds to M = 2. We also note that condition (2) is generic for microlocally
smoothly diagonalizable systems.

2. Statement of results. It turns out that the solutions of the Cauchy problem (1) admit
Lp estimates that are sharp in general. Let Lp

α = W p,α be the usual Sobolev space over Lp with
α ∈ R derivatives.

Theorem 1. Let 1 < p < ∞ and α = (n − 1)|1/p − 1/2|. Let P = P (t, x, Dx) be an m × m
matrix of classical elliptic first-order pseudodifferential operators. Let

P (t, x, Dx) = A(x, Dx) + B(t, x, Dx),

where A is a symmetric matrix of first-order pseudodifferential operators and B is a matrix of
zero-order pseudodifferential operators smoothly depending on t. Suppose that A satisfies condition
(2). Let T > 0. Then for each compactly supported function f ∈ Lp

α ∩ L2 the solution u = u(t, x)
of the Cauchy problem

i
∂u

∂t
− P (t, x, Dx)u = 0, u(0) = f (3)

satisfies u(t, ·) ∈ Lp
loc for all 0 < t � T . Moreover, for each seminorm in Lp

loc there exists a constant
CT > 0 such that sup0�t�T ‖u(t, · )‖Lp

loc
� CT ‖f‖Lp

α
.

The assumption that A is smoothly microlocally diagonalizable is satisfied in a number of
important cases. For example, certain Maxwell systems are smoothly diagonalizable (see [1]). Fur-
thermore, scalar weakly hyperbolic operators with involutive characteristics can be reduced to
systems satisfying the assumptions of Theorem 1.

Let ΦJ(T, x, ξ) denote the Hamiltonian flow along broken trajectories of the system. For J =
(j1, . . . , jk), the broken trajectory issuing from (x, ξ) goes along the bicharacteristic of aj1 up to
the first point of intersection aj1 = aj2 , then along the bicharacteristic of aj2 issuing from this
point of intersection, etc. To simplify the statement of the following result, we assume that all
eigenvalues ak are positive. If there are also negative eigenvalues, then we can split the problem
into two problems (for positive and negative eigenvalues) by using pseudodifferential projections
and then study each of these problems separately.

Theorem 2. Suppose that the manifold X is compact and condition (2) is satisfied. Let D be
the set of points (x, ξ) ∈ T ∗X such that ΦJ(T, x, ξ) = (x, ξ) for some T �= 0 and J . Suppose that
the measure of D is zero. Then the spectrum of operator P has the Weyl asymptotics

N(λ) = #{j : λj < λ} = cnλn + c′nλn−1 + o(λn−1),

where the λj are eigenvalues of P .
The main ingredients of the proof are the representation of solutions of the Cauchy problem (1)

by an asymptotic series, a detailed analysis of the terms of this series, and a proof of the fact that
these terms have certain smoothing properties. The main technical difficulty (compared with [7]) is
the proof of these smoothing properties for M > 1. Theorem 2 follows from the above-mentioned
representation. Theorem 1 requires an additional analysis of the remainder of the series as well as
the proof of some additional results from functional analysis and function theory.

3. Discussion. 1. Condition (2) means that the bicharacteristics corresponding to aj intersect
the level surface ak = 1 with order not exceeding M .

2. The estimates for solutions in Theorem 1 are the same as the estimates for solutions of
strictly hyperbolic equations. In general, the loss of (n − 1)|1/p − 1/2| derivatives in Lp spaces is
sharp (say, if the singular support of the integral kernel of the propagator is (2n− 1)-dimensional).
In [8], these estimates were improved in a number of cases depending on the geometry of the wave
fronts of the propagators. Such estimates are important in the analysis of nonlinear equations as
well as in other problems in harmonic analysis.

3. Using the asymptotic representation of the solution of the Cauchy problem (1) and methods
of harmonic analysis, from the Lp estimates in Theorem 1 one can derive Lp-Lq estimates as well
as estimates in Lipschitz, Hardy, and other function spaces (see [8]).
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4. We note that the estimates in Theorem 1 can also be obtained for operators A depending
on time. However, condition (2) changes and no longer has a clear geometric interpretation.
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4. L. Hörmander, Acta Math., 127, 79–183 (1971).
5. V. Ya. Ivrii, Funkts. Anal. Prilozhen., 16, 101–108 (1982).
6. R. Melrose, Invent. Math., 37, 165–191 (1976).
7. G. Rozenblyum, Zap. Nauchn. Semin. LOMI, 96, 255–271, 311–312 (1980).
8. M. V. Ruzhansky, Uspekhi Matem. Nauk, 55, 99–170 (2000).
9. A. Seeger, C. D. Sogge, and E. M. Stein, Ann. of Math., 134, 231–251 (1991).

St. Petersburg Branch of V. A. Steklov Mathematical Institute (POMI)
Imperial College, London
e-mail: ivk20@maths.bath.ac.uk
Imperial College, London
e-mail: ruzh@ic.ac.uk

Translated by I. V. Kamotski and M. V. Ruzhansky



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


