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Abstract

We consider a class of of massless gradient Gibbs measures, in dimension greater or equal
to three, and prove a decoupling inequality for these fields. As a result, we obtain de-
tailed information about their geometry, and the percolative and non-percolative phases
of their level sets, thus generalizing results obtained in [24], to the non-Gaussian case.
Inequalities of similar flavor have also been successfully used in the study of random inter-
lacements [27], [21]. A crucial aspect is the development of a suitable sprinkling technique,
which relies on a particular representation of the correlations in terms of a random walk
in a dynamic random environment, due to Helffer and Sjostrand. The sprinkling can be
effectively implemented by studying the Dirichlet problem for the corresponding Poisson
equation, and quantifiying in how far a change in boundary condition along a sufficiently
“small” part of the boundary affects the solution. Our results allow for uniformly convex
potentials, and extend to non-convex perturbations thereof.
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0 Introduction

A considerable effort has recently gone into understanding various strongly correlated oc-
cupation fields and their associated percolation phase transition, originating in the works
[26] and [27], see also [21], on random interlacements, leading up to a series of recent ar-
ticles [9], [8] [22], and [25], which provide a very detailed picture of the geometry in the
(strongly) supercritical regime, for a broad class of models and under a rather general set
of assumptions. A common feature among all of these works is their crucial reliance on the
availability of a so-called decoupling inequality, which is a certain way to quantify the de-
cay of correlations, for models with long-range dependence, with far-reaching consequences.
The purpose of this work is to derive such a correlation inequality for convex gradient in-
terface models (and non-convex perturbations thereof), in all dimensions d > 3, see for
instance [11], [29] for an introduction to the subject, thus generalizing results obtained
in [24], see also [20], to the anharmonic case.

Let us explain the essence of the decoupling technique more precisely. Suppose that
p is a gradient Gibbs measure on Z%, d > 3, obtained as the weak limit of a sequence
of finite volume approximations, with 0-boundary conditions (i.e., zero tilt), and ¢ the
corresponding canonical field, see Section 1 for precise definitions. For now, the reader
may think of the interaction potential V' = V (V) as being a uniformly convex two-body
interaction. Formally, u is a probability measure on ) = R%', with

(0.1) dp(p) ox e P 2eny Vee=00) o with ¢ < V" < ¢, for some ¢, ¢ € (0, 00).

We will typically set 8 = 1 and omit it from the notation, but our setup will allow more
generally for (finite-range) multi-body interactions, subject to a suitable random walk
representation condition, in order to eventually handle the case of non-convex perturbations
(for which /5 becomes relevant). For a massless p as in (0.1), it has been known at least
since the work of Naddaf and Spencer [19] that correlations have slow polynomial decay,
ie. E,lpupy] ~ |z —y[*? as |[x — y| = oo. More generally, if f = f((ps)zes) and
9((py)yes’) are two local observables, with f,g € L>(Q2), S = B(x, L), the {*-box around
x and S" = B(a/, L), with |z — 2’| = RL, for some large R, then one cannot hope for a
better bound than

(0.2) Cov,(f,g) ~ R

(see for instance Prop. 1.1 in [20] for a precise statement in the Gaussian case V(n) = n?).
In particular, if one thinks of R as a being large, but fixed, and sending L — oo, this does
not decay at all.

As we now explain, the situation can become drastically different, if at least one of
the observables depends monotonically on some external parameter, and one is willing
to adjust this parameter a bit, an idea often referred to as sprinkling in the literature.
Specifically, suppose that f = f" = 144, where A"(y) is an increasing event, measurable
with respect to the occupation variables (1{¢, > h}.cs) at level h, for some h € R, then
our main results, cf. Theorem 2.1 and 4.6 below, imply that

(0.3) Eu[f"g] < Eu[f"™]- Eulg] + llgllze - 8s,5(c)

and the error term dgg(-) can for instance be made as small as e L% if ¢ > R7?, for some
a, > 0 (under the assumptions preceding (0.2)). Note that (0.3) is quite sharp, for if ¢



is increasing in ¢, then the left-hand side of (0.3) is bounded from below by E,[f"]-E,[g],
due to the FKG-inequality (which holds for x as in (0.1)).

We now describe the mechanism behing our sprinkling technique. The inequality (0.3)
amounts to saying that the conditional law E,[f"|Fgs/], where Fg = o(p,,x € 5'), is
suitably close to E,[f"¢]. In the Gaussian case, see [24], and also [20], this comparison is
made reasonably straightforward by harnessing the fact that the Gaussian free field (GFF)
in A C Z¢ with A D S’ admits the decomposition

GFF on A\ S’ with b.c. ¥

0.4
(04) ™ GFF on A \ S" with 0 b.c. + harmonic extension of ¥ to A\ 5,

which readily yields an explicit formula for conditional distributions (due to the Gibbs
nature of u, conditioning on Fg manifests itself as a boundary condition). A considerable
effort is devoted to finding a suitable replacement for this Markovian structure of the GFF
(incidentally, similar issues were faced in [18] for the analysis of fluctuations in a bounded
domain in dimension 2, cf. in particular Theorem 1.2 therein). One is naturally led to
wonder how close the GFF and the anharmonic model really are, see Remark 5.5, 2), for
more on this.

Our approach for general pu, developed in Section 2, see in particular Proposition 2.4,
is based on an interpolation argument, by which the field yj5¢ (0;5" stands for the inte-
rior boundary of §’), felt in A \ S” as a boundary condition upon conditioning on Fg, is
progressively replaced by an independent copy ¢jss. This interpolation has undesirable
properties, since ¢ is signed, thus blending it in will generically not act monotonically to-
wards producing a desired (upper, in our case) bound for E,| f"Fs]. The idea is that this
problem can be controlled by introducing a balancing effect, by which the field on A, the
outer boundary of A, is given a slight “push” upward by &, which is carried through A due
to the gradient nature of p. Crucially, the competing influence of the varying boundary
conditions along 0,.S” and A can be quantified using the Helffer-Sjostrand representa-
tion [15], which has already enjoyed great success in the analysis of this model in the past,
cf. for instance [19], [12], [7], and [13]. This representation allows to effectively rephrase
the problem as studying the effect of varying boundary data on the solution of a certain
discrete elliptic problem in A’ = A\ S” (which the reader should regard as the analogue of
the harmonic extension in the Gaussian case), and, representing this solution probabilisti-
cally, one can achieve the desired balance by controlling a single quantity, ¥, = ¥, (S5,.5"),
which we call (probabilistic) cross-section of S’, viewed from S, defined as

PV [Hg < Hye
(0.5) YA(S,S") = sup sup — [5 5 ) :
z€S ¢ 1 — Pm%’ [HS/ < HAC]

where ng};’g denotes the annealed law of the associated random walk (which is a jump
process among random time-varying conductances, cf. Section 1) started at = (with initial
field configuration ¢ and boundary data &, which determine the evolution of the environ-
ment) and Hg denotes the entrance time of the walk in K CC Z? The cross section
YA (S, S5") can be seen as the correct way to measure the size of the boundary 9,5” relative
to OA, as seen from S, and it admits suitable bounds as A * Z? in case the environment
is uniformly elliptic, which follows from our assumptions on V' in (0.3). While convenient,
this assumption could probably be relaxed, as discussed below in Remark 5.5, 1).



As it turns out, the interpolation becomes unbalanced, and thus the sprinkling by &
ineffective, roughly when either ¢ o5 OF @) o5 ATC of the order eX,(S,S’)~t, which is at
the origin of the error term dg ¢ appearing in (0.3). Note that sharp upper bounds on the
cross-section Yy, as A 7 Z?, are key here because one typically thrives for a regime where
eXA(S,5)7t > 1 (to make the sprinkling effective), while keeping € as small as possible.

Bounding dg ¢ suitably is the subject of Section 3, and the Brascamp-Lieb inequality [4]
provides a well-needed concentration estimate to this effect (note that controlling the mean
is not an issue because we have zero tilt). For many applications, including those discussed
below, the control on the error term dgg needs to be relatively tight, which will follow
from sufficiently careful comparison estimates between hitting distributions under Pgﬁ;’g()
and those of simple random walk. Our corresponding results are in fact quenched, but
annealed estimates would suffice.

The inequality (0.3), c¢f. Theorem 2.1, has a host of applications, and in particular,
far-reaching consequences regarding the geometry of the level sets of ¢. Notably, see
Theorems 4.4, 4.8 and 4.9 below, we identify A, and h_ satisfying —oo < h_ < hy < o0,
such that

for all h > h., the connectivity function P, [x N y|, referring to the probability
(0.6) that x and y are connected by a nearest-neighbor path along which ¢ > h, has

stretched exponential decay in |y — x|,
and, assuming that p is translation invariant (which does not seem a-priori clear),

for all h < h_, the set {x; ¢, > h} has a unique infinite cluster, on which large
(0.7)  balls obey a shape theorem, and on which simple random walk satisfies

a quenched invariance principle

(we refer the reader to Section 4 for precise statements). Results as in (0.6) are by now
routinely obtained by pairing inequality (0.3) with a suitable static renormalization scheme.
This circle of ideas goes back to [26] and [27]. Moreover, (0.7) follows from our decoupling
inequality (actually an improved version, cf. Theorem 4.6 below), in conjunction with the
recent works [9], [8] [22], and [25]. The thresholds A, and h_ are conjectured to be equal
(and corresponding to the critical point for percolation), which is an open problem, even
for V(n) = n*

Finally, we extend some of our results, and in particular (0.6), see Theorem 5.4, to
the case where V' is perturbed by a sufficiently small non-convex two-body potential g
with compact support (see (5.1), (5.3) for precise definitions) and at zero tilt, i.e. one sets
V =U+gin (0.1), with U uniformly convex. Examples satisfying our assumptions include
e Vi = (n? + %)6_772, which has a double well, and e~V = fp(d/{)e_“”Q, a ‘log-mixture’
of Gaussians, with p compactly supported on (0, 00), at zero tilt, which was studied in [2],
[3] to show in particular that for suitable choice of p, the gradient Gibbs states on Z? are
not uniquely characterized by their tilt, in contrast to the convex case [12].

The key towards obtaining a decoupling inequality for non-convex p = pg, which is
a basic observation in many renormalization-group type arguments, and which was used
in [5] in the context of Ginzburg-Landau models, is that one typically gains convexity by
integration. Specifically, the restriction fig of ug to, say, the even sublattice (Z¢ is bipartite),
can be described by a conver Hamiltonian, if ¢ is sufficiently small (as parametrized by
£ > 0, the inverse temperature). While still retaining a gradient nature in the even spins,
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the effective Hamiltonian describing the even field is not given by a two-body potential
anymore, as integrating an odd variable (note that these are conditionally independent
given the even field) “mixes” the interaction between all neighboring even spins. However,
our methods are sufficiently robust to handle the resulting many-body potentials, and we
obtain a decoupling inequality for fiz (at sufficiently small /).

This paper is organized as follows. In Section 1, we introduce our setup and collect
some useful tools regarding Gradient Gibbs measures, including in particular, the Helffer-
Sjostrand representation, see Lemma 1.2. Sections 2 and 3 are devoted to the implemen-
tation of our sprinkling technique, and the estimate of the arising error term, respectively.
The central results are Proposition 2.4 and Lemma 3.4. Together, the two readily imply
our first version of the decoupling inequality, Theorem 2.1. Section 4 discusses some appli-
cations to the geometry of the level sets of u. First, we set up a renormalization scheme,
much in the spirit of [27], which leads to stretched exponential decay of the connectivity
function at large heights, see Theorem 4.4. This result is mainly included to later allow for
a slightly different error term in our decoupling inequality, see Theorem 4.6, thus making
it amenable to the setup of the recent works [9], [8] [22], and [25], and yielding a number of
results in the “strongly supercritical regime,” i.e. when h is sufficiently small, see Theorems
4.8 and 4.9. Finally, Section 5 deals with extensions to the non-convex case.

A final note regarding our convention with constants: ¢, c,c”,... denote positive con-
stants, possibly depending on d, the dimension of the space, which can change from place to
place. Numbered constants are defined where they first appear and stay fixed throughout.

Acknowledgments. The author thanks Marek Biskup for useful discussions, and the
FIM at ETH Zurich and Alain-Sol Sznitman for their hospitality during the summer of
2016, during which part of this research was completed.

1 Preliminaries

We now introduce the measures of interest, along with some notation. We formulate a
somewhat general set of conditions for gradient Hamiltonians which guarantee a Helffer-
Sjostrand random walk representation in finite volume, akin to the one developed e.g.
in [7], [13], see also the monograph [11], for nearest-neighbor two-body potentials. In
particular, the specifics of the Hamiltonian are completely irrelevant for the construction
so long as it has the required continuous symmetry with respect to shifts (i.e. a gradient
nature), and satisfies a suitable convexity assumption. Our setup allows for many-body
interactions satisfying a suitable random walk condition, which will prove useful when
treating non-convex perturbations in Section 5, see also Remark 5.2 below.

We consider the lattice Z? and assume tacitly throughout that d > 3 . We write
A CC Z% to denote a finite subset. We assume that there exists ' CC Z¢ with the
property that 0 ¢ ', T' = —I' (= {—z;x € I'}), and require that all x € Z¢ can be written
as T = Y ..o, Yi, for some n > 1 and suitable y; € I'. The set Z? is endowed with the
(oriented) edge set & = {(x,z + y);z € Z?,y € T'}, which satisfies & = —&. Given an
edge e € &, we write x(e) and y(e) for its endpoints, such that e = (x(e),y(e)). We
often use x ~ y instead of (z,y) € & We write G = (Z%,&), endowed with its graph
distance | - |, and balls B(z,L) = {y € G;|y — 2| < L}, for z € Z*, L > 1. We also use
| - |, to denote the usual ¢P-distance on Z¢. For a set A C Z<¢, we define its outer vertex



boundary OA = {z € Z*\ A; 3z € Ks.t. (z,2) € &}, let A = AUOA and &\ = JA°, where
A¢ =74\ A. Given A CC Z%, we write Gy = (AUOA, &) for the induced subgraph where
&y C & consists of all edges having at least one endpoint in A.

Let Qy = Qu, for A cC Z¢, and Q = de, endowed with their canonical o-algebras Fjy,
resp. JF, and canonical coordinates ¢, : Q — R, w +— w(x), for z € Z¢. We write

(1.1) Vo(e) =y, — ¢z ife=(z,y), e €&

for the corresponding discrete gradients. We will also consider QA = {0, 1}4, Q= de,
endowed with canonical o-algebras F As F , and canonical coordinates Y,, x € Z.

We consider a family {Vx}xep of potentials indexed by unit balls in G, ie. B =
{B(x,1);z € 2%}, and Vx : R®) — R, where &(X) = {e € &; z(e) = 2}, if X =
B(x,1), are the edges emanating from x. For each A CC Z¢ a Hamiltonian Hy(yp) is
specified in terms of the potentials {Vx}xep as

(1.2) Hip) = D Vx((Ve(e))eesx))-

XEB:XNAAD

Our interactions are subject to the following conditions. For a € Z2, let X +a = {z+a;z €
X} and 7,(Vyx) : RE@HX) — R, be defined as 7,(Vx)((V(e))ees@rx)) = Vi (Ve +
a))ecs(x)), with e+a = (z+a, y+a) if e = (z,y). Denoting by C** the space of C*-functions
with a-Holder second derivatives, and abbreviating 0, = 9/0¢,, 8§7y = 0?/0p,0p, we
require that there exist ¢y € [1,00) and a > 0 such that, for all X € B,

(1.3) smoothness: Vyx € C**(R*™) R,),
(1.4) symmetry: Vx(n) = Vx(—n), n € R,
(1.5) translation invariance: Vx,, = 7,(Vx), a € Z¢,

uniform convexity: c5' < — Z 2, Vx((Ve(e))ecsx)) < co, (,y) € &,
(]_6) XeB:XD{z,y}

and 92 Vx ((V(e))eecsx)) = 0, for all z # y with (z,y) ¢ &.

Remark 1.1. The potential Vx allows for a joint interaction between the gradients of ¢
along all edges joining x to its neighbors in G. Choosing I' = {z; |z|; = 1} (with | - |; the
usual £*-norm on Z%), and defining, for X = B(x, 1),

(1.7) Vx((Ve(e))eesx Z V(Vel(e

for symmetric V € C**(R,R,) with ¢;' < V" < ¢, yields a potential satisfying (1.3)-
(1.6), a special case the reader may wish to focus on at first reading. In view of (1.2), (1.7)
yields the usual two-body Hamiltonian considered in the introduction, cf. (0.1) and (1. 2)
below.

From (1.6), (1.2), one sees that for A CC Z¢, z € A,

(1.8)  ¢g' < =07, Ha(p) < co, if (z,y) € &x, and 92 Ha(p) = 0, if (z,y) ¢ &, x # y.



Moreover, the gradient nature of H, implies that, for any x, Hx(¢) = Ha((¢y — ¢s)y), and

thus, differentiating with respect to ¢,, that ) aHA(“’) = 0, hence, in view of (1.8), for all
x €N,
(1.9) 02 Ha(p) == > 02 Halyp

Yy~

In particular, (1.9) yields that, for any f:Q — R with f(z) =0, for x ¢ A,

(1.10) (. HA(@) ) = 5 S (0%, HA@) () — £ ()"

TH#Y

We now introduce the measures of interest. Given £ € €2, we define Hf\ 0y — R as

(]']'1) H/g\((pA) - HA(()O)‘(p:gon AC”®

We will often omit the subscript A in ¢, minding that Hf\ is viewed as a function on 2,.
Associated to HY is a (Gibbs) probability measure ,ui 5 on (€24, Fa) at inverse temperature
£ > 0 and with boundary condition &, defined as

J -
(1.12) 1 p(dp) = ——e D [ de,

where dp, denotes Lebesgue measure on R and Zf\ 5 Is a suitable normalizing constant

(that the relevant integral converges follows from uniform convexity of H& (), see (1.10)
and (1.8), together with Taylor’s formula, implies that

(1.13) liminf [ (¢)/ |13 > 0
@|2—00

With the exception of Section 5, where g > 0 will be a perturbative parameter, we will
set 8 =1 and omit it from the notation. We write Eug for expectation with respect to
AB
uiﬁ and denote by (-, >§\5 the scalar product in L2(,u§\75). Occasionally, we will tacitly
identify ui’ﬁ with the corresponding measure Viﬁ on (2, F), defined such that uiﬁ(A) =
1//5\75(14 X Epe), for A € Fy.
We recall several useful properties of the measures ui 5, which will be used throughout.

From the Gibbsian nature of ui’ﬁ, cf. (1.2) and (1.12), one infers that, for A CcC Z< and
S" C A, recalling that Fsr = o(p,,x € 5'),

(1.14) B, C1Fs) =Eeve (), i e
where
§oy TEA
1.15 V=
( ) 6 ¥ {pr, re s,

The right-hand side of (1.14) defines a regular conditional probability for the measure ui, 8
conditioned on ¢,, © € S’, denoted by ,uf\ﬂ(~|goz,:c € S’). Moreover, ,uiﬂ satisfies the
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following domain Markov property. Namely, with 81(2)5’ = {x € §';dg(x,S5"°) < 2}, using
(1.2) and the fact that Vx € Fx, one has that

the fields (¢;)zen\sr and (¢z) sno@ g Bre (conditionally)
(1.16) :
independent under uiﬁ(-kpx, S 81(2)5').

We now review the Helffer-Sjostrand representation for the covariances under the measure
ui 5- One naturally associates to ,uf\ 5(dyp) the second order differential operator

def. £ (4 € 0
(1.17) L§ 4 ePHR( ZGZA&%[ ~BHj (¢ >8%]

with domain

(1.18)  Dom(LY) = {f € C*(Q,R); sup |0f (x, ¢)|e =29l < o0, for some & > 0},
PEQA

with the notation 0f(x,p) = df(¢)/0ps, for x € A. We also set the df(x,p) = 0, for

f e CYQn,R), x ¢ A, which will be used throughout the paper. The point of the definition

(1.17) is that L§ is symmetric with respect to ,uiﬂ, ie.,

(119)  (f.—Lig)is =D (0f(z.9).99(x,9))5 5 = (—Lif.9)54 for f.g € Dom(L}),

zEA

which follows from integration by parts and (1.18), (1.13). Rewriting L = EmeA[a—i -

3
¢
méA(SD) S2], cf. (1.17), one may view L5 as the generator of the finite-dimensional diffusion
P P

process described by the stochastic differential equation

(1.20) {dq’t@) — —QHS(®y,2)dt + V2dB,(z), =€ A

(I)t<x> = f:lh x ¢ A7

where (B;(y))t>0, ¥ € A, are independent Brownian motion. Due to assumption (1.6), the
drift coefficients in (1.20) satisfy the growth assumptions of classical SDE theory (see for
instance [16], Ch.5, Thm. 2.9), which yields that (1.20) has a (unique) strong solution, for
given initial condition. We denote by PA5 the canonical law on C*(Ry, QN {¢|,. = &})
of the solution to (1.20) with starting pomt ®y = ¢, and by EAf the corresponding
expectation. _
Let F,G € Dom(L{)(C LQ(uiﬁ)). We wish to compute COVMiB(F, G) = EMiB[FG]’
with G = G — E ¥ B[G]. Proceeding as in the proof of Lemma 2.1 in [7], but under the

general assumpmon (1.3), (1.6) above replacing (2.2), (2.3) in [7] (the precise form of the
Hamiltonian H) is irrelevant in the proof), one deduces that the equation

(1.21) —I5U =G
has a unique classical solution U € C**NDom(L}) satisfying E.s ) [U] = 0, where Dom(L5)

is the domain of the closed self-adjoint extension of —L§ to LQ(,LLi 5)- Thus,

(1.22) Cov,e (F,G)=E; [F( (—L5U)] ZEg [OF (z, 0)0U (z, )],

zEN



where the last step follows from (1.17) and integration by parts. One seeks a probabilistic
representation for OU(x, ). Note that, defining

(123) ai,y(@) = _[8x8yHA<(p)]|¢:g on ACY for <x7y> € éa/h

and with the convention U (z, ¢) = 0, z ¢ A, one has, for z € A,

0p (LU = =0, Y _[02U — (9,H3)(9,U)]

yeEA
(1.24) .
= ~L5(0.0) + > (0.0, F)@,0) E ~L@0:U) = Y af,(2)O,U ~a.U).
yeA y:(z,y) €60

Thus, introducing the operator Qf\#’, acting on functions f: AUOJA — R as

(1.25) QN = D al, (@) (fly)— f(x)),

y:(z,y)€EEN

one obtains from (1.21) and (1.24) that u(z,¢) = 0U(x,p) solves the boundary value
problem

(1.26) {<_$A£)“<xv p)=0G(z,9), we€A e,

u(zx, p) =0, x € N p € Qy,
where we have defined
(1.27) Ly f,0) = (Lyf (2, ))(9) + (Q37F( ) (@), z €A p ey
with domain
(1.28) Dom(Zf) = {f: Z4 x Qy = R; f(x,-) € Dom(L{).z € A, f(y,-) =0,y € A°}.

The operator Qi’“" is the generator of a pure jump process on Gy, since ¢;' < aiy((p) =
a5, (p) < ¢ for all (z,y) € &, as follows from (1.25), (1.23) and (1.8). Hence, using
the symmetry of a§ (p), one deduces from, (1.27), (1.19) and (1.25) that for all f,g €

Dom(.Z).

E(f.9) = (fl@, ), (~Zig) (@, ) s

zEA
(1.29)
= (0f(x,9),09(x, )5 5 + % D 500 (PIVF (e, 0) Ve, @)
zeEA eEEN

where Vf(e,¢) = f(y,¢) — f(z,9) if e = (z,5), for f € Dom(.Z}), induces a Dirichlet
form on the Hilbert space L?(k ® [t} ), With k£ the counting measure on A. Thus, see for

instance [10], the closure of £ in L?(ky ® ui,ﬁ) is the generator of a symmetric Markov
process (Xi, ®;)i=0 on A x Qf, where Q§ = QN {p,. = £}. We denote by PY¢ the
canonical law of this process with starting point (Xo, ®9) = (7, ) € A x Q5 on D(R,A) x

CO(R,,Q5), endowed with its canonical o-algebra, where D(R, A) denotes the space of
right-continuous trajectories on A. Because of the specific form of the generator .,Sf[f , cf.
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(1.27), one can construct the process (X¢, ®;)i> by first generating the “environment”
(®;), solution of the Langevin equation (1.20), and then constructing the jump process
(X}); with time-dependent transition rates
(

1.30) an(®) = {a5,(®,);t > 0, (z,y) € Er},

m7y

with a§ ,(-) as defined in (1.23). We use
(1.31) Hy =inf{t > 0; X, € K}, 7x = Hge, for K C Z,

to denote the entrance time in K, resp. exit time from K. Having identified (Z/f as a
generator, returning to the boundary value problem (1.26), we deduce that u admits the
following probabilistic representation. Recall the convention df(y, ) = 0 for y ¢ A and
f WAREY A — R.

Lemma 1.2 (Helffer-Sjostrand representation formula).

The solution u : Z% x Qx — R of (1.26) can be expressed as

TA — o
(1.32) u(z,p) = Egﬁf [/0 OG( Xy, Op)dt|, x €A peQy.

Moreover, for any F,G € Dom(L?,), one has

(1.33) Cov,e (F.G)=" /O dtE, ¢ [OF (x, ®0)0G (X, ®,)1{t < 10},

Ap
zEA
where Px,uf\,ﬁ (= Miﬁ(dgo)Pgﬁé&[.] is the law of (Xy, ®y); with initial distribution (Xg, ®g) ~
Proof. The representation (1.32) follows from an application of the optional stopping the-

orem, mimicking the proof of Prop. 2.2. in [7], and (1.33) is an immediate consequence of
(1.32), (1.22), recalling that G — G = Euf\g [G], and applying Fubini’s theorem. O

An immediate consequence of Lemma 1.2 is a comparison estimate for moments of
¢ under ui 5 with moments of the corresponding Gaussian free field on G. Let ui’fﬁ be

obtained from (1.12) by setting Ha(p) = 5= > oc s, (Vio(e))? in (1.11), (1.12), with ¢y from
(16).

Lemma 1.3 (Brascamp-Lieb inequality for exponential moments).

For all A CC Z%, v € Qy, setting p = ¢ — Euiﬁ[w], one has

Lvar ¢, v,
(1.34) E p |:€<V,¢>Z2(A)i| S 62 H?\’,B(< ¢>22(A))
W}
Proof. On account of (1.33), the proof of (1.34) is analogous to that of (4.13) in [11]. We
omit the details. O



Remark 1.4. The Gibbsian specification of Hy in terms of {Vy}x will enter when dis-
cussing the limit A 7 Z? below. But Lemma 1.2 continues to hold if one replaces (1.2) and
conditions (1.3)-(1.6) by requiring that H, : Q@ — R be measurable with respect to Faug,
where B D OA is a finite set, and satisfy the following requirements: H, € C%%, for some
a > 0 (smoothness), Hx(¢) = Hx(¢ + C), for all C' € R (gradient structure), where, with
hopefully obvious notation, ¢ + C' is obtained from ¢ by shifting all coordinates by C' and
o' < =02, Hx(p) < co, if (z,y) € Ga, 2, Hap) =0if (z,y) ¢ &, © # y (convexity). [

We now introduce a suitable class of infinite-volume measures (or equilibrium states,
in the jargon of statistical mechanics). We will consider weak limits of measures ui,ﬁ as
Gr /G = (2%, &). Henceforth, in writing (A,),>0 / Z¢, we always refer to an increasing
sequence of finite subsets of Z? whose union is Z¢. Let M'(Q) be the set of probability
measures on €2, and define #3 = #3({Vx}x) as

Wy = {pn € M (Q); there exists (A,)ns0 /2%,

(1.35) _ 0w
with Gy, connected, for all n > 0 s.t. py 5 — p}.

To see that #5 # ), note that, denoting by g*(z, y) the Green function of (continuous-time,
with exponential holding times of parameter 1) simple random walk on G = (Z4, &), see
(1.37) below, and g} (z,y) that of simple random walk on G, killed upon hitting A, one

has for instance, using (1.34), minding that E o B[gom] =0, for all x, due to (1.4), that
A

(1.36) Sup sup EMRB[Q%] < e39a®7) < 0597(00) ~ o
Az ’

(since d > 3, and G has bounded geometry), from which one easily deduces that the family
{1} 53 A CC Z%} (tacitly viewed as measures on (€2, F)) is tight.

We conclude this section with some elements of potential theory for simple random
walk on G. We denote by P the law of continuous-time simple random walk on G, started
at x, write (Z;):>o for the corresponding canonical process and

(1.37) g9 (x,y) = E} [/ dt1{Z, = y}], v,y € Z¢,

0
for its Green function. For U CC Z?, we define the equilibrium measure of U as
(1.38) ¢ir(y) = Py[Hy = olyev,

with Hy = inf{t > 0;Z, € U and 3s € (0,t) s.t. Z, # Zo} the hitting time of U, and the
capacity of U

(1.39) cap”(U) = > _ep(y),

which satisfies the variational principle (see for instance [28], Prop.1.9)
1

1.4 * =

(1.40) cap”(U) inf{ £*(v); v a prob. meas., supp(v) C U}
where

(1.41) where E*(v) = Z v(z)g*(z,y)v(y) = (v, G*V) e ),

:B7y

with G*v(z) = > G*(z,y)v(y) the energy associated to the measure v. The unique
minimizer in (1.40) is v = €}, = e}, /cap*(U), i.e.

(1.42) cap*(U) = E*(e;) 1.
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2 Sprinkling

We proceed to the first and main result of this paper, which is a decoupling inequality for
measures p € #j3, cf. (1.35), stated below in Theorem 2.1. This result is proved over the
next two sections. The main issue, as explained in the introduction, see also Remark 2.3
below, consists of finding a suitable way to “sprinkle the field,” and is presented in this
section, cf. Proposition 2.4.

We begin by introducing a key quantity that will eventually control the entire sprinkling
technique. Recall the definition of P§4% above (1.30). Given A CC Z? and a target set
S’ CC A, setting A’ = A\ S, we define the (probabilistic) cross-section of S" with respect
to x inside A as

PIY S Hg < Hy|

Ya(z,8") = sup sup , for x € A, and

(2.1) €60 yeot, 1 — PIYS[Hy < Hyel
YA (S, 5") = sup X (z,S'), for S C A
zes

(recall that Hg, K C Z4, refers to the entrance time in K for the random walk X, cf.
(1.31)). The killing outside A will soon be removed by letting A ~ Z? and the resulting
quantity (S, S"), see (2.2) below, will later play a pivotal role. Note that 3, (.S,S") < oo
whenever S NS = ().

Henceforth, in writing g € #, we mean that p € #3_1({Vx}x), cf. (1.35), for some
family {Vx}x of potentials satisfying (1.3) - (1.6). The parameter 5 = 1 will be omitted
from all notation. Finally, if A* C Q satisfies A" € o(1{p, > h};z € S), h € R, then
there exists a unique event A C Qg such that A" = {(1{py > h})secs € A}, for all h € R.
Conversely, if A C Qg is given, we define A" = {(1{, > h}),cs € A}, h € R.

Theorem 2.1. (¢ >0,heR, pe¥)
Let (An)nso be an increasing sequence of finite subsets of Z* such that Ly 2w, and

suppose ) # S, 8" CC Z2 are disjoint. Then, with

(2.2) 2 =58, 9, (An)nso) < liminf £y, (S, S),

n—o0

one has, for all increasing A" € o(1{¢, > h};x € S) and all bounded continuous functions
f:Q—[0,00) satisfying f € o(p.;x € 5'),

(23) B[l /] < pl(A") B[f] + 5,96, 9) - I oy
where

, cap*(S’) c 2
and
(2.5) o (S, 8") = sup supyes 9* (2, y)

zeSs infyeS’ g*(:L‘, y) .
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Remark 2.2. 1) (Sharpness of (2.3)). In case f is increasing in ¢, a companion lower bound
to (2.3) can be obtained from the FKG-inequality, which is an immediate consequence of
(1.33), yielding E,,[14n - f] > u(A") - E,[f] (note that p(A") < u(A"#)).
2) (Error term). The size of 65 ¢/(e,X), cf. (2.4), hinges on a careful balance between the
sprinkling parameter € > 0, the geometry of S, S’, and their relative size, as measured by
the cross section X, which enters as an “invisibility” condition for the walk P%‘J,, see (2.1):
the smaller X is, the better the error term dg¢. This is reminiscent of the Gaussian case,
cf. the discussion following (0.4), and also [24], (2.30) and (2.31), where one could roughly
afford to choose € > 0 as

£ ~ sup E;[cszS/l{Hs/ < oo}l

zes

3) A somewhat different error term, more desirable for certain applications, is derived
below in Theorem 4.6. Its proof relies however on Theorem 2.1.
4) An analogue of (2.3) holds if A" is replaced by a decreasing event B" satisfying the
same measurability assumptions as A". In that case, defining the ‘flipped’ event B =
{w/; w € B}, where w/ is obtained from w € {0,1}° by changing all the entries, noting

that u(B") = M(E_h), which follows because ¢ and —¢ have the same law under pu, cf.
(1.4), and applying Theorem 2.1 to the increasing event Eih, one obtains

(2.6) E,[Lps - f] < p(B™%) - B, [f] + 6552, ) - | fl (0.

The proof of Theorem 2.1 hinges on two key results, Proposition 2.4 and Lemma 3.4.
The former, of independent interest, contains the gyst of the decoupling argument for
conditional distributions of gradient measures. Its proof is the main object of this section,
and makes crucial use of the Helffer Sjostrand representation. The decoupling gives rise
to a certain error term, which eventually leads to (2.4) above, and needs to be controlled.
This is done in Section 3. Together, the two results will readily imply Theorem 2.1. Its
proof is found at the end of Section 3.

We now investigate certain conditional distributions of p € #. Throughout the re-
mainder of this section, we assume that S, S, A CC Z< satisfy

(2.7) SUS ' cA, SNS" =0, Aeo(Y,;x €S)is increasing, and h € R.
Consider
(2.8) Z"(psr) = pg (A",

where 0V ¢ specifies the boundary condition for A’ = A\ S, cf. (1.15), which vanishes on
A€ and equals ¢ on S’. As explained around (1.14), Z"(pg) represents a choice of regular
conditional distribution, i.e.

(2.9) Zh(@S/) = Eu%(Ah| Pz, T € S/)

Assume henceforth that w = (p,9) € Q x Q is distributed under QR (= p4 @ k) as
two independent copies of the field ¢ under 9. Roughly speaking, we aim to show that
for a suitably defined (good) event G = G(g,5,5,A) C Q x Q, one has {Z"(ps) >
Zh=#(ps)} € G¢, in such a way that G has high probability whenever S’ is sufficiently
invisible, i.e. whenever the cross-section X, (S, S’) is sufficiently small. This is essentially
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the content of Proposition 2.4 below. The control for the probability of G¢ in terms of ¥
is deferred to the next section.

The proof involves an interpolation argument relying on the Helffer-Sjostrand represen-
tation, which we set up next. For ¢ € [0, 1], we define the (random) interpolated boundary
condition &“(t) = (£2(t))., for w = (p, @), z € (A')*=A°US’ and € > 0, as

te, xr € A
(1—t)ps + (0, +2), v,

(2.10) & () = {

noting that {(0) = 0V ¢ and £¥(1) = (0V @) + ¢ (where, with hopefully obvious notation,
one adds ¢ to each component of £¥(1)), and consider the function, for w = (¢, )

(2.11) TR 0,1] 5 R, ¢ g 0 (A").
To keep the notation light, we will often omit the superscript w from £“(t).

Remark 2.3. It is plain to see that .#y € C''[0, 1] and we will soon show, cf. (2.14), that
it is in fact increasing for “most” w (in a sense to be made precise). This is not at all
evident since the possible decrease in value of the boundary condition along S in (2.10)
acts against the desired monotonicity (A" is increasing in ¢). The idea is that this can
typically, i.e. for “most” w, be controlled by the following balancing mechanism: since the
boundary condition £“(-) only decreases along a sufficiently small portion of the boundary,
S’, as will be quantified in terms of the cross-section Y, the corresponding error can be
absorbed by a slight global upward push of the field, parametrized by e. 0

Recall the definition of P94%, cf below (1.29). For M > 0, let

T, 0
(2.12)
Gf\,M = G?&,M,S,S”(“) = U U {Eg%;gw@ [SOXTA/ - ‘ZXTA/ }XTA’ € 815/} > M}v

teQN0,1] (x,¢")eSx QN
(part of 2 x ), where 7pr = Harye, cf. (1.31), and
(2.13) M.x, =e(X1(S,8") +1), cf (2.1) for the definition of X.

Note that M. 5, > 0 by (2.7). The following proposition comprises the desired “quenched”
monotonicity statement for the function .7} defined in (2.10), (2.11).

Proposition 2.4. ((2.7),e > 0,M < M., ),

o w
(2.14) d(/c?t(w >0, forallt €[0,1] and w € Gy u-
Moreover,
(2.15) {Z"(s) > 2" ()} C G-

Proof. First, note that (2.15) is an immediate consequence of (2.14). Indeed, the latter im-
plies that .Z(0) < .Z{(1) for all w € G pr. Due to the gradient nature of the Hamiltonian,
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cf. (1.2), with a straightforward change of variables, one sees that ;LKT;/(Ah) uf\ o (A9),
for any boundary condition 1, and thus

Wy (211) gw( (2.10) . oy (28) e~
216)  FE(1) L S Ar) Y 0B hy = 0 (400 ) g )
Similarly, (2.10) and (2.11) imply that Z"(¢s/) = .Z4(0). Thus, (2.15) follows.
We now show (2.14). Since d.Z{(t)/dt is continuous, it is enough to prove (2.14) for
t € QN 0, 1], which we assume from now on. With A’ = A\ S, write

(2.17) Hy(0€) € Har((90)wenrs (Ex)agar),

with Hys as defined in (1.2). We view H/(+|€) as a map Q5 — R. Then, denoting by (-)\
integration with respect to Lebesgue measure on {2/, it follows by dominated convergence
from (1.12), with £(t) = £“(¢) as in (2.10), that

d.Fv dra Ne—Hu (¢[E(1)) , —dHx(-E(t
(2.18) £ A[0nl)e Zer ] oy (140, —EALIEO)),
dt dt (e=Har (@€Y o) 5 dt
By convolution with a suitable mollifier, we can arrange for (Fjs)s~o to be a family smooth
approximations of the function F' = 1 4», such that

Fg,amFg,ain(; € C®(Qn) N LX), z,y € N, sup || Fsl|o <1,
(2.19) 5
Fs — F ptw. asd — 0, and 0,Fs >0,z € S, 9,F5 =0,z € A"\ S,

where 0, denotes partial derivative with respect to ¢, (regarding boundedness, taking ks a
(suitably rescaled) standard mollifier with compact support, and setting Fs = ks * F', one
has for instance ||0,Fs|loco = ||(0xks) * Flloo < [[(02ks)|l1 < 00, using Young’s inequality.)
The non-negativity of 0, Fjs is due to the fact that A”"(-) is increasing. To keep the notation
light, we will often write (- ) ) below to denote expectation with respect to u Clearly,
by (2.19) and dominated convergence,

(2.20) (F = F5)?) = (Z{") e v EON(F — F3)?) a0y = 0, as 6 — 0.

We now apply the Helffer—SJostrand formula, cf. Lemma 1.2, to the right-hand side of
(2.18). Note that Fy € Dom(L5"), by (2.19), cf. (1.18), and also G() — —HaCE®)

dt
Dom(Li(,)), as follows from (2.24) below, on account of (1.2) and (1.6). Thus,

Cov ) (F5,G E / dsE ) [0Fs(x,®g) - 0G (X, Ps)1{s < Tas }]
(2 21) xzeN
bi ;ES: <0F5(x,g0) EOY; [ /0 ds&G(XS,QS)DA/,

where the summation is over x € S due to (2.19), (- )5() governs the field ¢', and recall
that &5 = (P4(x))zenr, s > 0, is the (unique strong) solution of the SDE’s (1.20) with
boundary condition ®4(x) = éx( ) for all x € OA" and initial data (®o)|,, = ¢, (X)s>0 is
the jump process on Gy, with generator (1.25) and dynamic conductances given by (1.30)
(with A" in place of A, and & = £(t)), and Pm7“i(/t) denotes the joint evolution of (X, ®;)s>0
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with initial condition Xy, = x and ®, distributed according to ,ui(/t). The application of

the Fubini-Tonelli theorem in (2.21) is justified, for the relevant integrand is bounded in
absolute value by
sup ||0p Fsloo - OG(Xs, ®s)1{s < 7ar},

x'eN’
the first supremum is finite by (2.19), and it follows from (2.25) below, with the help of
(1.6), that the iterated integral F_ Mg(t)[ oV ds|oG(X,, ®,)|] converges (note that E_ LD [7a/]
A A

is finite by uniform ellipticity, since G, is a finite graph). We next separately consider the
function

TAI
(2.22) u(w, ') = EJEY [ / ds 0G(X,,®,)|, € N, ¢ € Qy,
0

appearing on the right-hand side of (2.21). By (1.32), (1.26) (note that 0G(x,p) =

9G(z, ¢), where G := G — (G>f/(t)), u, extended to 0 outside A’, is a classical solution
to the boundary value problem

(2.23) ~ 20 u(z, ') = 0G(x,¢), weN ¢ €Qy,
. u(:L; 90/) = 0, T ¢ A’, go’ c QA/-

The source term 0G(x,¢") can be computed explicitly as follows. First, observe that

(2.24) G(¢') = —dHn ('€(2)) 217) Z M

dt €, Ls(w &),

yEAN

where dot denotes derivative with respect to t. Consequently, for x € A/,

O*Hy (¢'[€) :
€ (t
;A, 090, le=¢() &)

/
(2.25) G (z,¢') = 8%
which, on account of (1.2), vanishes unless z € X for some X € B with X n (A")¢ # 0.
As we now explain, u(z,¢’), z € A’, can be viewed as an .,Sf/f,(t)—harmonic function, i.e. a
solution to the bare Laplace equation ff/(t)u = 0 (without source term), but with non-
vanishing boundary condition. Due to the particular form of (2.25), and keeping in mind
that w vanishes on the boundary, cf. (2.23) (which, along with the last equality in (1.24),
is why the action of Qi(,t)’sal can be expressed as in the second line below, with a summation
over A’ rather than K,), one has, for x € ', ¢’ € Qp/,

(2_23 _g[f ( , /) o aG( /)
(125) e, [ O*H o ( / /

2 _L / y7 - aG {L‘,

(226) (1.27) A GZA/ awma(py o =€ (1) on (A7) ( 2 ) ( © )
(2.25) §),, O?Hy (o / ‘

- i uly, + &,(0) 1, 2.
Z &an@ <P':§(t)on(A’)c[ (y SO) gy( ) y¢A]
yeA’

Thus, defining
(2:27) iz, ') = u(z,¢') + &) Lagar,
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and observing that Lg(,t)u = Li(/ u, since Li(,t)’ is a differential operator on Qu/, cf. (1.17),
it follows from (2.26) and (2.23) that @ satisfies

(2 28) { gff’ U(LIZ‘ QO) 07 MRS A/, QOI c QA/,

i(r, ) = &(1), T ¢ N ¢ €.
Hence, for all x € A/, ¢’ € Qy,

(2.27)

(2.29) u(e, o) = e, o) = BRVx,,, (0)]
(the last equality follows for instance by verifying, on account of (2.28), that M, =
W(Xsnry s Popry, ), s > 0, is a uniformly integrable martingale with respect to the natural
filtration associated to the process (X., ®.), and applying the optional stopping theorem).
Returning to (2.21), with (2.22), (2.29), one obtains, for allt € QN 0, 1] and w € G i
(recall this is the randomness governing the boundary condition £(t) = £“(¢), cf. (2.10)),
keeping in mind that 0Fj(z,¢’) is non-negative, see (2.19), and that A’ = A\ S, so that
X. exits A’ either through OA or 0,5,

TA!

(2.30)
) . £(t)
Cov o0 (B3, G) = 3 (0Fs(r Bl (0)])
zeS
o10) - B o, £(t)
203 (9Fs( ) [PI 1K, €0M = 3 (o= By —2) - PISOIX, =4]])
zeS yeos!
(2.13) (1)
= Z <8F5 Pg’v (t)[ X, €057 [ e3a Egﬁé/’w kpXTA/ — Pxo,, Xy € 8-15']} >A’
z€eS
(2.12) £(t) (2.19)
> (Mg, = M) Y (0Fe PN, €0S8T) 20
zeS

since M < M., by assumption. The third line in (2.30) explains the specific choice of
the cut-off parameter M.y, in (2.13). Finally, returning to .#y, it follows that

AT (2
dt

Cov g(t)(F G) > Cov g(t)(F(S,G) — Covﬂi(,t) (F — F5, Q)

(2-30)
I = Esll ) 1l

(2.31)

where G, = G —E SO [G], using Cauchy-Schwarz in the last step. The claim (2.14) follows
by letting  — 0 in (2 31), using (2.20). O

3 Comparison estimates and the error term

The successful application of Proposition 2.4 hinges on a suitable bound on the probability
of Gf y, cf. (2.12), as A 7 Z%, which is derived in this section, see Lemma 3.4 below. It
relies on suitable estimates for hitting probabilities of random walks among time-dependent
conductances, in terms of the corresponding quantities for simple random walk, which we
derive first, see Lemma 3.1. This lemma is of independent interest, so we state it in
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reasonable generality. Its tailored version is stated thereafter in Corollary 3.2. We will also
need to compare entrance distributions, which is done in Lemma 3.3, in order to obtain
the desired bound on the error term in Lemma 3.4. Theorem 2.1 then follows readily from
Proposition 2.4 and Lemma 3.4. The proof can be found at the end of this section.

We consider a space A of environments on G = (Z%, &), defined as

(3.1) A={a: R, x&; as(e) = ay(—e), cg* <aye) <co, forallt >0, ec &Y,

and write P, x € Z%, a € A, for the canonical law of the continuous-time jump process

x )

with generator

(3.2) Lof(x) =Y ala,y)(fly) = f(2)),

Yyy~zx

acting on bounded functions f : Z¢ — R. We write (X;);>¢ for the corresponding canonical
process. The total jump rate Zm(e):x as(e) out of z at time ¢ > 0 is not normalized, and
the process (X;);>o is usually referred to as variable-speed random walk (among dynamic
conductances). Recall that P’ refers to the law of (continuous-time) simple random walk
on G, which corresponds to the environment a € A with a(t,z) = |T'|7!, for all ¢,z (by
possibly redefining ¢y, we may assume that ¢ > |T'|). Denoting by p®(z, y;t) = P[X; = y]
the corresponding heat kernel, one has from [13], Props. B.3 and B.4, that for all a € A,

a C :
(3-3) (7, y5t) > TV 2 if |z —y| < Vi
! _ lz=y|
(3.4) (7, y;t) < ﬁe lv\}/f, for t > 0,z,y € Z°.

(In fact one has Gaussian upper bounds in the long-time regime, see [6], Prop. 4.2.) The
constants ¢, ¢’ depend on d, I' and ¢y as appearing in (3.1), but are otherwise uniform in
a. From these heat kernel estimates, one classically deduces for the corresponding Green
function ¢%*(z,y) = fooo P?[X; = y]dt, first by restricting the integral to ¢ > |z — y|* and
using (3.3) to obtain a lower bound, or splitting the integral at ¢t = 1 and using (3.4) to
obtain an upper bound, that

c c

< g* <
JESY (z,9) < 1 p—T=

(3.5) e

fora € A, x,y € 7.

The next lemma yields a comparison estimate for hitting probabilities of P{ with those
of simple random walk, and will be used in several instances below. The rationale of its
proof is that, in spite of the nuisance due to the dynamic environment a, given bounds as
in (3.5) for the Green function, one can often afford to develop an “approximate” potential
theory, by which ¢*(-,-) replaces the kernel ¢g*(-,-).

Lemma 3.1. (a € A) There exists c3 € (1,00), such that, for all U CC Z%, defining

sup,er 9% (7, y)
innyU g* (SL’, y)

(3.6) o, (U) =

)

one has, for all x ¢ U,
(3.7) (c307(U)) " P [Hy < 00] < PA[Hy < o0] < (c305(U)) Py [Hy < o0).
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Proof. First, note that P[Hy < oo] admits straightforward upper and lower bounds based
on potential theory for simple random walk. Recalling (1.38) and (1.39), by last-exit
decomposition for the simple random walk, see for instance [17], Prop. 4.6.4, one has
Py[Hy < ool =3 iy 9"(7,y)er;(y), and therefore, in view of (3.6),
(35) U supg () - cap’(U) < PilHy < o] < o3(U) inf g* (2. ) - cap® (U).

yelU yelU

We now show (3.7), starting with the upper bound. Abbreviating, for a € A, y € U,
r ¢ U,

(3.9) v;(y) = PY[Hy < 00, Xpg, = y] and v (y) = v (2, y)/ P [Hy < 0],

and writing, whenever Hy < oo, (Ag,a) € A for the environment defined via (65a).(e) =
asyi(€), for s,t > 0, e € &, using the strong Markov property at time Hy, we obtain, for
all ze U,z ¢ U,

a a OO a Oma >
g (SL’, Z) = E:v |:/ dtl{Xt:z}] = Z Em |:1{HU<oo,XHU:y} : EyHU [/ dtl{Xt:z}}]
0 0

yelU

(3.10)

Moreover, noting that, by (3.5), ¢*(z,2) < esg9*(x,2) < cssup,ep g*(z,y) for all z € U,
x ¢ U, it follows from (3.10), multiplying on both sides by v?(z) and summing over z € U,
recalling the definition of £*(-) in (1.41), that

(3.11) cssup g*(x,y) PY[Hy < 00] > c4 B* (V%) = ey B* (%) P*[Hy < 00l?,
yelU

and therefore, since v, is a probability measure supported on U, cf. (3.9),

(311 csup,ep g*(, y) csupyey 9° (7, y)
PYH, < < ye Y
o[ Hy < o] E*(v2) ~ inf{E*(v); v a prob. meas., supp(v) C U}
(1.40) (3:8)
=" csupg*(z,y) - cap”(U) < co (U)P;[Hy < oo].
yelU

This is the asserted upper bound in (3.7). For the lower bound, define the random variable
W (v), for v any probability measure supported on U, as

(3.12) W)= v(y) /0 T i = vl

= 9*(x,y)
Clearly, W (v) is non-negative and Hy < oo if W(v) > 0. Hence, by the Paley-Zygmund
inequality, for = ¢ U,

a a Eg[W ()]
(3.13) Pe{Hy < o] 2 PEW() > 0) 2 pp e

We consider the first and second moment separately. For the former, one has the lower
bound

(3.14) W) = Y v LT



since v is normalized by assumption. To get an upper bound on the second moment,
observe that, with FX = o(X;;t < s),

o 3.12) HXs =y}{X; =z}
R )E[ / /dt “(z,9)g*(x, 2) }

y,zeU
= 2 Z y(@J)I/(Z’) Eg|:/ dSl{XS:y}Eg[/ dtl{Xt:z} ./—‘:;X:H
(3 15) y,2€U g*(x,y)g*(x,z) 0 s
' sl ) - /
< 2 dsEf;[l .=y} Sup g* y,z]
w2 2 g @) Uy Cemat 5009° ()
(3.5) v(y)v(z) , (1.41) cE* (v
<oy ) oy B
g*(z, 2) inf,cy g*(z, 2)

Returning to (3.13), using (3.14), (3.15) and optimizing over v yields

(1.40),(3.8)
P![Hy < o] > dinf ey g*(x, 2) sup, E*(v) ™! > do,(U) P Hy < oo,

which is the desired lower bound. O

The following annealed estimate is tailored to our purposes. This brings into play the
measure ng:f from the Helffer-Sjostrand representation, cf. below (1.29).

Corollary 3.2. (A, S’ ccZ4, AD S, N =A\Y)

There exist cs,cs (independent of A and S') and Ao(z,S") CC Z* with x € Ay(x,S") such
that, for allz € Z4\ S, € € Q, p € O, if A D Ao(z, 5"),

(3.16) cs05(S") ' Pi[Hs < 0o] < P4 [Hg < Hye] < co0s(S')Pi[Hg < 0],

Proof. By the discussion leading to (1.30), and recalling the definition of Psf,\/vf below (1.20),
we see that for bounded, measurable f on D(R,A),

(3.17) ESVA[f((Xp)izo)] = / AP (@) B P f((X)ez0)],

with ax/(®) as in (1.30), and P s the law of the random walk on Gy among the
dynamic conductances an/(®), killed when first exiting A’. We will apply Lemma 3.1
directly to Py a ()

For a € A, cf. (3.1), denote by P} 2 € A, the law of the variable-speed random walk
on G killed when first exiting A. Then, since

(318) Pé\’a[HS/ <OO] :Pma[HS/ <TA] :Pma[HS/ < OO] —P;[TA < Hg < OO]

for all z € A\ ', and, by the strong Markov property at time Hg A 7a(= Tp/),

(3.19)
Pg[TASHS/<OO]:P;[XTA,GaA’HS/OTA,<Oo]
NS (3.7)
=3 Bflpe g BV Hs < 0| € sup Pi[Hg < 00] < e(S)dg (0, 57
yEOA yEIN,aeA
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for all A D A;(S”) (using in the last step that sup,cyp 05(5’) < 10 for suitable A;(S’), and

all A D A4(5)), we deduce from (3.18) and (3.19), that for all =z ¢ S, all A D Ay(x,S")
Aa

and all a € A, % < % < 1. From this, it follows that (3.7) has the following

finite-volume version. Namely, for all a € A, x ¢ S’, A D Ay(x,S"),

(3.20) (2c30%(S")) ' P [Hsr < 00] < PM[Hg < 00] < e307(S) P [Hg < 00].

The claim (3.16) now follows by extending ax/(®) to an environment a(®) on & by declaring
each edge in &\ &y to have, say, conductance 1 for all ¢ > 0, thus obtaining that a(®) € A,

due to (1.23) and (1.6), so (3.20) yields P;V’g(dq))—a.s bounds on Py “(CI))[HS/ < 0] =
PI(IA'(@)[HS/ < Hpel, for x ¢ S and A D Ay(z,5”), and (3.16) follows upon integrating over
O, using (3.17). O

We will also need the following comparison inequality for hitting distributions. In what
follows we write

(3.21) v (y) = P[Hs < 00, Xp,, =], for ' C Z%, x,y € Z.

Lemma 3.3. (A, S’ cCcZ, AD S, N=A\S)
Forallx e N, £€Q, p€ Qi/, and f : S" — [0,00),

(3.22) ESVA[f (X )X, € S < er{G, fesn,

where (G*v3 ) (y) =32, g*(y, 2)v5' (2), cf. below (1.41).

Proof. Recalling the quenched law PN defined in (3.17), and using Lemma 3.1 with
U = {y} (noting that o*({y}) = 1, cf. (3.6)), we have, for y € S", z € A, ngf(d@)—a.s.,

(3.7)

P;A'(q))[XrA, =y = PWP[H, < oc] < sup P[H, < 00] < e3Pr[H, < 0]
acA
(3.23) = a0 )+ PlHs < Hy < o)) "2 (5 () + > 05 () P2 [H, < )
z7#y

<ey vz = (G"1;) (),

zeS’

where we used in the last line that ¢*(y,y) > 1 and
P[H, < o] = g"(2,y) B[ H, = oc] < g"(2.y),

by last exit decomposition in y. From (3.23), and since f > 0 by assumption, we deduce
that Eo () f(X- )H{X;,, € S'}] is bounded by the right-hand side of (3.22), and the

claim follows by averaging over ®, see (3.17). O

In the next lemma, we derive a suitable (i.e. sufficiently sharp, for the purposes we
have in mind, cf. Lemma 4.1 and Corollary 4.2 in the next section) upper bound for
the probability of the ‘bad’ event G ,, defined in (2.12). The proof relies on a careful
application of the exponential Brascamp-Lieb inequality, see Lemma 1.3, together with the
previously derived comparison estimates, Corollary 3.2 and Lemma 3.3.

In what follows let (A,),>0 be any increasing sequence of finite sets exhausting Z¢,
and recall that under QY, the field w = (i, ®) is distributed as two independent copies of
¢ under p%. We stress that the constants ¢y, c3 appearing below are independent of the
choice of (A,)n>o0-
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Lemma 3.4. () #£ 5,5 cCc724,5NS" =0)
For any sequence (M,,)n>0, with M,, > 0 for all n, denoting M, = limsup,, M,,, and letting

(3.24) o*=0*(S,5") =supoi(S), (c¢f (3.6) for the definition of o(S")),
z€S
one has
0:5') B cap*(S") Mo\ 2
(3.25) llyllr_l)g)lf Q4 1G] < el S|2 exp{ 62(—(0*)2|615’| ) }

Proof. Let A D SU S’ be a finite subset of Z¢. We will later take A = A,, and let n — oo.
First, in view of (2.12), note that, for M > 0,

“ar C U ({ngf“ X, €85> Aj} {ngf“[ |XTA,685]<—%}).

We first dispense with the w = (¢, ¢)-dependence coming from the boundary condition
E(t) = &9(t), cf. (2.10). Using the lower bound from (3.16), along with (3.22), it follows
that, whenever A D A3(S,5") = U,cq Ao(2, ), a finite subset of Z¢, and for all f : ' — R,

with f+ = f V0, (> =(?(3,5"), noting that Pgﬁ;}g(t) (X, €05 = Piﬁ,’g(t) [Hsr < Hacl,

ot (SNG VS [

3.26 B
( ) i [ C5P;[HS/ < OO]

X, €85 < < 5o (G0, e

TA/

where 75 () = v5'()/P[Hg < ool is the normalized entrance distribution, a probability

measure for every x, cf. (3.21). Note that (3.26) is uniform in f (t) (and hence in t) and
¢'. Substituting (3.26) for f = ¢, along with the lower bound E; A' <0 [fx., | Xr, € OS] =
—cg0*(G* f , f )2, obtained similarly, into the previous display, and using that © has the
same law as —@ under @, which is due to the symmetry of Vy, cf. (1.4), and the fact

that Q% imposes 0-boundary condition, one arrives at

(3.27) QXG5 ) <215 supu%((G*Df/, e Ve > cogM /o), for A D A3(S, S')
zeS

where cg = 1/2¢g. Consider a fixed x € S. By letting K range over all possible outcomes of
the set {y € 8:5"; ¢, > 0} and writing (G*02")|,.(*) = lp.exyG*5' (), one readily obtains,
for x € S and A > 0,

/

(328) ((G* S,SO >£2 >09M/0*) §2‘3i5’|€—>\69£—£ sup Eo|e M(G*75 )| >z2].

o
Kcas N

The Brascamp-Lieb bound (1.34) (note that ¢ is centered) then yields, for x € S and
K C 0,5,

where vary denotes variance with respect to the law p) under which ¢ is distributed as a
centered Gaussian field with covariances E, [0,0,] = 1093 (z,y), for all z,y, and gj is the
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Green function of simple random walk on G killed outside A. To bound var} (¢ k(x)), we
will harness the fact that, for all z, z € Z,

! ( D * * *
ZVS B9 (Xuy,, 2)H{Hs < oo}] = g"(,2) — gpas (2, 2) < g"(z, 2),

where the penultimate step follows from the strong Markov property at time Hg/. Since
Y (z) is a centered Gaussian under p}, we obtain, for all z € S, K C 0.5, and A D
A3(S7 S/)u

vary (Vi (7)) = B [k ()] = cio Z (G ) )G 7 ) (2)gh (v, 2)

y,2€K

(3.30) <co Y, gWE (v)g (2w

Y,2,0,wED; S’

!

72 (w)gh (Y, 2)

g (x,y)g"(z,2) , o*|0.S"] 12
< ¢ Z (2 y)g™( )QA(?/az) <cn [ﬁ} )

using in the last step that gi(-,-) 7 g*(-,-) < ¢, as A/ Z%, together with the fact that,
for all x € S, cf. above (3.8),

sup — @Y _ o 9 (x,9) < _9:(9)

yeas Pi[Hg < OO] vears 2 reg 95 (T, 2)ek (2) — cap*(S')

Substituting (3.30) into (3.28), (3.29), optimizing over A\, we get, for all x € S, any (A,,)n>0
as appearing in the lemma, and any sequence M, > 0, for all n, letting n — oo,

(8") Moo )2

’ —c cap™ (8") Moo
lim inf 4 ((G*Df Lo e > oM, Jo*) < 9lais’| 12 om g s ]

with ¢j9 = ¢3/2¢11. In view of (3.27), this yields (3.25). O

With Proposition 2.4 and Lemma 3.4 at hand, we proceed to the proof of the decoupling
inequality, Theorem 2.1.

Proof of Theorem 2.1. Let A CC 7% satisfy the conditions in (2.7). Applying Proposi-
tion 2.4 and minding that f > 0 is measurable with respect to Fg = o(p,, x € 5’), we
obtain, for all M < M.y, ,

By [l f] = By [Byg[1ar1Fs] - f] 2 By [2"(05) - £(9)
(2.15)
(3.31) < Bgg [2(55) ey - F0)] + Bag [F(9) - 1ag

(2.9)
< g (AP )E o [+ 1l - QRIGS a1,

using independence of ¢ and @ in the last step. Hence, (2.3) follows at once with A = A,,,

M =M, = M.x, ,cf (2.13), upon letting n — oo in (3.31) and using (3.25), noting that
M, = limsup, M,, = (X' + 1), on account of (2.13) and (2.2). O
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Remark 3.5. Although this will not be needed below, let us point out that one can derive
a better bound in Lemma 3.4, by estimating the variance in (3.30) more carefully. Indeed,
taking for simplicity S” = B, = B(0, L), with S, = 0, By, one has

L L
Z gy, z) <c Z Z Hze S|z —yl=n}n 42 <¢ Z Zl = O(L%), as L — oo

Y,2€S5], yeSy n=1 yeSy n=1

which is far better than the crude bound |3,S’|? = O(L?¢~2). In particular (for this choice
of §'), since cap*(Byr) > cL% 2, this gives var (Y (7)) < ¢(0*)?- O(L?~24=2)) and the last
term is bounded uniformly if d > 4. OJ

4 Applications

We now explore some of the consequences of Theorem 2.1, by investigating connected
components of level sets of ¢, and deduce, among other things, the results (0.6), (0.7),
mentioned in the introduction. We will ultimately show that our decoupling inequality
(2.3) can be made to fit the general framework of [8], [9], [22] and [25], but, as it turns
out, this requires improving on the error term dg g (e, X) in a certain sense. To this end,
we first show in Theorem 4.4 below that connected components of sites where ¢ exceeds a
sufficiently large height decay rapidly as a function of their diameter. This result, which is
interesting in its own right, involves a by now standard renormalization argument, akin to
the one developed in [27] or [24], by which Theorem 2.1 is used as one-step renormalization,
see Lemma 4.1. The only issue, which is key in passing from one length scale L,, to the
next, is to keep the sprinkling parameter ¢ as small as possible while retaining good control
on the error term on the right-hand side of (2.3), which translates into considering sets
S, S" with sufficiently small cross section X.

The resulting decoupling inequalities are stated below in Corollary 4.2. These are
sufficiently strong to prove the desired connectivity function of upper level-sets E>" =
{z € Z%; p, > h}, decay stretched exponentially as a function of distance, at large heights
h. Using this supplementary information, we will retroactively ensure that, up to a small
error (in terms of |S], |S[), one can prevent (p,¢) to land in G ,, in Lemma 2.4, and
thus avoid the use of Lemma 3.4 altogether. The resulting inequality is stated below in
Theorem 4.6. It provides the crucial tool which enables us to resort to [8], [9], [22] and
[25], to deduce a host of results regarding the geometry of EZ", when h is sufficient small,
see Theorems 4.8, 4.9 and Remark 4.10 below.

We now introduce the renormalization scheme, and consider a sequence of length scales

(4.1) Lyy1 =100+ R", n >0, with R > 100

We will encounter families of events A,, which are naturally indexed by the leaves m &
T™ of a binary tree of depth n. This requires a small amount of notation. Denote by
T = Upepe, T®, T® = {0,1}"* the canonical binary tree of depth n. For m € T®) we
write m0 and m1 for the children of m in T¢+Y. A map 7 : T, — Z¢ will be called proper
embedding with base z if 7(0) = x,

(4.2) 7(m) € Ly_xZ for m e T® 0 <k <n
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and, with the notation ET(m) = B(7(m),10L,_), if m € T™® one has, for all 0 < k < n,
meT® and i=1,2,

(4.3) B (mi) € Brmy and dg(By(mo)s Brim1)) > Ln—1/100,

with dg denoting graph distance on G. The set of all proper embeddings of T}, with base x
will be denoted by Z,, .. A sequence (A, ,,),ere of events (each part of 2) will be called
T-adapted if

(4.4) A Ga(Yx,:pGB y), for all m e T,

Finally, we suppose, cf. above Theorem 2.1, that u € #'. A first consequence of Theo-
rem 2.1 and the above choices is the following
Lemma 4.1 (One-step renormalization). (zo € Z%, n >0, 7 € Z, 1140, h € R, R > ¢13)

For all € > &, = ¢14[22"/R" Y2 and all families (A, ) perms+n of increasing, T-adapted
events

(4.5) u[ N A?,m} Su[ N A?ofn]u[ N A’iliﬂ}

meT (n+1) meT (n) meT(n)

1
where 9,, = 6_615\/ﬁn+

Proof. We apply Theorem 2.1 with A" = [ — Aﬁ’()m, f= 1nm€T(n) A, SO that, in

particular, E,[1nf] = p[\nermen AL,). Accordingly, we set S = J,,crm ér(om), S =
Unerm ET(lm)- By adaptedness, cf. (4.4), A € o(Y,,z € S), and f(p) € o(p,,x € ).
Moreover, inductively, by (4.3), we see that S C By, while S C B, and therefore

We now derive a suitable upper bound for the cross-section ¥ = X(S, 5", (Ag)k>0) defined
n (2.2). By possibly passing to a subsequence, we may assume that ¥ = limy 3(S5, .5, Ay)
and that the limit is monotone. Hence, for all Ay D |J,.qAo(x,5"), cf. Corollary 3.2,
r €S, and R > ¢, setting A} = Ag \ S, noting that o5(S") < ¢ for all z € S, which follows

from (3.5), (3.6) and (4.6), and using that W : x ~ %= is continuous and increasing
on [0,1), we infer that for all R > ¢,

(21) N3 (3.16) )
Y < hmsupW(sup P.} [Hs < HAE]) < sup W (coos(S")Pr[Hg < o0))
(47) k zes ©,& zeS

2\ n+1
S W(016P;[HS/ < OO]) S 2616017<E> ,
using (4.1), (4.6) in the last step, along with the estimate
P;[Hg < 00] < ¢i7dg(S, 8") 22",

which follows from (3.8), (3.5) and the fact that cap(-) is subadditive (note that this
last bound also implies that ¢ Pf[Hg < oo] < 1/2, whenever R > ¢, which is implied
in the last step of (4.7)). The claim (4.5) then follows immediately from (2.3), upon
noticing that, for R > ¢, since 71 > ¢15(£)" ™ by (4.7), and |95 < |S'| = |S| = 1927,
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(S, 5") < cap, the error term dg o (e, %) defined in (2.4) can be bounded, whenever £ >
£2 = [S]100% " ¢a0 / (cac?gcap®(Bigo) (R/2)"), as follows:

5 cap*(Bioo) o (R)Z(er)}

" 0902710091 18\

= ) exp {2\5\ (1 — (;)Ml)} < exp{ — %Lg\/ﬁnﬂ} = 0,

whenever R > c. ]

ds,.s7(e,2) < crexp {2|S| — Co€

Lemma 4.1 can be iterated, yielding the following
Corollary 4.2 (Decoupling inequalities I). (zg € Z%, n >0, 7 € 2,4, ho € R, R > ¢13)

For all families (Arm)merm of increasing, T-adapted events, with h; = ho + 20§k<n Ens
hi =lim, b} and e, as defined above (4.5),

(4.8) el ) as] <l N oam) < TT (wias]+am),
meT () meT () meT ()

where

(4.9) B(R) Y (6,) .
n>0
Proof. The first inequality in (4.8) is due to monotonicity. The second one follows from
ol () Al < T (slAl) + > 007,
meT () meT(n) k<n

which is easily shown by induction over n, using (4.5). The fact that §(-) is finite is plain
from the definition of 6,, below (4.5). O

Remark 4.3. As for Theorem 2.1, c¢f. Remark 2.2, 4), (4.8) has the following comple-
ment. Under the assumptions of Corollary 4.2, for any family (A, ,,),crm of decreasing,

T-adapted events, setting h, = ho — D o rcp, En, hoy = lim,, by, one has
(4.10) ol N Al <ol N am] < TT (WA +im).
meT () meT () meT(n)

This follows by considering the flipped events A, ,, = {w/;w € A, .}, cf. Remark 2.2, 4),
noting that p[(,,cre A%l = lNmero Z;’,;], for all n > 0 and h € R, and applying (4.8)
to the events A, ,,,, m € T™ | with the sequence (—h; ),>o. O

We are now ready to state our first result regarding the geometry of E*"* = {z €

7% o, > h}. For K, K' C 74, we denote by {K LN K'} C Q the event that E2" contains
a nearest-neighbor path in G intersecting both K and K’.

Theorem 4.4. (n € ¥)
(4.11)
ht=ht(p) Y inf {h € R; there exist c(h),d (h) and p(h) > 0 s.t.

—c'(h)|z—yl?

x < <c(h)e for all z,y € Z¢ } < .
1( Y , Y
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With Corollary 4.2 at hand, the proof is similar to Theorem 4.1 in [27], using a certain
set of so-called cascading events. We include the short proof for completeness.

Proof. Let x € Z%. One defines the set =,z for n > 0, consisting of all proper embeddings
T € Epq, cf. (4.2) and (4.3), with the additional property that, for every 1 < k < nandm €
T® . B(1(m0), Ly_—1) N B(r(m), L,_x) # 0 and B(r(m1), L,_x_1) N B(T(m), 3L, _4/2) #
0. On account of (4.1), Z . is not empty, and moreover |5 | < (¢ R*1)*". Consider

the events E} , = {BL(y) T OBy (y)}, for y € Z%, L > 1 and define A == Efw(m),
for m € T, 7 € Z* . Since any path connecting By (y) to 0By (y) must intersect both
0:Br(y) and also &B;;Lp (y), one obtains inductively that E . C U, ez Nperm AL, for
all n >0, h € R, and thus, for R > ¢13, n > 0, hy € R, using (4.8), '

+ — + _ e 2n
(412) M[EZ:m] S ‘:‘n,x : lu|: n A?%} S |:C21Rd I(Sup ,U[EZ&J + co0€ 5\/}_%)] s

mGT(") 2€7Z4

where we used that §(R) < cye~5VE  which follows readily from (4.9) and the definition

of 9, below (4.5). Now, first choose R > ¢;3 such that CopCon R Lec13VE < 1/4, and then
hg large enough such that (u[EZgz] < (4ep R41) 71 for all 2, by considering, for instance,

the maximum of ¢ in a box around z of radius Lo (= 100), which has to exceed hy on
the event E™  applying a union bound, and using the Brascamp-Lieb inequality (1.34).

Lo,z?

With these choices, and noting that At < oo, cf. above (4.8), it follows from (4.12) that
+

u[EZ%x] < 272" for all n > 0, and this implies readily that u(x = y) has stretched

exponential decay in |z — y|, thus yielding (4.11). O

Remark 4.5. (Level-sets of |p|). By adapting the arguments of [23], Section 4, one can

show an analogue of Theorem 4.4, whereby u(x EN y), the connectivity function of the

one-sided level set E2" = {x € Z%; o, > h}, is replaced by that of {z € Z%; |¢,| > h}. O

We now use the fact our decoupling inequality provides a tool to control excursion sets
above high levels to avoid “falling out of” the event G , in (2.12), thus avoiding the use
of Lemma 3.4 altogether and obtaining a different error term in (2.3). A similar procedure
was already necessary in the Gaussian case, see [8].

Theorem 4.6. (u € ¥)

There exists K, a, co3 € (0,00) such that, for all e € (0,1/2), L > 1, h € R, 21,25 € Z¢
satisfying

(413) |ZL‘1 — l‘2| Z E_KL,

all increasing events A € o(Y,,z € B(wx1,10L)), and bounded f > 0 satisfying f €
0(pz, x € B(xe,10L)), one has

(4.14) p(Lan - f) < (A7) - u(f) + casl fllooe™"
Proof. Let
(4.15) P=¢-9,
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with w = (¢, ) having law g ® p. Denote by P the law of ©. Then, defining Eﬁm to
be the event that B(z, L) is connected to B(z,2L) by a path in {x € Z¢; ¢, > h}, and
mimicking the proof of Theorem 4.4 with these events, one deduces that the quantity h+,
defined as in (4.11), but with PP instead of p, is finite (in words, h, is smallest such that
level sets of @ have stretched exponential connectivity decay, for any height h > h+). The
proof is identical to that of Theorem 4.4, one merely needs to observe that @[Eﬁgo] — 0
as hg — oo, for any fixed value of Ly € R.
Next, consider two sets S, S" with

(4.16) S = B(x1,10L), S' C B(xs,20L).

We seek an upper bound for (S, 5”) uniform in L > 1. First note that for o*(5,5’) as

defined in (2.5), one has, on account of (3.5) and (4.16), with z,y below ranging over all

points in B(xz1,10L) and B(xzs, 20L), respectively, using that 2 — 1+ is increasing in [0, 1)

and that ¢ < 1/2,

Supm,y |ZL‘ - y|2id < (|l’1 — l‘2| — C/L)2*d (423) <1 + C/EK)d_2

4.17 < -t
(4.17) 7= Cinfx,y |z —y|>=® = (|xy — x| + /L)>¢ — 1 — ek

S C//_

Then, for suitable A= K(S, Ty, L) CC Z% and all finite A D K, x €S, and p € Qi,& € Q,
one has, using last-exit decomposition for Pf[Hg < ocl, cf. above (3.8), and Corollary 3.2,
with A" =A\ S,

(3.16)
P9v4[Hg < Hye] < cPi[Hg < oo] < c-dist(S, ") Pcap(B(xs,20L))
(4.18) ’ (417)

< (e —50)" 12,

Thus, for all K sufficiently large, it follows from (2.1), (4.18), in view of assumption (4.13),
that sup, 3 Sa(S, ") < & A ce®@2 for all S, 5" satisfying (4.16), and we may thus
arrange, by choosing K large enough, that
(4.19)

(2.13)

M.z, 55y = (3318, 8) +1) > e K@D > 11 foralle e (0,1/2), A D A.

Fix such K. With a slight abuse of notation, suppose henceforth that w = (p, @) is
distributed according to Q% (= p% @ 1), and assume that A has been chosen large enough
to satisfy A O B(x9,100]z2 — 1]). Let %, denote the connected component of z inside
{yeZp,— @, > ﬁJr + 1} (which might be empty), and define the random set

(4.20) S =B(x,10L)U ) 0%,

$EaiB(:L‘2710L)
(with the convention that 0 = 0)). By definition of .#”, and for any S’ as in (4.16), all

A D A, on the event {7 = 5"}, the field ¢ — ¢ satisfies (¢ — @), ., < hy + 1, hence, with
=A\9,

lays7
Gars ~ =
wa:ofg[%(w —¢x,,,1 X5, €3S < hy +1,
for any z € S, and ¢’ € Qi,& € Q, and therefore, in view of (4.19), (2.12),

(4.21) {(S"=81C G5 188

27



for any S C B(x9,20L), A D A. Applying Proposition 2.4, we deduce from (2.15) and
(4.21) that Z"(pg )l p—g < Z"5(sr)1 91—g, with Z"(-) as defined in (2.8). Thus, observ-
ing that f(p) - l{9—gy is measurable with respect to Fg = 0(¢a, . v € S'), cf. (4.20),

o~

we obtain, for all A D A,
pa(Lan - ) = Ego (Lan(p) - f())
(4.22) < Y EglBgy[lan(v)l Fsl-Lorms f(9)] + By (f(9) - Lyrnpias 20m)20)

S'C B(x2,20L) S ~ d
=Z"(pgr)

< pa (A7) g (F) + ([ flloo - QA(" 0 Blas, 20L)° # 0).

Finally, (4.14) follows from (4.22) by taking A  Z< along a suitable sequence, and ob-
serving that, by definition of A, cf. the discussion following (4.15),

QA(" N B(x2,20L) # 0)
— P[B(x, 10L) > 8, B(x,20L) inside {y € Z; Dy > hy + 1} < ce®

(o3

Y

for all L > 1 and suitable a > 0. ]

With Theorem 4.6 at hand, we have the necessary tool to apply the recent results of
18], [9], [22] and [25], which allow for correlated percolation fields with suitably quantified
correlations. Their common feature is their reliance on a certain set of assumptions for
the occupation field, called P1-P3 and S1-S2, which can be found for instance in [22],
p.2. Among these, crucial condition P3, which quantifies the correlations, will follow from
Theorem 4.6 above.

Let 7. : Q = Q, (w)() = w(- + 2), for w € Q, z € Z4, denote the canonical shifts.
From now on until the end of this Section, we assume that

(4.23) p € W satisfies u(7;1(A)) = u(A), for all A € F.

Note that shift-invariance of p does not seem a-priori clear. Moreover, we assume for
simplicity that

(4.24) V = {Vx}x is given by the two-body potentials of (1.7).

(this is not necessary, but simplifies certain duality arguments we are about to make). For
h € R and r € [1,00], we denote by S the random set consisting of all sites of EZ" in
connected components of £1-diameter at least 7. We say that h € R is strongly supercritical
for p if there exists A(h) > 0 such that

(425) M(th N B(O, L) — @) S e*(logL)lJrA(h)

and

( ) I [there exist components in Sf/hlo N B(0, L), which
4.26

are not connected in £2" N B(0,2L)] < g~ (log L) +2®
and the critical parameter
(4.27) h_ = sup{h € R;h is strongly supercritical for u}

(with the convention sup ) = —o0).
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Remark 4.7. 1) It is not hard to see, using (4.23), (4.25) and (4.26), that SZ" is non-
empty and connected with probability 1, whenever h is strongly supercritical for p. In
particular, this implies that h_ < hy (< 00), using (4.11). Moreover, using the decoupling
inequality (4.8), adapting the arguments in the proof of Theorem 4.4, one can show that
for all sufficiently small h, with A="(x) denoting the event that 0 is connected to z by a
+-nearest-neighbor path of vertices in {y € Z% ¢, < h}, the probability pu(A:"(z)) decays
stretched exponentially in |z|. Along with standard duality arguments, this readily yields
that such h is in fact strongly supercritical for p, and h_ < —oco follows.

2) By the preceding remark, one has the string of inequalities —oo < h_ < h, < hy < 00,
where h, denotes the critical parameter for percolation of E=". It is an open question to
determine whether h_ = h, = h. O

In what follows we tacitly view E>" as a graph, by drawing an edge between any two
vertices x,y € EZ" which are neighbors in Z¢, and denote by p(-,-) the graph distance on
EZ" (with the convention that p(z,y) = oo if 2, y belong to different connected components
of EZ"). Theorem 4.6 has many applications, see Remark 4.10 below, but we highlight the
following two results.

Theorem 4.8. (Chemical distance).
For all h < h_, there ezist c(h),c (h),c"(h) € (0,00) such that

1+A(h)

(4.28) u[ n {p(z,y) < CL}} > 1 — e (logl)
z,yeS7"NB(0,L)

The next theorem concerns simple random walk on the percolation cluster SZ, in the
regime h < h_ of strong supercriticality. We endow SZ" with edge weights

1, ifr,yeSZt o~y
Hay = {O, else Hz = ;Mmy

and let X = (X,,)n>0, resp. Y = (Yi)i>0 be the discrete-time, resp. (constant speed)
continuous-time simple random walk on SZ". That is, X is the Markov chain on SZ"
with transition probabilities ji /g, and Y is the jump process on SZ" with generator
Lfx)=3_, %(f(y) — f(x)). The (quenched) laws of X and Y with starting point at z
will be denoted by Q‘);;h . Tesp. Q}S;h .

Theorem 4.9. For all h < h_, the following hold:
1) (Quenched invariance principle). For any T € (0,00), the law of (By,(t))o<r, with

B.(t) < n Y X ) + (tn = [tn])(Xpnjs1 — Xpm))} on (C[0,T), Fr), the space of con-
tinuous functions from [0,T] to R?, endowed with its canonical o-algebra, under Q§>h o
converges weakly to the law of an isotropic Brownian motion with zero drift and pos;'ot{ve
diffusion constant.

2) (Quenched heat kernel estimates). There exist random variables (Ty,(¢))peze satisfying
T, < 00, u(-|0 € 82M)-a.s, with tails (T, > 1) < c(h)e=¢Msn) W "0 7d “such that,
u(-|0 € 82M)-a.s, for all z,y € SZh and t > T,

plz.y)?

i(z,y) < c(h)t= e~ W50 for all t > p(x,y)

(4.29)

)2
Gilz.y) > (W)t W for all t > pla, y)*?
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where qi(z, y) stands for either QY. [ = yl/1ty o7 piy (@) +ppysa(w.y), with pu(z,y) =
Q?}h x[Xn = y]; n > 0.

Proof of Theorems 4.8 and 4.9. Theorem 4.8 follows from Theorem 2.3 in [9], Theorem
4.9, 1) from Theorem 1.1 in [22] and 2) from Theorem 1.6 in [25], provided the conditions
S1-S2 and P1-P3 appearing, for instance, in Section 1.1 of [25], can be verified for the
family (P")uc(uo,00), for (fixed, but arbitrarily small) ug € (0, 1), where P* is defined as the
law of EZ"-=% under pu.

Condition S1 (local uniqueness) follows immediately from the definition of ~_ in (4.25)-
(4.27). Property P2 requires the function u € (ug, 00) — p(0 € SZ"-=*) to be continuous
and positive. Positivity is immediate, cf. Remark 4.7, 1) and continuity follows from the
same argument as in the Bernoulli case, cf. the proof of Theorem (8.8) in [14]. Condi-
tions P1 (ergodicity of P* under lattice shifts) and P2 (monotonicity of u — P*(G), for
increasing, measurable G C Q) follow immediately from the ergodicity of p and the fact
that £2"-—* 5 EZh-=" for u > +/. Finally, the crucial property P3 (decoupling), requires
that

there exist integers Rp, Lp € (1,00), and ep, xp € (0, 1), along with a function

fp: Z, — R satisfying fp(L) > e85 for all L > Lp, such that, for all L > 1,
and x1, 1y € Z* with |z, — 25| > RL, all increasing events A; € o(Y,,z € B(w;, 10L)),
decreasing events B; € o(Y,,z € B(x;,10L)), i = 1,2, all 4, u € (up, 00) with
u<u/(l+ R ), and all R > Rp,

PU[A; N Ag] < PU[APY[Ag] + e 7B and PY[By N By] < PYBy|PY[By] + e 7).

This follows from Theorem 4.6 and Remark 2.2, upon letting h = h_ — 1, for @ € (ug, o),
A=Ay, f = 1Ag,_a, with A;, Ay as above, setting R = e~ %, letting & vary in (0, (%2)?]
and definind Rp = Rp(ug) = (dug?)™ (so that R > Rp for all ¢ < (%)), choosing Lp
sufficiently large such that fp(L) = L — log(ces) > L, which satisfies fp(L) > e(osD)'?,
for all L > Lp and suitable Lp > 1, and setting xp = (2K)~!, which yields, for all
U, u € (ug,00) with & < u/(1+ R™XP),

uR™Xr \/E Uo
u—1u>—— > ug-—— > ¢, whenever /e < —
“14+Rx = "2 = Vess

and therefore h —e = h_ — i —e > h_ — u, so that p(A"°) < u(Al"") = PU[A4,], as
desired. O

Remark 4.10. 1) (Shape Theorem) By standard methods, (4.28) is known to imply that,
upon suitable rescaling, large balls in SZ" (endowed with the metric p) have an asymptot-
ically deterministic shape; for a precise statement, see for instance Theorem 2.5 in [9)].

2) The heat kernel bounds in Theorem 4.9 continue to hold if one replaces p by the usual
¢*-graph distance on Z%, and the exponent 3/2 in (4.29) can be replaced by 1+ ¢, for any
e > 0 (with 7, and all constants depending on ¢). Further results which follow directly
from the fact that the law of SZ", for h < h_, satisfies the conditions S1-S2 and P1-P3,
include (quenched) Harnack inequalities on SZ" and bounds on gradients of the heat kernel,
for all h < h_, see [25] Section 1.3. a.
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5 Non-convex perturbations

We now explain how to apply our sprinkling technique to a certain class of non-convex
potentials. As will soon become clear, most of the necessary work is implicitly contained in
the framework chosen in Section 1, see in particular (1.2) and (1.3)-(1.6). Specifically, we
consider non-convex modifications of a uniformly convex two-body potential, see (5.1) and
(5.3) for precise definitions, and show an analogue of Theorem 4.4 for such Hamiltonians,
at sufficiently high temperature, cf. Theorem 5.4 below. Accordingly, in what follows, (3,
the inverse temperature, will play the role of a perturbative parameter.

Our starting point is G = (Z¢,&), where & refers from now on to the usual nearest-
neighbor edge structure. Recall &, stands for the set of edges having at least one endpoint
in A. We consider the family of measures ,u%ﬁ, for 3 >0, A CC Z¢, defined as in (1.11),
(1.12), with

(51) H(p) = 5 32 V(Vele)),

eEEN

where V : R — R is of the form
(5.2) V=U+y,
and

U,g € C**(R,R,), for some a > 0, U, g are even functions,

5.3
(5:3) c ' <U” < ¢, supp(g) C R is compact, and V() > An*> — B,n € R,

for some ¢ € (0,1) and A > 0, B € R.
We now consider the restriction of u%, 5 to the “even” field, to which we will eventually
apply the results of Section 2. Let Z¢ = {x € Z% 7, _,,2; is even}, be the even sublattice,

7% = 72\ Z2. We write I' = {z € Z% |z|; = 2}, a subset of Z2, and consider the graph
G = (Zg,g), whereby (z,y) € & if v — y € [. For A C 7%, we write A, = AN ZE,
Ao = A\ A, and OK denotes the outer vertex boundary of K C 7% in é, ie. z € 0K if
and only if z —y € I for some y € K.

To keep the exposition simple, we will consider sets A € F*, where F* consists of all
finite subsets A of Z? with the property that, if x € A, and y is a neighbor of z in G, i.e.
ly — x|y = 1, then x € A (dropping this assumption on F* would result in additional one-
body potentials in the representation below). Note that, for A € F* we have 0A = OA,.
As in (1.35), we consider the set #3(V) of weak limits of measures 1y 5, as A,/ Z%, with
the additional requirement that A, € F* for all n > 0. We will soon argue that #5(V) is
non-empty at high temperatures, see Lemma 5.3 below.

We define a probability measure [Lgeﬁ on (2., Fp,.), for > 0and A € F*, as

st TT do, T do(en),

€A, yEZg\Ae

1
Z3.

(5-4) djiy, 5((¢z)een.) =

where Pe = (@x)a:elga

(5.5) Froted= % |55 X (o —onden)

2EAUIA. yily—z)1=1
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with U = {—d,...,d}, ¢; the standard unit vectors in Z4, e_; = —¢;, for 1 <i < d, and
(5.6) Vs((mi)icw) = —log/ e P licuV(ni=s) s,
R

The assumption (5.3) guarantees that the normalizing factor Z({e, g in (5.4) is finite. More-
over, the term in brackets in (5.5) is a function of the (even) gradients (apHZ gom)zef

Hence, by associating to z € A, UDA, theset X = {2} U{z € Z% z —z €T} = Bg(z,1),

the unit ball around z in G, one sees that H A..8(pe) is a gradient Hamﬂtoman of the form
(1.2), with

(5'7) VX((‘Pm—i—z - ‘Px)zef“) = % Z vﬁ((wy—i-ei - ‘Px)ieU)v if X = Bé(xa 1)

yily—zi=1

(and &(X) = {e € &; x(e) = x}; we are tacitly identifying the vertex set Z¢ with a copy
of Z%). However, as opposed to the potential V entering in (5.1), Vx is no longer a two-
body interaction, cf. (5.6). The key features of the measure ﬂ?\e,ﬁ are summarized in the
following lemma.

Lemma 5.1. (A € F*V asin (5.2), (5.3))
(i) For any A € Fp, = 0(¢s; x € Ae) and 5 >0,

(5-8) piap(A) = iy, 5(A)-

(ii) The function Vx in (5.7) satisfies (1.3), (1.4) and (1.5). Moreover, there exists cay > 0
such that, if /B g"||L1w) < cou, then Vx also satisfies (1.6), for suitable cq € [1,00).

Proof. We first show (i). Because A € F*, the set of unordered nearest-neighbor edges in
Z% with at least one endpoint in A can be written as Uyero Usizypi=1 {2 ¥}, and the union
is disjoint. Hence, by symmetry of Hy(¢), see (5.1), we can write, for A € F,, and 5 > 0,

W) =27 [Latedew <53 3 View— )] [Tde. [Jduleon

yEAo z:|z—y|1=1 €A z¢A

2 @ [1ateo TL e er0=9] Tt [T

yGAO z€A, 2¢A

(5.9)

But vg((wyﬂi)ieu}) = XN/B((goerei —¢g)icy) for any x, which follows from (5.6), and therefore

(5.5) 73
(5.10) > Va((@yre)icv) = Z > Vs((yte, — adiev) = Ha,s(pe) — Blyp),

yEAo yEAo z:|lz—y[1=1

where

B(e)= ) % > Vs((pyre — Pricv)-

z€DAe yEZI\ANo:ly—z|1=1

The boundary term B(-) is a function of ¢|,. alone (this is because, if x € A = OA and
ly — |1 = 1 but y ¢ A, then disty(y, A) = 2). Thus, inserting (5.10) into (5.9), the claim
(5.8) readily follows, in view of (5.4).
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We now argue that (7i) holds. The potential Vx defined in (5.7) inherits properties
(1.3), (1.4) from V, see (5.3) and (5.6), and (1.5) is plain. The last part of the assertion
is a direct consequence of Theorem 3.4 and Remark 3.12 in [5], applied with ¢ = 1. Note
in particular that the last part of condition (1.6), which requires 8§7yVX =0 for any = # y
with (z,y) ¢ & is trivially satisfied, because \75((<py+ei — 02)icv), for fixed y € Z2, and x
with |z —y|l; = 1, cf. (5.7), is a function of (i, )icu, and any two points y + e;, y + e;,
i # 7, are neighbors in G by definition, i.e. e, —e; =¢; +e_; € T O

Remark 5.2. In view of Lemma 5.1, the measure ,[L?\eﬁ can be viewed as the restriction
of ,u?\ﬁ to the even field, for § > 0 and A € F*. Moreover, when f is sufficiently small,
it is within the realm of the setup in Section 1. In particular, for such 3, the effective
Hamiltonian (5.5) yields a random-walk representation for covariances of ﬁ?\e,ﬁ by means

of Lemma 1.2. The corresponding quenched walk is a jump process on the graph G (which
is not isomorphic to G, hence our somewhat general setup). 0

We first note that Lemma 5.1 yields tightness at high temperatures.

Lemma 5.3. (A€ F*, V asin (5.2), (5.3))

(5.11) Ws(V) £ 0, for all \/B||g" || 1) < cas-

Proof. On account of Lemma 5.1, (ii), Lemma 1.3 applies, yielding, for all \/B]|¢" | 11 ®) <
Coq, A e F*,

(5.12) sup sup E o [e“"””] = sup sup Ezo [e“’z] < 00.
A z€el. A eh, hes

For x € A,, write

(1.14)
Y] < %0 0
B le7] < |§S|221E%0}73[6 J 4 2dmax i (lex| > 1),

the first term on the right-hand side is finite by assumption (5.3), the second one is bounded
uniformly in A using (5.12). All in all, sup,ep- sSup,ca EM?\B[@%] < 00, for all > 0 such
that v/B|l¢"||L1@®) < cas, Which implies that the family {u} 5 A € F*} is tight, cf. (1.36),
and (5.11) follows. O

Finally, we state our main result regarding the connectivity decay of level sets of mea-
sures pg € #3(V') above large levels and at high temperatures, for the class of non-convex
potentials V' considered above. Recall the definition of A (-) in (4.11).

Theorem 5.4. (V as in (5.2), (5.3), VB|¢"|| 1) < C24)
(5.13) h*(ng) < oo, for all ug € #5(V).

Proof. Let p= ug € #3(V). We remove the -dependence of all quantities throughout the
proof, keeping in mind that \/B|¢" || ) < c24. Write i = {1, where F = o(pe;x € Z9).
Observe that, if 7 is a nearest-neighbor path in G = (72, &), the usual Euclidean lattice,
then, by definition of T, its trace on Q (i.e. the ordered sequence of vertices in Z¢ visited
by 7) is a nearest neighbor path in G = (Z¢, &). Hence, writing & = z, if z € Z¢, and
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& =1z +e if v € Z% and introducing the events Eﬁx = {Bg(%, L) N 0B5(%,2L)}, for

x € Z% L > 1, referring to the existence of a nearest-neighbor path of sites in G with

field value exceeding h joining Bg(%, L), the ball of radius L (in the graph distance for G)
around Z, to the boundary of a concentric ball of radius 2L, one obtains

(5.14) e <% dBg(x, 4L +1)) < w(EY,) = a(EL,), forall L>1, x € Z°.

Now, if (A,)n>0 is a sequence of increasing sets in F* such that p} 5 p, then, by (5.8),
and with a slight abuse of notation, ﬂ%e 5 [i. Hence, by Lemma 5.1, (1), which applies
due to our assumption on /3, we infer that Theorem 2.1 applies to fi, viewed as a measure
on QY (in particular, the reference measure P* appearing in (2.4) refers to the law of simple
random walk on 5) Thus, mimicking the proof of Theorem 4.4, using the inequality (2.3),
applied to ji, we deduce that ﬁ(E’g ) < ce ¢ for some ¢ > 0 and all L > 1, if h is chosen
sufficiently large. In view of (5.14j, the claim follows. O

Remark 5.5. 1) (Relaxing the uniform ellipticity condition). Our main result, Theo-
rem 2.1 crucially hinges on two tools: the availability of the Helffer-Sjostrand representation
(in finite volume) to carry out the sprinkling argument of Section 2, and the Brascamp-
Lieb inequality to bound the arising error term. The latter seems to require the hard lower
bound in (1.6). However, one could attempt to replace the uniform upper bound by a
suitable moment assumption on the conductances a§ ,(®;), see (1.30), in the spirit of [1],
provided one recovers Lemma 1.2, and adapts the comparison estimates of Section 3, which
requires at the very least an annealed version of (3.5).

2) (Comparison with the GFF). In the interpolation argument, Proposition 2.4, one may
try to replace ¢ by the actual Gaussian free field, and attempt to compare the two objects
directly (see for instance [18] for results in this direction in dimension 2). In view of
(0.4), this leads to the following question (for simplicity, consider ui the uniformly convex
nearest-neighbor gradient interface Hamiltonian, with potential as in (1.7)): can one write

(€)= ul(p +E(p) € ),

for a function §~ extending £ to the interior of A, such that §~ is close to the discrete harmonic
extension of &, with “overwhelming” probability? O
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