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Motivation: Registration 
  

 
 Main Goal: Registration 

 Image registration: medical imaging, image 
super-resolution,  video  compression… 

 Surface registration: face recognition, texture 
mapping,  medical  shape  analysis… 

 
 
 

 
 



Motivation: Registration 
  
 
 Categories of Registration: 

 Intensity-based registration: based on image 
intensity for image registration or geometric 
quantities (curvatures) for surface registration. 

 Landmark-based registration: based on salient 
features or landmarks (e.g. sulcal/gyral 
landmarks on brains) 

 
 
 

 
 

Goal: Look for a registration with minimum geometric distortion!  



Our Goal 
  
 
 Develop algorithm to compute constrained registration: 

 Preserve bijectivity (many landmarks/large 
deformations) 

 Preserve local geometry 
 Match landmark consistently 
 Uniqueness  (won’t  jump  into  local  minimum) 
 Efficiency 
 Independence of the mesh structure 

 
 

 
 
 

 

 
Consider a special class of bijective map, called T-Map: 
 Minimizes the local geometric distortion 
 Uniform local geometric distortion 
 Always bijective 
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What is Quasi-conformal map? 
 
 Generalization of conformal maps (angle-preserving); 
 Orientation preserving homeomorphism between Riemann 

surfaces; 
 Bounded conformality distortion; 
 Intuitively, map infinitesimal circle to ellipse; 
 Mathematically, it satisfies: 
 
 
                                             
 
 
 Beltrami coefficient: 
      Measure conformality distortion; 
      Invariant under conformal 
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Examples of QC maps 

Conformal Quasi-conformal 

In term of Riemannian metric, 



Discrete QC Maps 

Discrete Measurable Riemann Mapping Theorem 

Coordinates functions 
representation 

Beltrami 
representation 

1-1 
correspondence 
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Constraints: 
-1-1; 
-Onto; 
-Jacobian >0 
-No linear structure 

1|| 

No other constraints 



Extremal Map 
 
 Extremal map: minimizes conformality distortion. 

 
 
 

 
Properties of extremal map: 
 Minimizes the conformality distortion 
 Extremal map always exists but may not unique 
 Under suitable condition on the boundary/landmark constraints, 

extermal map is unique. 
 
 
 



What is T-Map? 
 
 Quasi-conformal mapping with uniform conformality distortion. 

 
 
 



T-Map v.s. Extremal Map 

 
 Under suitable condition, T-Map = Extremal map! 

 
 
 

 
 Huge relationship between T-Map and Extremal map! 

 
 
 



T-Map v.s. Extremal Map 
 
 Under suitable boundary condition, T-Map = Extremal map on disk! 

 
 
 

 
Main idea: 
 For open surfaces with disk topology, if the boundary 

correspondence  satisfies  “good”  conditions  for  their  derivatives, 
                EXTREMAL MAP  = T-MAP! 

 
 



Landmark matching T-Map 
 
 T-Map exists and unique even with interior landmark constraints 

enforced! 
 
 
 

 
Main idea: 
 If boundary dilation is under certain condition, there EXISTS 

landmark matching T-Map; 
 T-Map is unique extremal map. Hence, given a prescribed set of 

landmark constraints, the associated T-Map is UNIQUE! 
 T-Map has BC with norm k < 1. Hence, T-Map is BIJECTIVE! 
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Our problem 
 
Problem: 
 Find a T-Map which satisfies some boundary condition and interior 

landmark constraints. 
 Find a mapping which has LEAST and UNIFORM (everywhere the 

same) conformality distortion. 
 
 
 

 
Mathematically: 
 Find a T-Map such that: 

 
 

Beltrami equation 

Interior landmark points/curves constraints 



Variational formulation  
Main idea: 
 Solving the above problem is difficult! 
 Propose a variational formulation of the problem. 
 Iterative method, called the QC iterations, will be developed. 

 
 
 

 
Variational formulation: 
 T-Map f is extremal in the sense that: 

 
 
 Our problem can be formulated as: 
 

 
 
 



Variational formulation  
Difficulty: 
 Solving the above variational problem over f is difficult! 

 
 

 Propose to minimize it over the Beltrami coefficients! 
 
 
 

 
Variational formulation: 
 We formulate the variational problem over Beltrami coefficients: 
 

 
 
 



Computational Algorithm 
 
Main idea: 
 In each iterations, smooth and average the BC; 
 Find  the  “best”  associated  qc  map  that  fixes  landmark  and  

boundary constraints. 
 
 
 

 
Tools that we need: 
 Linear Beltrami Solver (LBS): Provides a way to go between 

Beltrami coefficient and its associated QC map. 
 (should be efficient so that fast computation in each iterations) 
  Quasi-conformal (QC) Iterations: Provides a way to minimizes 

the variational model for computing the T-Map. 
 (should converge fast, so that only few iterations are needed) 

 
 

 
 



Linear Beltrami Solver 
 
Main idea: 
 Build a discrete analogue of the generalized version of Beltrami 

equation: 
 
 
 
 
 
 

 Take divergence on both sides: 
 

 
 
 



Linear Beltrami Solver 
 
Discrete analogue: 
 In the discrete setting, assume mapping to be piecewise linear. 
 On triangulation mesh, let BC be defined on each faces. 
 Then on each face, we have: 

 
 
 
 

 Discrete divergence can be defined by (using divergence theorem 
on mesh): 
 
 

 
 
 



Linear Beltrami Solver 
 
Linear system to get the associated QC map: 
 A sparse symmetric positive definite linear system can be obtained. 

 
 
 

 This is equivalent to the following linear system: 
 

 
 
 



Quasi-conformal (QC) Iterations  
Main idea: 
 Iteratively minimizes the variational model for computing T-Map 
 Recall:  

 
 
 

 Initially, we consider an initial map: 
 

 Compute the BC of the initial map:   
     Hence, obtain the initial pair:  
 Laplace smooth and Averaging: 

 
 
 

 
 

(Laplace smooth) 

(Averaging) 



Quasi-conformal (QC) Iterations 
 
Detailed algorithm: 
 

 
 
 



Convergence Analysis  
Summary of QC iterations: 
 Laplace smooth BC; 
 Projection of BC into the space of BCs of Teichmuller type  

 
 

 
Why it works: 
 QC iterations = Minimization of harmonic energy under the 

distorted metric given by BC. 
 

 
 
 
 

L.M. Lui, X.F. Gu, S.T. Yau, Convergence of an Iterative Algorithm for Teichmu̎ller Maps via 
Harmonic Energy Minimization,  UCLA CAM report 13-36, June 2013  



Numerical experiments 1 

In the following, experiments with different situation is illustrated. Most of 
the program codes are still in Matlab version. C++ version or even GPU 
calculating can be applied to speed up the calculation. 



Numerical experiments 1 

Analytic example: 

Dilatation 
error: 

0.0013219 

Time: ~2s 
Vertices:8257 
Faces: 16256 

T-Map 

Histogram of BC 
norm 

BC norm in each 
iterations 



Numerical experiments 3 

Arbitrary shapes:  
Histogram of the 

BC norm 
Norm of BC in each 

iteration 

T-Map 



Numerical experiments 4 

Irregular triangulation:  

Irregular mesh 

T-Map 

Histogram of the 
BC norm 



Numerical experiments 5 

Without fixing the whole boundary:  

Histogram of BC 
norm under 

harmonic map 

Histogram of BC 
norm under  

T-Map 

Norm of BC in each 
iteration Automatic detected optimal 

boundary correspondence 



Numerical experiments 6 
Multiply-connected domains:  



Numerical experiments 7 
Interior landmark constraints:  



Numerical experiments 8 
Soft landmark constraints:  



QC Iterations for large deformation 
QC iterations obtain bijective map even with large deformation: 



QC Iterations for large deformation 
QC iterations obtain bijective map even with large deformation: 



Computational time for QC iterations 

Laptop machine:  Intel Core i7 2.70 GHz CPU; 8 GB RAM 
                         (implemented using MATLAB) 



Comparison with other methods 

Comparison with: 1. Harmonic Map 2. TPS 3. LDDMM 
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Brain landmark matching registration 

Goal:  
Find meaning 1-1 correspondence between brain surface 
matches sulci consistently. 
Applications: 
Statistical analysis; morphometry; processing,...  
 Difficulties: 
Overlaps or flips occurs when there are large number of 
landmarks or with large deformation. 
 



Brain landmark matching registration 

T-Map for Brain registration with 3 sulcal landmarks 



Brain landmark matching registration 

T-Map for Brain registration with 6 sulcal landmarks 



Brainstem registration 

Brainstem:  
Anatomical brain structures which govern the balance 
control;;  regulate  cardiac/respiratory  function… 

Goal:  
Study Adolescent Idiopathic Scholiosis = 3D structural 
deformity of the spine 

Method:  
1. Find meaningful surface 

registration; 
2. Statistical shape analysis. 



Brainstem registration 

Histogram of the BC norm 
Normal AIS 

T-Map 



Constrained Texture Mapping 

Texture mapping = map image onto a surface 
                                  (for surface decoration etc) 
Idea: 1. Map vertices to 2D positions of an image; 
  (Correspondence guided by landmark features) 
          2. Color value is assigned for each vertex; 
          3. Color value inside the face by linear interpolation. 

2D Image Textured surface mesh 



Constrained Texture Mapping 

T-Map for constrained texture mapping 



Constrained Texture Mapping 

T-Map for constrained texture mapping 



T-Map for high-genus surfaces 

Vertebrae bone (genus-1) registration 
Shape  morphometry:  analysis  of  bone  cancer,  AIS  etc… 

Bone 1 Bone 2 



Human Face registration 

T-Map for face registration 



Human Face registration 

T-Map for face registration 



QC iterations with intensity matching 
Extension of QC iterations: 

Goal: 1. Intensity matching; 
2. Landmark matching; 
3. Allow non-uniform conformality distortion. 

Key idea: 

QC iterations with intensity matching 

Solve by Alternating Direction Method of multipliers (ADMM) 



QC iterations with intensity matching 

Intensity and landmark matching registration 

Example  1:  ‘A’  to  ‘R’ 



QC iterations with intensity matching 

Intensity and landmark matching registration 

Example  1:  ‘A’  to  ‘R’ 



QC iterations with intensity matching 

Intensity and landmark matching registration 



QC iterations with intensity matching 

Intensity and landmark matching registration 

Example  2:  ‘I’  to  ‘C’ 



QC iterations with intensity matching 

Intensity and landmark matching registration 

Example  2:  ‘I’  to  ‘C’ 



QC iterations with intensity matching 

Intensity and landmark matching registration 



Conclusion and Future works  
 Conclusion: T-Map 

 Introduce T-Map: minimum and uniform local 
geometric distortion; 

 QC iterations: fast algorithm to compute T-Map 
 T-Map is suitable for landmark-matching registration: 

Every prescribed set of landmark constraints is 
associated to a UNIQUE T-Map 

 Applications: medical imaging, computer graphics 
and computer visions. 

 Future work: 
 Study the convergence rate of QC iterations; 
 GPU implementation of QC iterations; 
 Extend the algorithms to point clouds; 
 Apply T-Map to medical morphometry… 

 


