M3S3/M4S3 : SOLUTIONS 4

1. Equate terms on the two sides of the equation yields the constants, that is, compare coefficients of

2

terms in z°, z and 1 as follows:

2 . A+B=C

Aa+ Bb Aa+ Bb
z : 2Aa+2Bb=2Cc c= c =118
Aa+ Bb

2
(A2 2
A+B) (Aa” + Bb)

1 : Ad*+B¥=Cc*+d .. d:aﬁ—m&+3¥p4A+m<

and as )
Aa+ Bb 2 2\ 2

it follows that

2
e+ Blo o= 4 (s AEEDY B

AT B A+B<a_b)2' (1)

For the Bayesian calculation,

Ln(p) = fi(;JLpr{—;@r—ma}z<;Jnm@m{—;§?@a—uf}

=1

_ (;ﬁ)m exp {—; [n(:c )+ zn;(x - :1:)2] }

SRS

i) = ()" o { gt 08} o - ot 1)

and therefore,

pux(plE) exp{—; [n(w—,u)Q + :Q(M—Q)Q]} OCexp{—; [<n+ 712> <u— mﬂ}

after completing the square using the earlier formula in equation (1), with

A=n a=% B=1/% b=0.

In the vector case, completing the square is again straightforward, except that we must remember to
adhere to the rules of matrix manipulation. For example, the quadratic term in

(x—c)'Clx—c)+d=(x—a)"A(x —a)+ (x —b)'B(x—b)
is
2 Az + 2" Bx =" (A+ B)x.
so C = A+ B. The term in « is given by

c'Cr=a'Az +b'Bx
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therefore
Cc = Aa + Bb c=(A+ B) ' (Aa + Bb).

Finally
c'Cc+d=a"Aa+b"Bb

so that

d=a"Aa+b"Bb—c"Cc=a'Aa+b"'Bb— (Aa + Bb)' (A+ B)"'(Aa + Bb).

2. By definition
Ln(0)pe(0)

Ly (8)pe(0) d6

po|x(8lz) = /

where
ni+nz

L(0) = [ ] fxjo(xil0) = {foo(:ﬂila)} { 11 fxe(ivie)} = L, (0)Ln,(0)
i=1 i=1

i=ni+1

say. The numerator in equation (2) is therefore
Ln(60)pe(0) = Ln, (8)Ln,(8)pe(6) x Lny(8)peix (Olz,)

and the result follows.

3. (i) For the Poisson likelihood/Gamma prior

L,(A) o A exp{—nA}
pA(A) o A exp{—pA}

n
where s = g ;, SO
i=1

prx(Alz) o XFolexp{—(n + B)A\} = Gamma(s + a,n + ).
Therefore for future variables X* taking values in the Cartesian product
XM =X x ... xX
where X = {0,1,2,...}, we have

fxrx(@lz) = /000 {H fX|A($;)‘)}pA)~(()"£) dA

=1

_ o )\S*exp{_N*)\} (n+ B)ste oty
-, { o) } A exp{—(n + AN} A

> M sts*ta—l (oo (0 1 ¥
/0 {r(sw)c(@)}A p{—(n+n* + §)A} dA

*

n
where s* = E x; and
i=1

n*
c(z*) = fo'
=1
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Integrating out A from this equation yields

fxnx(@z) = ] /0 Al oy —(n + n* + B)A} dA

I(s+ a)c(z*

n+ [)ste [(s+ s+ a)

as the integrand is proportional to a Gamma pdf.

(ii) For the Binomial likelihood/Beta prior

L.(0) o 6°(1—6)N—
pe(0) o 09711 —6)P1

n
where s = le and N = nK. Then
i=1

P x (0]2) 05to"1(1 — 9)N=5tF~1 = Beta(s + o, N — s + f3).
Therefore for future variables X* taking values in the Cartesian product
XM =X x ... xX
where X = {0,1,2,..., K}, we have

1 ("
fxx(@¥lz) = /0{ fx|e(wfl9)}pe|g(9;v,) do
1

1=

B 1 st o _gr (N +a+p5) sho et f
N /O{C@ 0 (1 -0)% }P(S—Fa)F(N—s—Fﬂ)eJr 1)t dg

_ /’1 C(A’ZEJ*)I‘(N"'OZ"I_/B) 98+8*+a—1(1_9)N+N*—S—S*+5—1 d@
o T(s+a)T(N —s+p)
n*
where s* = sz*, N* =n*K and
i=1

Integrating out @ from this equation yields

*  c@IT(N+a+B) e NN 551
fxx(®lz) = F(s+a)F(N—s+ﬁ)/0 gstsT o=l — g)N+ +5-1 g
c(z)I(N+a+p) T'(s+ s +a)[(N+N*—s—s"+03)
T(s +a)l'(N — 5+ ) T(N +N*+a+p)

as the integrand is proportional to a Beta pdf.
4. Within the exponential family the density
Fx1o(@16) = exp {t(@)Ta(9) + c(6) + ()}
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yields a likelihood for iid data @1, ..., x, of the form

La(0) = [T /xio@ile) = [Texo{t(z:)Ta(6) +c(6) + (i)}
i=1

=1
= exp {TTa(H) + ne(6) + D}

where . "

T=>) o D=) dwz)

i=1 i=1

Now, if the prior takes the form

pe(0) o exp {aTa(O) + ﬁc(O)}
then

T _ T
Pojx (012) o< Ln(0)p6(6) o exp {{T + ) a(0) + (n+ B)c(8) } = { ale,@(0) + Bree(6) |

which is of the same functional form as the prior with hyperparameters updated as follows

o — Qpew =T + ﬁ—’ﬁnew:n"i_ﬁ

5. The likelihood for the model is given by

=1
_ (271@)”/2 exp {_2; [n(:ﬁ — ) ; (25 — x)2] } .

Therefore a conjugate prior that combines with this likelihood takes the form

Pug (1 @) = Po(@)Puje(1l¢) (;)a/m exp {—2%} (;) v exp {—2%(” - 9)2} .

for hyperparameters o, 3,7 > 0 and 6 € R, where

+
\

py(9) o <;>a/2+1 exp {—be} = IGamma(a/2,3/2)

Paslild) o (;)Wexp{—z;ﬁ(u—eﬁ} = N(6,79)

and the IGamma(a,b) distribution is the distribution of 1/V if V'~ Gamma(a, b) with density function

CIONCIE
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- in the conjugate prior a = /2 and b = (3/2. Therefore, the posterior distribution is

Puolx (s @lz) o Ln(p, )Pyt @)

Q) e { o)
a/2+1 1/2
() el L1 e

1)\ (nte+1)/2+1 1 B ) 1 )
- (5) o0 { g5 10"+ 545+ =07}

where .
S=> (z—7)>%
i=1

Now, using the identity from Q1, completing the square in u, we have
1
n(f—u)%r;(u—@)2 = M(p—m)*+d

where .

nTAONy oy Y g
n+1/y n+1/y
Therefore the posterior distribution takes the form

M=n+1/y m =

1 (nta+1)/2+1 1 )
Puglx (1 Plz) o< (¢) exp{ZCZS [M (1 —m) +d+5+5]}

X pgix (lz)pux.¢(1lz, @)

where, by inspection

(n+a)/2+1
Polx (@lz) o <;> exp {—W} = IGamma((n+ «)/2,(d+ S+ 3)/2)

matilz o) x (3) - {35 = m2} = N, o)

Therefore, in the conjugate analysis,

poix(dlz) = IGamma(ay/2,53/2)

pu|)j,¢(ﬂ|ga ¢) = N(917 71¢)
where
nT + 6/v

a1:n+a 61:d+5+ﬁ 01:”4—1/"}/

1 =1/M

so that

_ (B (e Bl (L N ! )
maxtnon) = T (5) {5 () e {mgu- o)

) e b ]
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Hence

pux(plz) = /0 Puglx (ks 9lz) d

[ )

(01+1)/2+1 1 1
L

)

® 2¢ 1

B (/61/2)a1/2 1 1/2 1 (a1+1)/2+1 1 1 ,

- e @) LG e ) e

_ (ﬁ1/2)°‘1/2< 1 >”2 T((01 +1)/2)

I(a1/2) \ 27y, By (u—61)? (a1+1)/2
<2 " 27 )
- §($?}2J)FF1()1//22)) W (Brs + (= 1)) T

'1/2) = 71/2 and the integrand is proportional to a Gamma density. Thus the posterior marginal
distribution for p is in fact a generalized Student-t distribution with parameters (a1, 01, 51,7;)-

6. (i) It
po(0) o |1(6)]'/*

where here (and in the rest of the question) |A| = | det A|, the absolute value of the determinant of A,
and ¢ = g(0) so that 8 = h(¢), say, then by the multivariate transformation theorem,

pg(9) o< [T(h(9))["/?| Ty (3)

where Jg is the Jacobian for the transformation between ¢ and 0, that is

_00; _ 0h(9)
~ ¢y, Oy,

We know that the reparameterization is a 1-1 (and hence invertible) transformation

[Jo] jx

Now, the Fisher information for ¢ can also be found from first principles. As usual, it is formed as the
expectation of the matrix of second derivatives of the log-likelihood with (7, k)"* element

0%,(6) 0 (0l,(0)
00,00, 00, \ 00, |

Now,

P ln(®) _ 0 {azm)} _ 0 {azn e)aej}
8¢ja¢k_a¢k 8¢j B 99y, 00 a¢j

9 {azn(e)}aaj 01, (0) 0%;
Do, \ 00, [ 9o, ' 90; 0¢;0y,

{a%n(e)}aej 00, 9l,(0) 90,
L=+
90;00y | 0¢; 09y, 00; 0¢;0;

and thus, taking expectations to compute the Fisher information, as

91,(6) :
EfX\e I: ae] :| =0 v]

M3S3 EXERCISES J - SOLUTIONS - page 6 of 8



by properties of the score function, and thus

fxo [ann(d))] = Efy [8%”(0)} 905 90k _ 99, o [azln(e)] 20,

06;0¢y, 90,00 | 0¢; 0, 00, 90,00 | 9y,

and hence
I(¢) = D(6)"1(6)D(0)

where D is the square matrix with (j, k) element

00;
s
Hence
1(®)| = | D(6)T1(6)D(6)| = |D(6)"|11(8) [D(6)| = |1(6)] |D(B)
and

()" =11(6)]*|D(®)].
However, by inspection of equation (3), we note that as
[D(6)] = |Jg]

so in fact

(@) o< [1(¢)['/?

and we see that Jeffrey’s prior is invariant to reparameterization.

(ii) For the normal model, using parameters 6 = (i, 02)"

fx10(7(0) o <012> v exp {—2;2(,@ - u)Z}

and hence
I(n,0%) = const — 1loga2 - i(:U — )?
’ 2 202
o _ zop
o o2
o1
o2 o2
ol 11 )
9 = T3 3" T H
9%l 1 1 5
o2 ~ 28 oM
02l __z—p
Oudo? ot
Hence
1
— 0
1(0) = UO 1
204

M3S3 EXERCISES J - SOLUTIONS - page 7 of 8



and Jeffrey’s prior is

po(6) o< [1(8)]"* 3 (4)
Instead, using parameters ¢ = (u, )"
1
l(u,0) = const —logo — @(TL’ — u)?
ol 1 1
o = o T
0%l 1 3 9
o = T ACTH
Hence
1
— 0
I(¢) = ‘70 9
o2
and Jeffrey’s prior is
1
po(®) o [1(e)['/? o —. (5)

This demonstrates that the earlier result relating to reparamterization holds; the prior is preserved. To
see this, let A = o2; the original prior in equation (4) says that

c1
pe(,uv )\) = W
Under the reparameterization A — o = ﬁ, the Jacobian of the transformation is 20

C2

Cc
,0) = — X 20 =—%
pe(lu' ) o3 o2

which coincides with equation (5).
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