M3S3,/M4S3
ASSESSED COURSEWORK 1 : SOLUTIONS

1. We use the result from the handout
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which implies, marginally, that, for arbitrary p, and k& = [np],
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(i) For the sample median, k = [np]| with p = 0.5, we have
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Now, in the N(u,0?) case, z, = p, and {fx(p)}? = 1/(2m0?), so we have
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and hence
T

2
Xy ~ AN — .
Note that 7/2 ~ 1.57 > 1, so the asymptotic variance is greater for the sample median than for
the sample mean.
/5 MARKS]

(ii) For the sample interquartile range, R;g; k1 = [np1] and ky = [nps] with p; = 0.25 and
po = 0.75. Then from above
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Now, by the results given for the standard normal
o5 = pu— 0.6740 zo.75 =+ 0.6740
and so, by elementary transformation theory

fx (xo2s) = fx(p—0.6740) = ¢(—0.674)/0 = 0.318/c
Fx (moms) = fx (u+0.67T40) = ¢(0.674) /o = 0.318/0
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Thus, the asymptotic variance-covariance matrix is

o? 0.25 x 0.75 0.25 x 0.25 }

5 5[ 1.854 0.618
T 0.3182 | 0.25 x0.25 0.75 x 0.25

0.618 1.854
Now, setting the vector @ = (—1,1)T yields that
Rio = Xtk — Xy = @ (X(,)s X)) "
1Q (k2) (k1) (k1) <> (k2)
and hence (by continuous mapping/Slutsky)
Vi(Rig —r1g) — N (0, aTza)
where r7g = xo.75 — 70.25. Here

TIQ = X0.75 — £0.25 = 2 x 0.6740 = 1.348¢

and
a'Ya = 2.47252
and hence )
2.472
Rig ~ AN (1.3480, 720 ) .
[10 MARKS]
2. We have

as

dulfif) = [ (VA@-VED) do= [~ () + foe) -2/ A i) do
_ 2—2/_Zx/f1(x)f2(m) dz

< 2

/_OO V [1(x) fa(x) dz > 0.

[5 MARKS]
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