M2S1 : ASSESSED COURSEWORK 2 : SOLUTIONS

(a) Joint density
fxy (@y) =ca(@+2y)exp{-(z+y)} ,y>0

(i) To compute ¢: need to integrate fxy over RT x Rt

/ / fxy (z,y)dedy = c1/ / (x + 2y) e(”er)ch’dy:cl/ {/ (z+2y) e(”y)d:c} e Ydy
Jo Jo Jo Jo . Jo

0

= /Om{[— (z+2y)e "] +/Om e“”dm} e Ydy
- ./O°° {2y + [e#] Ve vy

= ¢ /0*00 (2y+1)e Ydy

= o {[— Qy+1)e ¥+ ./Ooo eydy}

= 01{2+1}=301

and therefore ¢; = 1/3.

[2 MARKS]
(ii) For =z >0
h L[ —(z+y)
fx(x) = a fX,Y(xay)dy=§ (r+2y)e dy
0 0
1 > _
= =—e ’C/ (x+2y)e Ydy
3 Jo
1 _, 100 e 1 _,
= 3e {[—(m—i—Qy)e 1 +/ 2e ydy}zge {z + 2}
0
and hence -
Fx(a) = % z>0
[2 MARKS]
Similarly, for y > 0
~ L[~ —(z+y)
frly) = a fX,Y(CC,y)dﬂf:g (x+2y)e dx
Jo Jo
e ¥ 100 < 1
= 9[- (@+2y) e’ +/ e fdrp = eV {2y + 1}
3 oo 3
and hence @ ey
+1l)e
friy = 20
[2 MARKS]
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(iv)
PlY > X] //fxyxy)d:r:dy A={(z,y):0<z<y<oo}

so therefore

PlY >X] = / fxy(z,y)dxdy

L
_ / {/ (z+2y)e (m+y)dx} dy
- %./OOO{[—(:L’-&—ZU)ex]g+./()y€x}eydy

= % /(; {2y —3ye™ + (1 —e7¥) } e dy
1 o0
— g/0 {2y +1)e ¥ —(3y+1)e *}dy

1 [ —y [ o2
= g/0 {@y+1)e}dy /0 {By+1)e ™} dy

= % {[-(2;; +1)e V] + ./Ooo 2e‘ydy} - % { [—%(31/ + 1)6‘2?’]20 + ./Ooo ge‘%dy}

1 1(1 3
- jUe3-5{57q)
1 5
= 1737y
_ T
12

/2 MARKS]

(b)Joint density
fX,Y,Z (J?,y,Z) = CxYz 0< T,Y,z < 1

(i) To compute cz: need to integrate fx y,z over (0,1) x (0,1) x (0,1)

1 1 p1 1,1 g1
/ / / fX,Y,Z (xayaz) d‘rdydz = 62/ / / Yz da:dydz
JOo JO JO Jo Jo Jo
1 1 1
co { / xdm} X { / ydy} X { / zdz} integral factorizes
JO Jo Jo

- o{Eh {5} {51

and therefore cg = 8.
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Note that we can deduce

Ixy.z (2,y,2) = fx (@) fy (y) f2(2)

where
fx(x) = 2z 0<z<l1
frly) = 2y O<y<l1
fz(z) = 2z 0<z<1

and hence X,Y, and Z are independent, and identically distributed.
(i)

P[X >Y] =///fx7xz(m‘,y,z)dxdydz A={(z,y,2): 0 <x,y,z <1,z >y}
A

so therefore

-1 1 T 1 1 "
PX>Y] = /{ {/ fXxZ(:r,y,z)dy}dx}dz:/ {/ {/ 8xyzdy}d:n}dz
o o UJo o o UJo
1
= 8 { { ydy}xdaz} zdz
0 0
1 13j 1 1,3 1q 1
= 8 — zdz—S/ {/ —da:}zdz:S/ —zdz = =
Jo { 0o 2" } Jo UJo 2 Jo 8 2

[3 MARKS]
(iii) By symmetry of the form of the joint density, we can immediately state that
PlY >Z =<
but from first principles,
PlY > Z] =/// fxvz(x,y,z)dedydz A={(z,y,2): 0 < z,y,z < 1,y >z}

SO

PV=>24 = /{/01{/ fxyz(2,y, )dz}dy}d .Al{./()l{./()nyyzdz}dy}d;g
- / {/0{ zdz}ydy}xdx
_ / {Oljydy}a:d:c—S/Ol{'/Olgdy}xdx:?/oléxdx:%

[1 MARK]
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(c)Joint density
Ixy (x,y) = cgexp{—2x —y} O<zr<y<oo

(i)For z > 0
fx(x) = 03/ fxy (z,y)dy = 03/ e~ 2 gy
0 xT
= e ™ / e Vdy = cze 2" [—e 7| = cge ¥
But N e
./0 cze”dr = c3 [—63 h =c—33 c3=3
and hence

fx(x)=3e" x>0

so that X ~ Exponential(3).

[2 MARKS]
Similarly for y > 0
o0 ”
frly) = 63/ fxy (x,y)de = c3/ e~ (22+Y) 0
0 0
Y
= cze ¥ / e 22dg
Jo
B efo Y cs .
= c3e y[— 5 L}:Ee ?/(1_6 y)
and hence \
fry)=ge?(1—e)  y>0
[2 MARKS]
(i) X and Y are not independent
[1 MARK]

This can be deduced in many ways; for example, if we take a particular point (z,y) € R? such that
x >y. At this point, fxy(z,y) =0, but fx(x) >0 and fy(y) >0 so

Ixy(x,y) # fx (@) fy(y)
/1 MARK]
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