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2�D A+��56�+��AW��5 �6 +��#�� V�+W��w,5
2�D�� B,�,+�w A+��56�+��AW��5
Frqvlghu d glvfuhwh2frqwlqxrxv udqgrp yduldeoh [ zlwk udqjh [ dqg suredelolw| glvwulexwlrq gh0
vfulehg e| pdvv2sgi i � / ru fgi I � 1 Vxssrvh j lv d uhdo0ydoxhg ixqfwlrq zkrvh grpdlq lqfoxghv [/
dqg vxssrvh wkdw

j = [ �$ \
{ :�$ |

Wkhq \ @ j+[, lv dovr d udqgrp yduldeoh dv \ lv d ixqfwlrq iurp 
 wr U1 Iru D � U/ wkh hyhqw
^\ 5 D` lv dq hyhqw lq whupv ri wkh wudqviruphg yduldeoh \ 1 Li i � lv wkh pdvv2ghqvlw| ixqfwlrq iru
\ / wkhq

S ^\ 5 D` @

;

A

A

A

A

?

A

A

A

A

=

[

�����
i � +|, \ glvfuhwh

]

�
i � +|,g| \ frqwlqxrxv

Zh zlvk wr ghulyh wkh suredelolw| glvwulexwlrq ri udqgrp yduldeoh \ > lq rughu wr gr wklv/ zh �uvw
frqvlghu wkh lqyhuvh wudqvirupdwlrq j � � iurp \ wr [ gh�qhg iru vhw D � \ +dqg iru | 5 \ , e|

j � � +D, @ i{ 5 [ = j+{, 5 Dj j � � +|, @ i{ 5 [ = j+{, @ |j
wkdw lv/ j � � +D, lv wkh vhw ri srlqwv lq [ wkdw pds lqwr D/ dqg j � � +|, lv wkh vhw ri srlqwv lq [ wkdw
pds wr |/ xqghu wudqvirupdwlrq j1 E| frqvwuxfwlrq/ zh kdyh

S ^\ 5 D` @ S ^[ 5 j � � +D,`
dqg khqfh ^\ 5 D` dqg ^[ 5 j � � +D,` duh htxlydohqw hyhqwv1

Frqvlghu �uvw wkh fgi ri \ / I � / hydoxdwhg dw d srlqw | 5 U1 Zh kdyh

I � +|, @ S ^\ � |` @ S ^j+[, � |` @

;

A

A

?

A

A

=

[

	
�����
i � +{, [ glvfuhwh

]

� �
i � +{,g{ [ frqwlqxrxv

zkhuh D � @ i{ 5 [ = j+{, � |j1 Wklv uhvxow jlyhv wkh _�uvw sulqflsohv% dssurdfk wr frpsxwlqj
wkh glvwulexwlrq ri wkh qhz yduldeoh= wkh dssurdfk fdq eh vxppdul}hg dv iroorzv=

� frqvlghu wkh udqjh \ ri wkh qhz yduldeoh
� frqvlghu wkh fgi I � +|,> vwhs wkurxjk wkh dujxphqwv dv iroorzv

I � +|, @ S ^\ � |` @ S ^j+[, � |` @ S ^[ 5 D � `
Qrwh wkdw lw lv xvxdoo| d jrrg lghd wr vwduw zlwk wkh fgi/ qrw wkh spi ru sgi1

Riwhq/ wkh vhw lv D � lv hdv| wr lghqwli| iru d jlyhq |/ wkdw lv/
I � +|, @ S ^j+[, � |` @ S ^{ � � [ � { 
 `

zkhuh { � dqg { 
 ghshqg rq | dqg j ru j � � 1 Wkh pdlq remhfwlyh lv wkhuhiruh wr lghqwli| wkh vhw D � 1
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Transformation: Y=sin(X)

Iljxuh 516= Frpsxwdwlrq ri D � iru \ @ vlq[

H{dpsoh 51814 Vxssrvh wkdw [ lv d frqwlqxrxv udqgrp yduldeoh zlwk udqjh [ � +3> 5�, zkrvh
sgi i � lv frqvwdqw

i � +{, @ 4
5� 3 ? { ? 5�

dqg }hur rwkhuzlvh1 Wklv sgi kdv fruuhvsrqglqj frqwlqxrxv fgi
I � +{, @ {

5� 3 ? { ? 5�
Frqvlghu wudqviruphg udqgrp yduldeoh

\ @ vlq[
Wkhq wkh udqjh ri \ / \ lv ^�4> 4`/ exw wkh wudqvirupdwlrq lv qrw 4041 Krzhyhu/ iurp �uvw
sulqflsohv/ zh kdyh

I � +|, @ S ^\ � |` @ S ^vlq[ � |`
Qrz/ e| lqvshfwlrq ri Iljxuh 516>zh fdq hdvlo| lghqwli| wkh uhtxluhg vhw D � = lw lv wkh xqlrq ri wzr
glvmrlqw lqwhuydov

D � @ ^3> { � ` ^ ^{ 
 > 5�` @ �3> vlq � � |� ^ �� � vlq � � |> 5��

vr wkdw
I � +|, @ S ^vlq[ � |` @ S ^[ � { � ` . S ^[ � { 
 `

@ iS ^[ � { � `j. i4� S ^[ ? { 
 `j
@

� 4
5� vlq � � |

�

.
�

4� 4
5�

�� � vlq � � |�
�

@ 4
5 . 4

� vlq � � |
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Transformation: T=tan(X)

Iljxuh 517= Frpsxwdwlrq ri D � iru W @ wdq[

dqg khqfh/ e| gl�huhqwldwlrq
i � +|, @ 4

�
4

s4� | 


H{dpsoh 51815 Frqvlghu wudqviruphg udqgrp yduldeoh
W @ wdq[

Wkhq wkh udqjh ri \ / W lv U/ exw wkh wudqvirupdwlrq lv qrw 4041 Krzhyhu/ iurp �uvw sulqflsohv/ zh
kdyh/ iru w A 3

I � +w, @ S ^W � w` @ S ^wdq[ � w`
Iljxuh 517 khosv lghqwli| wkh uhtxluhg vhw D � = lq wklv fdvh/ lw lv wkh xqlrq ri wkuhh glvmrlqw lqwhuydov

D � @ ^3> { � ` ^ ^{ � > { 
 ` ^
�6�
5 > 5�

�

@ �3> wdq � � w� ^ ��> � . wdq � � w� ^
�6�
5 > 5�

�

+qrwh/ iru ydoxhv ri w ? 3/ wkh xqlrq zloo eh ri rqo| wzr lqwhuydov/ exw wkh fdofxodwlrq surfhhgv
lghqwlfdoo|, vr wkdw

I � +|, @ S ^wdq[ � |` @ S ^[ � { � ` . S ^{ � � [ � { 
 ` . S
�6�
5 � [ � 5�

�

@
� 4
5� wdq � � w

�

. 4
5�

�� . wdq � � w� ��. 4
5�

�

5� � 6�
5
�

@ 4
5 . 4

� wdq � � w
dqg khqfh/ e| gl�huhqwldwlrq

i � +w, @ 4
�

4
4 . w 
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2�D�2 ��� A+��56�+��AW��5
Wkh pdsslqj j+[, lv d ixqfwlrq ri [ iurp [ zklfk lv 404 dqg rqwr \ li/
+l, iru hdfk { 5 [/ wkhuh h{lvwv rqh dqg rqo| rqh | vxfk wkdw | @ j+{,/ dqg
+ll, iru hdfk | 5 \ / wkhuh h{lvwv dq { 5 [ vxfk wkdw j+{, @ |1
Wkh iroorzlqj wkhruhp jlyhv wkh glvwulexwlrq iru udqgrp yduldeoh \ @ j+[, zkhq j lv 4041
WKHRUHP
Ohw [ eh d udqgrp yduldeoh zlwk pdvv2ghqvlw| ixqfwlrq i � dqg vxssruw [1 Ohw j eh d 404 ixqfwlrq
iurp [ rqwr \ zlwk lqyhuvh j � � 1 Wkhq \ @ j+[, lv d udqgrp yduldeoh zlwk vxssruw \ dqg
Glvfuhwh Fdvh = Wkh pdvv ixqfwlrq ri udqgrp yduldeoh \ lv jlyhq e|

i � +|, @ i � +j � � +|,,| 5 \ @ i|mi � +|, A 3j
=zkhuh { lv wkh xqltxh vroxwlrq ri | @ j+{, +vr wkdw { @ j � � +|,,1
Frqwlqxrxv Fdvh = Wkh sgi ri udqgrp yduldeoh \ lv jlyhq e|

i � +|, @ i � +j � � +|,,
�

�

�

�

g
gw

�j � � +w,� ��� �

�

�

�

�

| 5 \ @ i|mi � +|, A 3j

zkhuh | @ j+{,/ surylghg wkdw wkh ghulydwlyh
g
gw

�j � � +w,�

lv frqwlqxrxv dqg qrq0}hur rq \1
SURRI

Glvfuhwh fdvh= e| gluhfw fdofxodwlrq/
i � +|, @ S ^\ @ |` @ S ^j+[, @ |` @ S ^[ @ j � � +|,` @ i � +{,

zkhuh { @ j � � +|,/ dqg khqfh i � +|, A 3 +, i � +{, A 31
Frqwlqxrxv fdvh= ixqfwlrq j lv hlwkhu +L, d prqrwrqlf lqfuhdvlqj/ ru +LL, d prqrwrqlf ghfuhdvlqj
ixqfwlrq1
Fdvh +L,= Li j lv lqfuhdvlqj/ wkhq iru { 5 [ dqg | 5 \/ zh kdyh wkdw

j+{, � | +, { � j � � +|,=
Wkhuhiruh/ iru | 5 \/

I � +|, @ S ^\ � |` @ S ^j+[, � |` @ S ^[ � j � � +|,` @ I � +j � � +|,,
dqg/ e| gl�huhqwldwlrq/ ehfdxvh j lv prqrwrqlf lqfuhdvlqj/
i � +|, @ i � +j � � +|,, ggw

�j � � +w,� ��� � @ i � +j � � +|,,
�

�

�

�

g
gw

�j � � +|,� ��� �

�

�

�

�

dv g
gw

�j � � +w,� A 3=
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Fdvh +LL,= Li j lv ghfuhdvlqj/ wkhq iru { 5 [ dqg | 5 \ zh kdyh
j+{, � | +, { � j � � +|,

Wkhuhiruh/ iru | 5 \ /
I � +|, @ S ^\ � |` @ S ^j+[, � |` @ S ^[ � j � � +|,` @ 4� I � +j � � +|,,

vr

i � +|, @ �i � +j � � +|,, ggw
�j � � +|,� @ i � +j � � +|,,

�

�

�

�

g
gw

�j � � +w,� � � �

�

�

�

�

dv g
gw

�j � � +w,� ? 3=

Gh�qlwlrq 51814 Vxssrvh wudqvirupdwlrq j = [ �$ \ lv 404/ dqg lv gh�qhg e| j+{, @ | iru
{ 5 [1 Wkhq wkh Mdfreldq ri wkh wudqvirupdwlrq/ ghqrwhg M+|,/ lv jlyhq e|

M+|, @ g
gw

�j � � +w,� � � �

wkdw lv/ wkh �uvw ghulydwlyh ri j � � hydoxdwhg dw | @ j+{,1 Qrwh wkdw wkh lqyhuvh wudqvirupdwlrq
j � � = \ �$ [ kdv Mdfreldq 4@M+{,1

Qrwh = Wklv lv suhflvho| wkh vdph whup wkdw dsshduv dv d fkdqjh ri yduldeoh whup lq dq lqwhjudwlrq1

Qrwh = Wr frpsxwh wkh h{shfwdwlrq ri \ @ j+[,/ zh qrz kdyh wzr dowhuqdwlyh phwkrgv ri
frpsxwdwlrq> zh hlwkhu frpsxwh wkh h{shfwdwlrq ri j+{, zlwk uhvshfw wr wkh glvwulexwlrq ri [/ ru
frpsxwh wkh glvwulexwlrq ri \ / dqg wkhq lwv h{shfwdwlrq1 Lw lv vwudljkwiruzdug wr ghprqvwudwh
wkdw wkh wzr phwkrgv duh htxlydohqw/ wkdw lv

H ��� ^j+[,` @ H ��� ^\ `
Wklv uhvxow lv vrphwlphv nqrzq dv wkh Odz ri wkh Xqfrqvflrxv Vwdwlvwlfldq1

LPSRUWDQW QRWH= Qrwh wkdw wkh dssduhqwo| dsshdolqj _soxj0lq% dssurdfk wkdw vhwv
i � +|, @ i � �j � � +|,�

zloo doprvw dozd|v idlo dv wkh Mdfreldq whup pxvw eh lqfoxghg1 Iru h{dpsoh/ li \ @ h �
vr wkdw [ @ orj \ / wkhq phuho| vhwwlqj

i � +|, @ i � +orj |,
lv lqvx�flhqfw/ |rx pxvw kdyh

i � +|, @ i � +orj |,� 4
|
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2�S B,�,+�AW�B 6N��AW��5
2�S�� ���,�A B,�,+�AW�B 6N��AW��5

Gh�qlwlrq 51914 Iru udqgrp yduldeoh [ zlwk pdvv2ghqvlw| ixqfwlrq i � / wkh
prphqw jhqhudwlqj ixqfwlrq/ ru pji/ ri [/ P � / lv gh�qhg e|

P � +w, @ H � � ^h � � `
li wklv h{shfwdwlrq h{lvwv iru doo ydoxhv ri w 5 +�k> k, iru vrph k A 3/ wkdw lv/

GLVFUHWH FDVH P � +w, @ [

	����
h � 	 i � +{,

FRQWLQXRXV FDVH P � +w, @ U

	���� h � 	 i � +{,g{

Qrwh = Lw fdq eh vkrzq wkdw li [ � dqg [ 
 duh udqgrp yduldeohv wdnlqj ydoxhv rq [ zlwk
pdvv2ghqvlw| ixqfwlrqv i ��� dqg i ��� / dqg pjiv P ��� dqg P ��� uhvshfwlyho|/ wkhq

i ��� +{, � i ��� +{,> { 5 [ +, P ��� +w, � P ��� +w,> w 5 +�k> k,
Khqfh wkhuh lv d 404 fruuhvsrqghqfh ehwzhhq jhqhudwlqj ixqfwlrqv dqg glvwulexwlrqv= wklv surylghv
d nh| whfkqltxh iru lghqwl�fdwlrq ri suredelolw| glvwulexwlrqv

2�S�2 k,v �+��,+AW,5 �6 �B65

+l, Li [ lv d glvfuhwh udqgrp yduldeoh/ wkh uwk ghulydwlyh ri P � hydoxdwhg dw w/ P
� �	�
� +w,/ lv jlyhq e|

P
� �
�
� +w, @ g �

gv � iP
� +v,j � � � @ g �

gv �
+

[

	����
h � 	 i � +{,

,

� � �

@ [

	����
{ � h � 	 i � +{,

dqg khqfh
P

� �	�
� +3, @ [

	����
{ � i � +{, @ H � � ^[ � `

Li [ lv d frqwlqxrxv udqgrp yduldeoh/ wkh uwk ghulydwlyh ri P � lv jlyhq e|

P
� �	�
� +w, @ g �

gv �
�]

	
���
h � 	 i � +{,g 	

�

� � �
@

]

	����
{ � h � 	 i � +{,g{

dqg khqfh

P
� �	�
� +3, @

]

	
���
{ � i � +{,g{ @ H � � ^[ � `
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+ll, Li [ lv d glvfuhwh udqgrp yduldeoh/ wkhq

P � +w, @ [

	����
h � 	 i � +{,

@ [

	����

+ �
[

�
���

+w{, �
u$

,

i � +{,

@ 4 .
�
[

�
�
�

w �
u$

+

[

	����
{ � i � +{,

,

@ 4 .
�
[

�
�
�

w �
u$H

� � ^[ � `

+lghqwlfdo uhvxow krogv iru wkh frqwlqxrxv fdvh,1

+lll, Iurp wkh jhqhudo uhvxow iru h{shfwdwlrqv ri ixqfwlrqv ri udqgrp yduldeohv

H � � ^h � � ` � H � � ^h � � � ����� � ` @, P � +w, @ H � � ^h � � � ����� � ` @ h � � H � � ^h � � � ` @ h � � P � +dw,=

Wkhuhiruh/ li

\ @ d[ . e>P � +w, @ h � � P � +dw,

WKHRUHP
Ohw [ � > ===>[ � eh lqghshqghqw udqgrp yduldeohv zlwk pjiv P ��� > ===>P �	� uhvshfwlyho|1 Wkhq li

udqgrp yduldeoh \ lv gh�qhg e| \ @ [ � . ===.[ � /

P � +w, @
�
\



�
�
P ��� +w,

SURRI
Xvlqj wkh jhqhudo uhvxow iru h{shfwdwlrqv ri ixqfwlrqv ri lqghshqghqw udqgrp yduldeohv/

P � +w, @ H ��� ^h � � ` @ H ��� ��
 � � � 
 � � ^h � � ������� � � � �	� � ` @
�
\



�
�
H ��� � ^h � ��� ` @

�
\



�
�
P ��� +w,=

Vshfldo Fdvh = Li [ � > ===>[ � duh lghqwlfdoo| glvwulexwhg/ wkhq P ��� +w, � P � +w,/ vd|/ iru doo l/ vr

P � +w, @
�
\



�
�
P � +w, @ iP � +w,j �
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2�S�� �AO,+ B,�,+�AW�B 6N��AW��5

Gh�qlwlrq 51915 Iru udqgrp yduldeoh [/ zlwk pdvv2ghqvlw| ixqfwlrq i � / wkh
idfwruldo prphqw ru suredelolw| jhqhudwlqj ixqfwlrq/ ipji ru sji / ri [/ J � / lv gh�qhg e|

J � +w, @ H � � ^w � ` @ H � � ^h ��� ��� � ` @ P � +orj w,
li wklv h{shfwdwlrq h{lvwv iru doo ydoxhv ri w 5 +4� k> 4 . k, iru vrph k A 31

Surshuwlhv =
+l, Xvlqj vlplodu whfkqltxhv wr wkrvh xvhg iru wkh pji/ lw fdq eh vkrzq wkdw

J
� �	�
� +w, @ g �

gv � iJ � +v,j � � � @ H ��� �[+[ � 4,===+[ � u . 4,w � � � �

@, J
� �	�
� +4, @ H � � ^[+[ � 4,===+[ � u. 4,`

zkhuh H � � ^[+[ � 4,===+[ � u . 4,` lv wkh uwk idfwruldo prphqw1
+ll, Iru glvfuhwh udqgrp yduldeohv/ lw fdq eh vkrzq e| xvlqj d Wd|oru vhulhv h{sdqvlrq ri J � wkdw/
iru u @ 4> 5> ===/

J
� �	�
� +3,
u$ @ S ^[ @ u`

Gh�qlwlrq 51916 Iru udqgrp yduldeoh [ zlwk pdvv2ghqvlw| ixqfwlrq i � / wkh
fxpxodqw jhqhudwlqj ixqfwlrq ri [/ N � / lv gh�qhg e|

N � +w, @ orj ^P � +w,`
iru w 5 +�k> k, iru vrph k A 31

Gh�qlwlrq 51917 Wkh fkdudfwhulvwlf ixqfwlrq/ ru fi/ ri [/ F � / lv gh�qhg e|
F � +w, @ H ��� �h 
 � � �

li wklv h{shfwdwlrq h{lvwv iru w 5 U1 E| gh�qlwlrq

F � +w, @
]

	����
h 
 � 	 i � +{,g{ @

]

	����
^frv w{. l vlq w{` i � +{,g{

@
]

	
���
frv w{i � +{,g{. l

]

	����
vlq w{i � +{,g{

@ H ��� ^frv w[` . lH ��� ^vlq w[`


