M2S1 - ASSESSED COURSEWORK 2 SOLUTIONS

(a) For the random variables given:

(i) Given R = r with 0 < r < 1, we require that,

/ / Ixyr(T,ylr)de dy =1

Now

{/mx da:}dy

r2—y
Yy [ ] dy

7“2—y

o [,
o,

- T)/ 2 = y?)P? dy

Making the substitution y = r cost in this integral, we obtain

T ™ ™
/ y*(r? — y2)3/2 dy = / r? cos®t (r? — r? cos® t)3/2r sint dt =% / cos®t sin* ¢t dt
—r 0 0
2D T s
t 1
= 1% |cost s + 7’6/ sin® ¢ dt.
5 1, 5 Jo

1
= 0+ 57“6[(6),

say, where
I(k):/ sin® t dt.
0

Now, integrating by parts, we obtain a recursion for I(k);

I(k):/ sinktdt:/ sint sin* 2t dt = /(1—005215) sin*~2¢ dt
0 0 0
™ ™
= / sinf 2 ¢ dt—/ cos®t sin® 2 ¢ dt
0 0
k=147 T
t 1
= I(k—2)— [costsf_l L - k_l/o sin® ¢ dt

— I(k—2)—0-— ﬁ[(k)

so that

and hence

10- ()10 (£) (¢ (2) () () r0- 0
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(i)

But I(0) = 7 by direct evaluation, so therefore I(6) = 157/48 = 57 /16. Hence, from above

r 1 76
2002 _ 0 2V3/2 gy = 2r57(6) =
/_Ty(r y=)* e dy =" (6) 16

and thus, for 0 < r < 1,
316 24

kir)y=-c—5 = —.
(r) 2mr6 6

Derivation of the recursion formula in equation (1) is not necessary for full marks, but can be
quoted as a standard result. Using a cos substitution is also OK, you just get a similar recursion,
and may give the answer more quickly. Please give some marks for correctly formulating the
problem, even if the script does not complete the integration.

[6 MARKS)]
The full joint pdf is therefore

24222

9622y>
frxy(rz,y) = fxyr@ylr) frr) = g 4r° =

s

on the region defined by
—r<x<r, —-r<y<r, 0<x2+y2<r2, 0<r<l,

and zero otherwise. To get the joint marginal for X and Y, we integrate out R from the full joint
pdf, that is

oo 1 2,2 2,2 1
96x 96 1
Ifxy(z,y) = / frxy(r,z,y)dr= / 3y dr = Y [—2]
o Varryr T us 2r =y
_ 48222 1 _q
T 2+ y?
482%y% (1 — 22 — y?)
(22 + y?)

on the region defined by
0<z<1l,0<y<l,0<2®+y*<1

and zero otherwise. 4 MARKS]

(b) Using the joint pdf given:

(i)

From first principles, for fixed y; > 0
Fyi(y1) = P[Y1 <y = P[X1/Xs <y} = P[X1 < y1 X

Hence

FY1 (yl) = /O / / A1 A2 eXp{—()\1x1 + )\21’2)} dzro dxq
Z1/Y1

= / )\167/\”1 / )\267/\29:2 dxs p dxy
0 z1/y1

o0 o0
— / )\167)‘”1 e*>\2$1/y1d$1 :/ )\le*()\1+>\2/y1)x1 dx1
0 0

M
(M + X2/y1)

[3 MARKS]
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PlY) < Y3] = P[X1/X5 < X1Xo] = P[X3 > 1] = P[X3 > 1]
as Xs is strictly positive. Hence

PlY1 <Ys] =1— Fx,(1) = exp{—XA2}.

/2 MARKS]
(iii) For the covariance, from first principles
C’vaxz,y2 (X2, Y2] = Ef)<2,y2 (X2 Ya] — Efx2 [XQ]EfYQ [Y2]
By direct calculation
Epy, [Xo] =1/X
and by definition
[o.¢] (e.) 1
Ey,, [Yo] E/ / 122 fx,, x5 (21, ¥2) dxy dvg = Epy [Xa|Epy [Xo] = W
o Jo 1A2
Finally,
(o) (o]
Epe, s, [ X2 Yo] = / / T2Y2 fx,5,v5 (T2, Y2) dwa dys
o Jo
oo (o]
= / / .Tl.TU%fXI’)Q (.1‘1,$2) d.ilfl d.ilfg
o Jo
1 2

_ 21 _

- Efx1 [‘Xl]EfX2 [(X3] = )\71)\7%
Hence 5 11 .

Cov X9, Y] = - — =
fX27Y2 { 2 2] )\1)\% )\2 )\1)\2 )\1>\%
[5 MARKS]

Note: for the ™ moment for X; or Xs; proceed as follows

o0 00 [e.9] [e.o]
E¢ [XT] :/ " Ne N dx = {—xre_)‘x]o +/ ra” e dr = r/ " e dy
0 0 0

r

= XEfX [Xr_l]
r(r—1) ,_

= AQ EfX [X 2]
r!

= VEfX [XO]
r!

=
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