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Repeated observation of random variables Xi, Xz, ..., X, yields

data xi,x2, ..., Xs.
Parametric Probability Model (pdf) fx|o(x; ).

Objective is inference about parameter , a parameter in p
dimensions in parameter space © C RP.

We seek a procedure for producing estimators of 6 that have
desirable properties.
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Estimators: An estimator, T,, derived from a random sample of
size n is a statistic, any function of the random variables to be
observed Xi,...,X,:

Th=t(X1,..., Xp)

An estimate, t,, is a real value determined as the observed value
of an estimator by data xi,..., x,.

th = t(x1,...,Xn)
We will assess the worth of an estimator and the procedure used to
produce it by inspecting its frequentist (empirical) properties
assuming, for example, that the proposed model is correct.
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Desirable Properties of Estimators:
Suppose the true model has 6 = 6.

» Unbiasedness
Ex|0,[Tnl = 6o

Asymptotic Unbiasedness

lim EX|90[Tn] = 00
n—o0
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» Consistency: As n — oo,
Weak consistency:

Tni’eo

Strong consistency:
Tn i 00
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Laws of Large Numbers Under regularity conditions, for function
g,as n — o0,

Weak Law: .
1
- Zg(xi) 25 Exia,[g(X)]
i=1

Strong Law:

L3 8(X) 25 Exigy g(X)]
i=1
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» For unbiased/asymptotically unbiased (but inconsistent)
estimators, an estimator T is efficient if it has smaller
variance than all other unbiased estimators.

Efficiency
Varx|9,[ Th]l < Varxo,[ Tl

Asymptotic Efficiency

lim Varx‘go[T,f] < lim VarX|90[Tn]
n—o00 n—oo
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In summary, an estimator should have good frequentist properties

» it should recover the true value of the parameter as the
sample size becomes infinite (consistency)

» if an estimator is inconsistent, it may be at least
asymptotically unbiased, in which case the asymptotic
distribution should have low variance (efficient)

However, consistency/asymptotic unbiasedness are not in
themselves desirable ...
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EXAMPLE: Let Xi,..., X, ~ N(0,1).
Then the two estimators

Tln:iz_n;X;:X

1001

7—2n - Tln +

are both consistent and asymptotically unbiased for €, with the
same asymptotic variance.

However, their finite sample behaviours are somewhat different ...
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Finite sample behaviour is also crucial. Could consider

» Sampling distribution of T, for finite n, that is the empirical
behaviour T, over different random samples of size n

> an asymptotic approximation to this distribution suitable for
large n

For example, we typically construct an Asymptotic Normal
approximation to this distribution

Tn ~ AN(Mm U%)

for suitable values of p,, and op,.
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The Standard error of an estimator T, of parameter 0 is

s.e.(Tn;i0) =/ Varg , [Th] = se(0)

for some function s,.

The estimated standard error is

e.s.e(Ty) =se (5,,)
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Likelihood Methods

We seek a general method for producing estimators/estimates from
data under a presumed model that utilizes the observed
information in the most effective fashion.
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The likelihood function:

L(0; x) = fxjo(x1, - -, xn; 0)

and under independence
n
L(0: x) = ] ] fxjo(xi: )
i=1
The log-likelihood function:

1(0;x) =) log fxjg(xi: 0)
i=1
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Objective: Inference about 6 via L or /

Assertion:
The likelihood contains all relevant information about
parameter 6 represented by the data.
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Maximum Likelihood: Estimate 6 by 0, = t(xq, ..., x,)

5,,(X1, .oy Xp) = arg g1€a(3< 1(6; x)

with corresponding estimator

On(X, ..., Xn)

Maximum likelihood estimate/estimator (mle) 6, is often
computed as a zero-crossing of the first derivative of /(6, x).
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Let

i(0; ) = vI(6;x) = [3’ ol r

8701, ey aiep
be the vector of first partial derivatives. Then 5,7 solves
I(6;x) =0.

Score function: .
So(X) = 1(6; X).

Note: in many models

Exja[Se(X)] = 0.
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Hessian Matrix:

H(8; x) = {/(QX)] L= aziéj

Iy

be the p x p matrix of second partial derivatives.
Define )
W (X) = —1(6; X).

Consider also

WE(X) = Sp(X)Se(X)".
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Then for many models
Exa[¥5 (X)] = Exja[W5 (X)] = nZ(6)

where Z(0) is the unit Fisher Information for the model.

Z(0) is a positive definite/non-singular and symmetric matrix. Let

J(0) =72(0)7L.
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We can consider sample-based versions of these quantities
Observed Score:

So(x) = 1(6; x).

Observed Unit Information:
1A(n, ) Z A

or

IBn<9 ZS@X, SgX,
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Note: by the Laws of Large Numbers, as n — oo,

174(n, 00) —2= Z(6o) 18(n, 80) —* Z(bo)
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Cramer-Rao Efficiency Bound

An efficiency bound for unbiased estimators: if T, is unbiased,
then under regularity conditions,

-1

Varspl Tl > [Exvi (0] = [BplvE 0]

This is the Cramer-Rao Lower Bound.
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Properties of mles
Under regularity conditions, the mle is

» consistent
» asymptotically unbiased

» asymptotically efficient, with asymptotic variance 7 (6p) equal
to the Cramer-Rao lower bound.

> invariant: if 6, estimates 6, and ¢ = g(0), then on = g(@,,).
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Asymptotic Normality
Using the CLT,

V(B — 80) == N(0, 7 (60))

or
6, ~ AN(80, n~ 1T (60))

~

i.e. 0, converges to g at rate \/n.
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Hypothesis Testing & Confidence Intervals

We seek a general method for testing a specific hypothesis about
parameters in probability models.
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There are five crucial components to a hypothesis test, namely
» Test Statistic, T,
» Null Distribution, distribution of T, under Hp.

Critical Region, R, and Critical Value(s)(Cg,, Cr,)

v

T, €R — Reject Hp

v

Significance Level, a,

a = P[Tn S R‘Ho].

v

P-Value, p,
p= P[ITal = [£(x)||Hol.

Hg 0= [@))
Hy 0 75 (@)
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The Likelihood Ratio Test
The Likelihood Ratio Test statistic for testing Hyp against Hj is
sup fx|9(X; 9)
_ [dSSH
sup fx|(X;0)
[dSSH

where Hy is rejected if T, is too large, that is, if
P[T, > k|Ho] = «.

If Hyp imposes g independent constraints on Hi, then, as n — oo

2log Tp ~ X2 (1)
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The Rao/Score/Lagrange Multiplier Test
The Rao/Score/Lagrange Multiplier statistic, R,, for testing
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For large n, if Hp is true,
Ro 2 X5
and Hy is rejected if R, is too large, that is, if R, > C, and where
PR, > ClHy] = «

for significance level a.

Ho 10 = 90
Hi 6 +# 6
is defined by
R = Z} [Z(00)] " Zs (2)
where 1
Z, = —I1(X; 6p).
\/ﬁ ( 0)
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Interpretation and Explanation: The score test uses these
results; if Hp is true,

S00(X) = N (0, nZ(6o))
so that the standardized score
Vo = LS9 (X) = N(0,1,)
where |, is the p x p identity matrix, and where matrix A(6) is

given by
Lo, Lg, = nZ (o) -
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Hence, by the usual normal distribution theory
Ry = VIV, = ZT{Z(0)} ' Z, £ \2

so that observed test statistic
1 n
rn = Zr-l; {1(00)}_1 Zn where z, = ﬁ Z Seo(Xi)
i=1

should be an observation from a X% distribution.
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Extension: It is legitimate, if required, to replace Z(6p) by a
suitable estimate /,(6,). For example
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The Wald Test
The Wald Test statistic, W, for testing Hy against Hy : 0 # g is
defined by

~

Wo = v/ (80— t0) [@)] va (Ba—00) &)
Then, for large n, if Hy is true,
W, 233

and Hp is rejected if W, is too large, that is, if W, > C, and where
P[W, > C|Ho] = « for significance level a.

Z(Ba)
in(B2) = 17(n, 0,) (3)
IB(n,én)
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Interpretation and Explanation: the logic of the Wald test
depends on the asymptotic Normal distribution of the score
equation derived estimates

Jn (én . 00) 9 N (0,Z(00) )

so that )
0, 2 N (90,1(00)71)

Again, estimates of the Fisher Information such as those in (3) can
be substituted for /(6p) in (4).
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Extension to tests for components of 6.

The theory above concerns tests for the whole parameter vector 6.
Often it is of interest to consider components of 6, that is, if

0 = (01,02), we might wish to test

Ho : 601 = 019, with 6, unspecified
Hy @ 01 # 610, with 62 unspecified

The Rao Score and Wald tests can be developed to allow for
testing in this slightly different context.




Session 2: Methods of Inference 35/ 132

Suppose that 67 has dimension m and 02 has dimension p — m. Let
the Fisher information matrix Z(#) and its inverse be partitioned

2(6) = [ h o ]

b1 I
hio] ™t —[hao] ™ ha o] ™
soe] e
(9) — [h24] Ly [hi] ! [l2.1] !
be a partition of the information matrix, where
hio = hi—h2 [/22]_1 b1
bo1 = ho—hi[hi] "t ho

and all quantities depend on 6.
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» The Rao/score/LM statistic is given by

Rn = ZJO [7n(éf10))} - Zno S X

2
m

~(0) . . A =(0)y .
where 6, is the estimate of 6 under Hy and /,(6,,") is the

. . . . ~(0 .
estimated Fisher information /1, evaluated at GE, ), obtained
using any of the estimates in (3).
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» The Wald statistic is given by
W, = Vn(fn1 — 010)" {7511'2)(@1)] vn <9n1 - 910) X

where 9,,1 is the vector component of én corresponding to 61
under Hy, and 7511‘2)(9,,) is the estimated version of /112
(using the sample data, under H;) evaluated at 6,, obtained

using any of the estimates in (3).
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Confidence Intervals
A 100(1 — v)% confidence interval (Cl) C(X) for parameter 6 is an
interval such that

PleCX)=1—-~

under assumptions made about X = (X1, X2,...,n) from model
fx|g- In most cases this corresponds to an interval
C(X) = (L(X), U(X)) such that

PIL(X) <0< UX)] =1+

under fxg.

Notice that C(X) is a random interval that can be estimated for
real data x by C(x).
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Example: If X1,..., X, ~ N(u,0?), then

MNN(O 1)

so that, under this model, if v = 0.05,

Pl-1.96< M

g

<196 =1—7

and a 100(1 — v)% Cl is given by

Session 2: Methods of Inference 40/ 132

Note: Connection with Testing
Under Hp : 8 = 0y, for test statistic T,, and Critical Region R,
a = P[T, € R|Ho].
Typically, T, is a pivotal quantity whose form depends on 6, but
whose distribution does not.

It can be shown that the 100(1 — )% Cl is the range of values of
0o that can be hypothesized under Hy such that the hypothesis is
not rejected at significance level ~.

— o — g
LX) =X — 196 U(X) =X+ 196
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The coverage probability of any random interval C(X) is the
probability
P[0 € C(X)]

computed under the true model fx/g.
Thus the coverage probability for a true 100(1 — )% Cl is (1 — 7).

In complicated estimation problems, confidence intervals and
coverage probabilities are typically verified using simulation.
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Quasi-Likelihood

Quasi-likelihood (QL) methods were introduced to extend the
models that can be fitted to data.

The origin of QL methods lie in the attempts to extend the normal
linear model to non-normal data, that is, to extend to

Generalized Linear Models

We again begin with a parametric probability model, fyy.
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Exponential Family of Distributions : Suppose

(€)be(y) — ce(€)
¢

or equivalently, in canonical form, writing 6 = a¢(§), we have

0b(y) — c(0)
¢

Without loss of generality, we assume b(y) = y. Then

Eyp[YI=¢c(0) =pn  Varyp[Y] = ¢c(0) = oV (1),

fyie(y: §) = exp { % +d(y, ¢)}

fyjo(y:0) = exp { +d(y, ¢)}

say, that is, expectation and variance are functionally related.
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A slight generalization allows different data points to be weighted
by potentially different weights, w;, that is, the likelihood becomes

fy1(vii 0) = exp {Wiw +d(yi, ¢/Wf)}

¢

so that w; is a known constant that changes the scale of datum /.
Then

Evp[Y]=p  Varyp[Y]=oV(un)/w.
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A Generalized Linear Model is a model such that the expectation is
modelled as a function of predictors X, that is

p=¢c(0) =g 1(Xp)

for some link function, g, a monotone function onto R. The
canonical link is the link such that

g(¢(9)) = 0.

The term X is the linear predictor.
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For an exponential family GLM, the log-likelihood in the canonical
parameterization is

I(8;y) = -constant + Z {Wieiyi:;wi) +d(yi, ¢/Wi)}

i=1

Partial differentiation with respect to 3; yields a score equation :

oIBiy) 1~ 90, .. I~ 90,
P IR A PILCTAR
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But
om;

op;
Thus we have for the jt (j = 1,.

= X;.
, p) score equation

ol(B;y) _
B, Z ¢ &(u;) u,)

where, recall,
=g 1(XiB).

Estimation of (8y,...,3,) can be achieved by solution of this

system of equations. Note that ¢ can be omitted from this system
as ¢ > 0 by assumption.
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But, with link function g, we have
g(u;) = g(c(0i) = XiB=mn;
thus on: 9g(e(6) 26
i g\c\U;j L. .. i
= = c 9,‘ C 9,’
e AR GO
and hence, as ¢(0;) = V(u;),
on; . 00;
! == i V il e, .
95; g(ui)V(p )8@_
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If the canonical link function is used
00;
i= X —— = Xjj
0 I6] = 953, i

and the score equations become

ANBiy) =~
(225

i=1
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In this model, the assumptions about the specific form of fyy
allowed the construction of the score equations; for different
probability models, the different components take different forms:

> fyjo(y; 0) = Poisson(\)

canonical parameter 6 = log J,

v

» canonical link g(t) = log(t),

> =\ = exp(),

» V(u) =X =p (so that V(t) = t).
> W = 1,

» ¢p=1.
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> fyjo(y; 0) = Binomial(n, §)
» canonical parameter 6 = log(¢/(1 — €)),
» canonical link g(t) = log(t/(1 — t)),
- 1= €= oxp(6)/(1+ exp(#).
o V() = £(1— €) = (1 — 1) (s0 that V() = ¢(1 1))

> wi = n;,

» ¢ =1.

Note: y; presumed to be modelled in proportionate form, that is, if
Z ~ Binomial(n,§), we model Y = Z/n.
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> fyp(y:0) = Normal(¢, 0?)

» canonical parameter 6 = £,
» canonical link g(t) =1,

> =,

» V(u) =1 (so that V(t) =1).
> w =1,

> =02

Note: here mean and variance are modelled orthogonally.
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Quasi-Likelihood: The score equations are key in the estimation,
and are derived directly from the probabilistic assumptions:

n
(vi = ) Xij -
wi———— =10 Jj=1...,p.
,; "a )V (1)
However, these equations can be used as the basis for estimation
even if they are not motivated by probabilistic modelling.

We can propose forms for V/(u;) directly without reference to any
specific model. This is the basis of quasi-likelihood methods.
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Examples:

» V(u;) = p?, the constant coefficient of variation model

where
ElY;]  p 1

N R

> V(u;) = é;p;(1 — p;) (an overdispersed binomial model)

» V(u;) = é;p; (an overdispersed Poisson model)

> V(u;) = ¢;1? (an overdispersed Exponential model).
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Estimating Equations

The quasi-likelihood approach is a special case of a general The estimating function G(@) is a random variable because it is a
approach to estimation based on estimating equations. function of Y. The corresponding estimating equation that defines

. . .. . the estimator @ has the form
An estimating function is a function

n n G(8) = ; G; 6) = 0. 7
G(6)=> G(6.Y))=> G0) (5) ) 2 ) "
i=1 i=1
of the same dimension as 6 for which
E[G(0)] = 0. (6)
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Theorem: Estimator 5,, which is the solution to

For inference, the frequentist properties of the estimating function R n N
are derived and are then transferred to the resultant estimator. G(0,) = Z G(6,) =0,
The estimating function may be constructed to be a simple i=1

function of the data, while the estimator of the parameter that

. . . has asymptotic distribution
solves (7) will often be unavailable in closed form. yme

The estimating function (5) is a sum of random variables which 0, & N (QAleAT*l) ;
provides the opportunity to evaluate its asymptotic properties via a
central limit theorem. The art of constructing estimating functions where
is to make them dependent on distribution-free quantities, for
example, the population moments of the data. A

B 0G| < 0G;(09)
A0) - €| 57| - 2 E A
The following theorem that forms the basis for asymptotic =

inference. B = B,,(H):Cov(G):iCov{G,-(B)}.
i=1
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The form of the covariance of the estimator here, the covariance of
the estimating function, flanked by the inverse of the Jacobian of
the transformation from the estimating function to the parameter.

In practice, A = A,(60) and B = B,(6) are replaced by
A=A,(6,)and B=B,(60,), respectively. In this case, we have

0, 2 N, (0, f\*lﬁ.&“) : (8)

since A2 A and B -2, B.

Session 2: Methods of Inference 60/ 132

The accuracy of the asymptotic approximation to the sampling
distribution of the estimator is dependent on the parameterization
adopted. A rule of thumb is to obtain the confidence interval on a
reparameterization which takes the parameter onto the real line
(for example, the logistic transform for a probability, or the
logarithmic transform for a dispersion parameter), and then to
transform to the more interpretable scale.

Estimators for functions of interest, ¢ = g(@), may be obtained
via ¢ = g(0), and the asymptotic distribution may be found using
the delta method.
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Sandwich Estimation

A general method of avoiding stringent modelling conditions when
the variance of an estimator is calculated is provided by sandwich
estimation.

The basic idea is to estimate the variance of the data empirically
with minimum modelling assumptions, and to incorporate this in
the estimation of the variance of an estimator.
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We have seen that when the estimating function corresponds to a
score equation derived from a probability model, then under the
model

I=A=-B

so that
Var(8) = A(6) " 'B(6)A(8) = 7(6) .

If the model is not correct then this equality does not hold, and
the variance estimator will be incorrect.
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An alternative is to evaluate the variance empirically via
~ "o~
A= 2_; 59 6(0. 7).

and

This method is general and can be applied to any estimating
function, not just those arising from a score equation.
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Suppose we assume E[Y] = p and Var(Y) = ¢V with
Var(Y;) = ¢V(p;), and Cov(Y;,Yj) =0,i,j=1
working covariance model.

Under this specification it is natural to take the quasi-likelihood as
an estimating function, in which case

Cov{U(B)} = D'V 1Cov(Y)VID/¢p?
to give
Var,(8) = (D'V~'D)~'D'V ! Cov(Y)VID(D'V D)1,

and so the appropriate variance is obtained by substituting in the
correct form for Cov(Y) which is, of course, unknown.
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However, a simple “sandwich” estimator of the variance is given by
Vars(8) = (D'V~'D)"'D'V'R'RV_!D(D'V!D) %,
where R = (Ry, ..., Ry)" is the n x 1 vector with R; = Y; — u,-(,@).

This estimator is consistent for the variance of ,@ under correct
specification of the mean, and with uncorrelated data. There is
finite sample bias in R; as an estimate of Y; — 1;(3) and versions
that adjust for the estimation of the parameters 3 are also available
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The great advantage of sandwich estimation is that it provides a
consistent estimator of the variance in very broad situations. There
are two things to bear in mind

» For small sample sizes, the sandwich estimator may be highly
unstable, and in terms of mean squared error model-based
estimators may be preferable for small to medium sized n;
empirical is a better description of the estimator than robust.

» If the model is correct, then the model-based estimators are
more efficient.
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Generalized Estimating Equations

The models above focus on independent data only. However, the
methods can be extended to the dependent data cases.

Recall the Normal Linear (regression) model
Y=XB+¢

where
» Yisnxl,
» X is nxp,
» Bispx1,
> cisnxl1,

and e ~ N(0,02l,) for identically distributed errors.
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More generally, we can assume € ~ N(0,X) and model the
observable quantities as dependent

> repeated observations on a series of N experimental units that
are modelled independently, so that ¥ is block diagonal:

>, 0 --- 0
0 ¥ --- 0
Y = . . .
0 0 - Yu

» correlated data from one stochastic process
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In this model, we have the ML (and GLS) estimates (conditional
on X) given by
Bn — (XTz—lx)—lez—ly

and it follows that Bn is unbiased, and Normally distributed with
variance

(XTZtx)7t
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Typically X is not known, and possibly contains unknown
parameters, «. It can be estimated in a number of ways

» ML (distribution-based)
» REML (distribution-based)
» Robust (sandwich) estimation (model-free)
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An estimating equation approach can be used to view this form of
estimation in a distribution-free context. We consider the
Generalized Estimating Equation given by

G(B) = X"W™H(y — Xp)

for symmetric, non-singular matrix W (that is, a matrix version of
the independent case given above). Then E[G(3)] =0, and

BW — (XT W*lx)fle W*ly
is unbiased with

Var(By) = (X"W X)X WS wIX(XTWw1X) !
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Could choose

» W =%, so that
Var(By) = (XTE1X) !
» W =1, so that
Var(By) = (X" X)IXTEX(XTX) L.

We still need to estimate ¥ = X («).
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We focus on the repeated measures case, where independent
units i =1,..., N has nq,..., ny observations.

Suppose that ¥; = W;, a known constant “working” covariance
matrix. Then we have

R N -1 /N
o (Som) (S
i=1 i=1

with

N 1
Var(By) = (XTW1X) ™t = <Z XiTVV,'1Xi>
P
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If W= W(a, ), then the corresponding estimating function is

N
G(a, B) =Y X W (o, B)(yi — Xi)
=1

If « is consistently estimated by &, then we can substitute in and
leave the estimating function

N
G(8) =D XT W, (@n, B)(yi — XiB)
=1

and BW can be found using the usual iterative schemes.
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In this case, the estimated variance of 3W is given by
)~ (L x )
X <ZXT . ana/gn)i W (amBn)Xi>
N
<Z XT W (@, Bn) X >
i=1

X

where it still remains to estimate ¥ by 5.
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We use the estimate based on the quantities

(vi = XiBa)(yi — XiBa)T  i=1,...,N.

For example, for a balanced design (all n; equal to M), with
common covariances, for equally-spaced data, we estimate

JJ NMZZ U/ ’Jﬁ”
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The model can be extended by the inclusion of a link function h
such that

i = h(Xip)

in which case the estimating function is

G(3) = ZDT e, B)(yi — XiB3)

where D; is the n; x p matrix of partial derivatives.

0By

[Diljx =

forj=1,....n, k=1,....p

i=1 j=1
and
1 U . .
[Zi]jk - N Z(yu — XiiBn)(Yik — XikBn)-
i=1
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Summary: GEE given by estimating function

N
G(a, 8) = DIW M (yi — ;)
i=1

where
> ;= h(X;B)
Opi
> D,' = 851— X,-T

» W, is a working covariance model.
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> €=y —; = yi — h(XiB)
» D; is D; evaluated at i;.
> A

» B given by

N
B= (Z DfW; Yeje] W,-lﬁf>
i=1

» the variance ofﬁ is A-1BA-!
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Generalized Method of Moments

The Generalized Method of Moments (GMM) approach to
estimation is designed to produce estimates that satisfy moment
conditions that are appropriate in the context of the modelling
situation.

It is an extension to conventional method of moments (MM) in
which theoretical and empirical moments are matched.

See Hall (2005), Generalized Method of Moments, Oxford
Advanced Texts in Econometrics.
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Example: Xi,...,X, ~ Normal(yu,o?), independent. We have
ExpplX] = n Ex|plX?] = o°.

We equate to the first two empirical moments

1 1 »
=X = ; Z mo = ; Z X;
=1 i=1
yielding equations for estimation
mo=p m=p’+o’
or equivalently
m—-—u = 0
— (4% =0 (9)
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Example: Xi,..., X, ~ Gamma(c, (3), independent. We have

a(a—!—l).

Ex|p[X] = 7

% Ex|o[X?] =

We equate to the first two empirical moments

n n
1 1 )
m1:x:—gx,- ITQZ*EX,-
n < n-<
=1 i=1

yielding

Q)
s
I
N
=@
S
I
N

my —my my — my
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A problem with this approach is that typically p is finite (that is,
we have a finite number of parameters to estimate), and (often) an
infinite number of moments to select from; for example, we could

Session 2: Methods of Inference

use
ala+1)(a+2 ala+1)(a+2)(a+3
B B
as two equations to estimate « and (3.
That is, the MM estimator is not uniquely defined.
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OLS does not work effectively in this model; the estimates are
typically biased.

Instead suppose that there is an observable variable zP related to
X¢, but so that
Cov[zP,eP1=0

e.g. any of the factors that affect supply, n:.

It is typical to assume that E[eP], so that

Ely?] = aoE[x].

84/ 132
Econometric Model Suppose, for t = 1,2, ...,, we have
ytD = aoXt + e?
¥? = Boine + Booxe +€; (10)
W = (= say)
where, in year t,
» yP is the Demand,
> y? is the Supply,
> x; is the price,
» n: is a factor influencing supply.
We wish to estimate ayp, given pairs (x¢, yt), t=1,..., T.
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Then taking expectations through equation (10) we have the
following relationship

E[zPy.] — aoE[zPx] =0 (11)

and thus an MM estimate is
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GMM proceeds as follows: we define a population moment

condition via vector function g as
In the econometric supply/demand model (11) we have

Eviolg(vt,0)] = 0.
g(ve,0) = ZtD}’t - OZOZtDXt
For example, in the Normal example above, from equation (9), we

have so that v, = (22, ¢, )T, and 6 = ay.
_ Ve = [
g(Vtae)_ |:Vt2_ul_o.2:|
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The Generalized Method of Moments (GMM) Estimator of
parameter # based on ¢ moment conditions

Elg(V:,0)] = 0. Note: in general g > p.

L. L » If g = p, then the system is just identified.
is given as the value of # that minimizes a="r Y I I I. I_I_
» If g > p, then the system is over-identified.

Qr(0) =g 7(6) Wrgr(6) Over-identification is what distinguishes GMM from MM.
where ; Some mild regularity conditions are needed to ensure that the
_ 1 estimation procedure works effectively.
gr(0)= 3> g(.9) ’

t=1

and W is a positive semidefinite matrix such that Wt 2w, a
constant positive definite matrix, as T — oo.
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Regularity Conditions:
» strict stationarity,

» g is continuous in @ for all v¢, finite expectation that is
continuous on ©,

» g population moment constraints

Elg(vt,00)] =0 (g x1)

» global identification

Elg(Ve,07)] #0 6" # 6o
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» Conditions on the derivative of g: the (¢ x p) matrix of
derivatives of g with respect to the elements of

9gj
00
» 6g is an interior point of ©,
> the expectation matrix
Og
E|Z5
o]

exists and is finite, and has rank p when evaluated at 6.
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Recall that the estimator, 071 is the value that minimizes

Qr(0) =27(0) Wrgr(9)

where
-

gr(0) == &lw.0)  (ax1).

t=1

Under the regularity conditions, we have
D(v.07)" Wrgr(f7)=0  (px1)

where

T
D(v,@):_,_zagg;;"g) (g x p).

t=1
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Alternative representation: moment condition
F(00)"W*?E[g(vt,00)] = 0
where

F(60) = W2E [8g (8\/5%90)]

We have rank{F(6o)} = p.
Identifying Restrictions:

F(00)(F(60)"F(60)) " F(00)" WY ?E[g(vt, 60)] = 0
Overidentifying Restrictions:

(1q — F(00)(F(00)"F(60)) " F(00) )W ?E[g(ve, 00)] = 0
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Asymptotic Properties: under mild regularity conditions
O 2 6o
(uniformly on ©), and

TY2(07 — 00) - N(0, MSM™)
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M can be estimated using
Mt = (Dr(07)"WrDr(07)) " Dr(67) Wr

where .
1 0g(ve,0)
Dr(0) = = —= 7
t=1
Estimation of S is more complicated; a number of different
methods exist to produce an estimate S, depending on the context.

where
— 1/2—
S= lim_ var[T gT(HO)}
and
M = (D§WDo)tDfW
with Dg(ve.00)
g\Vt, U0
Do = E | 28070
’ { o967 ]
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Optimal choice of W: It can be shown that the optimal choice of
W is S~1, so in the finite sample case we use

Wr = S7L.
In practice, an iterative procedure can be used:
> At step 1, set Wt =1,. Estimate gr(l), and then 3;1(1).
> At step 2,3,..., set Wy = g;l(i — 1). Estimate 67(i), and
then §;l(i).
> lterate until convergence.

This algorithm typically converges in relatively few steps.
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Implementation in the Linear Regression Model.
Consider the model

ye = x{ 0o + ut t=1,...,T

with instruments z;, where
> xpis px1
> zis g x 1.
Define
ue(0) = yr — XtTGO
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Assumptions:

> (Strict) Stationarity

» z7 satisfies the population moment condition (PMC)
E[Ztut(eo)] = O

(an orthogonality condition).
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Fundamental Decomposition:
E[ztue(0)] = E[ztue(0o)] + Elzex/](00 — 0)
so that, via the PMC
Elz:u:(0)] = Elzex] (00 — 0),
so g is identified if

E[z:x{](00 — 0) # 0.
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Note that this is a linear system; E[z;x{] is a (g x p) matrix - we

need
rank{E[z;x[]} = p.
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Estimator: We have (in matrix form)
Qr(0) = {TUO)Z} Wr {T1Z7U(0)}

where now
» yis (T x 1),
» Xis (T x p),
» Zis (T x q),
» Uis (T x 1),
u@)=y—Xe
Then

Ir=({T X ZyWr (T2 X)) T X Zy W {T7227y)
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The minimization is equivalent to solving the system
(TAXTZY Wr T71Z7U(07) = 0.

Let
FT = E[xez |(WY/?)T

then GMM estimation is equivalent to solving
F(FTF) Y FTWY2E[z.us(05)] = 0

which are the identifying conditions in this case.

102/ 132
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Asymptotic properties: Let
M= (FTF)"tFTw?/2
where F = W'/2E[z.x]]. Note that

M = (E[xez]]WE[zex7]) " E[xez]]W

Then 57 is consistent for 0y, and

TY2(07 — 00) == N(0, MSM™)

-
S= lim Var [T‘l/zzztut]
t=1

T—00

and where, in the case of independence across time S = E[u?z,z]].

Session 2: Methods of Inference 104/ 132

For practical purposes, the expectations are replaced by empirical
averages over the T observations, for example, F is replaced by

Fr, where R
Fr=wy?{T'Z27X}

and, for example,
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Optimal choice of W: As before the optimal choice is
W=s"1

and so in estimation
_ o1
Wr =57
An iterative procedure can again be used:
> set Wr =1, 0r Wr = (T~1Z7Z)7! and obtain 57- and gr
» set Wr = §;1

and so on.

1 T
e ~2
T=7 Z Uy z¢z,
t=1
where
at = Yt — XQ—GT.
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Test for mis-specification: Using the asymptotic results, it can
be shown that

Jr=TQ(Or) = T U@7)Z57*Z7U(bT) = 2,
under the null hypothesis
Ho : E[z:u:(00)] = 0.

This test (Sargan’s Test) allows assessment of model
mis-specification (i.e. assessment of selected instruments).

Asymptotics also yield tests for individual coefficients (Wald-type
tests).
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Bayesian Methods

The classical view of Statistical Inference Theory contrasts with
the alternative Bayesian approach.

In Bayesian theory, the likelihood function still plays a central role,

but is combined with a prior probability distribution to give a
posterior distribution for the parameters in the model. Inference,
estimation, uncertainty reporting and hypothesis testing can be
carried out within the Bayesian framework.

107/ 132
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Some Reasons To Be Bayesian

>

vV v.v. v .Yy

Inference through Probability (coherence, representations of
uncertainty for observables)

Prediction

Ease of implementation

Ease of interpretation

The Logic of Conditional Probability

Decision Theory (optimal decision making)
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Implementation Issues

v

Analytic
Analytic Approximation
Numerical | : Numerical Integration

Numerical Il: Simulation and Monte Carlo

vV v.v Y

Numerical Ill: Markov chain Monte Carlo

109/ 132
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Key Technical Results

>

>

De-Finetti Representation

Posterior Asymptotic Normality

» Consistency
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Different views of Bayesianism
Subjectivist

Objectivist

Regularizers

Pragmatist

vV v.v Vv Y

Opportunist (post-Bayesian)
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SOME REASONS NOT TO BE BAYESIAN
(or rather, issues “to be managed” ...)
» Prior specification
» Computation
» Hypothesis Testing
» Model checking
| 2

Model selection
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In the Bayesian framework, inference about an unknown parameter
0 is carried out via the posterior probability distribution that
combines prior opinion about the parameter with the information
contained in the likelihood x|y (x; ) which represents the data
contribution. In terms of events, Bayes Theorem says that

P(AIB)P(B)

PBIA) = =5

that is, it relates the two conditional probabilities P(A|B) and
P(BJA).
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It follows that we can carry out inference via the conditional
probability distribution for parameter # given data X = x.

Specifically for parameter 6, the posterior probability
distribution for 0 is denoted pg|x (f|x), and is calculated as

fx1o (x: 0) pg (0)
I fxjo (x: 0) pg () d6

say, where fx|g (x; 0) is the likelihood, and py (¢) is the prior
probability distribution for 6.

pojx (0]x) = = c(x)fxje (x;:0) pg (0)  (12)
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The denominator in (12) can be regarded as the marginal
distribution (or marginal likelihood) for data X evaluated at the
observed data x

fel) = [ o (6)  (6) . (13)

Session 2: Methods of Inference 116/ 132

Inference for the parameter 0 via the posterior pyy(f|y) can be
carried out once the posterior has been computed. Intuitively
appealing methods rely on summaries of this probability
distribution, that is, moments or quantiles. For example, one
Bayes estimate, 53 of 6 is the posterior expectation

05 = Epyy 101X = x] = /Hpgx(9|x)d9

whereas another is the posterior mode , 53, that is, the value of
0 at which pyx(0|x) is maximized, and finally the posterior
median that satisfies

05 1
/ pojx (0]x)d0 = 5
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A 100(1 — o) Bayesian Credible Interval for 6 is a subset C of
© such that
PeCl>1—-a

The 100(1 — a)Highest Posterior Density Bayesian Credible
Interval for 0, subject to P[0 € C] > 1 — « is a subset C of ©
such that C={# € ©: pox (0]x) > k} where k is the largest
constant such that

PeCl>1-a.
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Bayesian Inference and Decision Making

Suppose that, in an inference setting, a decision is to be made, and
the decision is selected from some set D of alternatives.

Regarding the parameter space © as a set of potential “states of
nature”, within which the “true” state 6 lies.

Define the loss function for decision d and state 6 as the loss (or
penalty) incurred when the true state of nature is 6 and the
decision made is d. Denote this loss as

L(d,0)
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With prior () and no data, the expected loss (or the Bayes
loss) is defined as

€ [L(d.6)] = [ L(d.0)ps (0) o
The optimal Bayesian decision is
dg = arg min Ep, [L(d,0)]

that is, the decision that minimizes the Bayes loss.
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If data are available, the optimal decision will intuitively become a
function of the data. Suppose now that the decision in light of the
data is denoted d(x) (a function from X to D , and the associated
loss is L(d(x),0))

The risk associated with decision d(X) is the expected loss
associated with d(X), with the expectation taken over the
distribution of X given 0

Ru(8) = Exo [L(50X), )] = [ L(3(X),6)filx; )
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The Bayes risk expected risk Ry(d) associated with 6(X), with
the expectation taken over the prior distribution of 6

R(6) = Eg[Ro(6)] = Eg [Expo [L(6(X),0)]]

- /{/L(a(x),e)fxe(x;e)dx} po (0) do

= [ [ 169, 0)cpux (6l et

_ / { / L(5(x),9)pgx(9]x)d<9} i (x)dx.
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With prior pg (f) and fixed data x, the optimal Bayesian decision,
termed the Bayes rule is

d —argmin R(5) = argmin / { / L(5(x),0)p9|x(9|x)d0} e (x)dx

6eD 6eD

— argmin / L(5(x). 8)paix (61x)d6
0eD

that is, the decision that minimizes the Bayes risk, or equivalently

(posterior) expected loss in making decision d, with expectation

taken with respect to the posterior distribution pyx(6|x).
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Applications of Decision Theory to Estimation
Under squared error loss

the Bayes rule for estimating 6 is
3(x) = Op = Epypy [01x] = / Opgx (8]x)dO

that is, the posterior expectation.

123/ 132
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Under absolute error loss

the Bayes rule for estimating 6 is the solution of

4(x) 1
/ polx (0]x)db = 5

—0o0

that is, the posterior median.
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Bayesian Hypothesis Testing
To mimic the Likelihood Ratio testing procedure outlined in
previous sections. For two hypotheses Hy and H; define

ap =P[Ho|X =x] a1 =P[H|X =X]
For example,
P[HolX = x] = / oy (6]x)d
R
where R is some region of ©. Typically, the quantity

P [Ho| X = x]
P[H1|X = x|

(the posterior odds on Hp) is examined.

125/ 132
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Example: To test two simple hypothesis

HO . 9:90
H1 . 9:91

define the prior probabilities of Hy and Hias pg and p; respectively.
Then, by Bayes Theorem

fxjo(x; 01)p1
P[Hi|X =x] _ fxjo(x:00)po + fx|o(x; 61)p1
P[HolX = x] fxj0(x: 60) po
fx1o(x; 0o)po + fx|o(x; 01)p1

_ p(xi01)p
fxj0(x: Bo) po
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More generally, two hypotheses or models can be compared via the

Prediction The B i h iction foll Il
observed marginal likelihood that appears in (13), that is if rediction The Bayesian approach to prediction follows naturally

from probability logic. The posterior predictive distribution for

(1 random variables X*, given data X = x, is computed as
fx (x; Model 1) f fx|(3 po, (01) db1 & P
. (©
fx(x; Model 0) £ (x; o) pu, (80) dflo fic-x (x*[x) = / fic-1o (x*:0) Py (61x) dB
is greater than one we would favour Model 1 (with likelihood f)ﬂ}g Point predictions and prediction intervals can be computed from

and prior pp,) over Model 0 (with likelihood f(|g and prior pg,). this distribution.
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The posterior distribution When py|x (0]x) is not a standard multivariate distribution,
o (x;6) po () integrals with respect to pyx can be approximated in a number of
Po|x (0]x) = ways:
/fXG(X; 0) po (6) do > numerical integration,
is a joint probability distribution in RP. Computation of posterior > analytic approximation,
summaries, estimates etc. typically requires an integral in a high » Monte Carlo/Importance sampling.

dimension. This can prove problematic if the likelihood prior

N . In high dimensions, such methods can prove inaccurate.
combination is not analytically tractable. & P
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Simulation-based inference: Inferences can be made from a large
(independent) sample from via Pox. rather than the analytic form
itself.

If pgx is non-standard and high-dimensional, producing a large
sample from it may also prove problematic.

This problem has been successfully approached using
Using ideas from Monte Carlo, if we can obtain a sample of size M

from pygx, 9(1), oo 0™ then we may obtain an approximation to Markov Chain Monte Carlo

Ep x[h(0)|x] as follows: o . - . .
that is, it is possible to construct a aperiodic and irreducible

Markov chain on the parameter space with stationary distribution
Egx[h(6)|x] = Z h(6t™) Po|x -

<

This method will be studied in detail later.




