A MM*"YBAIL Repreaentaton Theoren

§1 INTRoDLCTION

We Comaider o fnile alechostic base bult on the

Firibe Pf‘olcqbﬂtb el=loled m )3' B?) LSTH'L 'H"IC FtH‘Yd:hcy\
of o-felds 3,7= 10,81 ¢ FcIF . cF

our lLiork on  N\em ‘P&Y""Thom} e lnoyy thet CQC.H Cf
the O-fulds ) 3‘i, )O<LS‘T’) are Seruu‘adcd bj pqr‘h*ho(v;
Alc\o) ance 3L—| C }C W follows. that  the PQ’ATI"OY\
tshich Senevatea 3—(. 1s  fner tHan thad Lshich
rerates F;_, . The etrmends s} o partition are
sormetimen callq Sem Cg,“a} or J\em _o&omo} |
becauose. ‘i’l«wi.j “rmake. wp ~ lager O‘g,z.d-/.) m te hdd
Hhadt u‘i’j gzmradt Juot an cells ome bad‘ne,r to
Creale an o

ganim or atorms  a Molecwle . Dince
the portibon that criakes F; W Pner than thal hich
Creoden 3",.. i+ 1 clar f’lwcd' bhe ety Gf- Q’PQY‘l'l““\Oh

ab Bme (-1 7 Sem aphit]) o make the 2eh o
bw partbon at time ‘1, The way In which

~xE I a qu"'rhon 4Ph+ to form sk o A new
Pcmlwhon turn, Dvcl- B be q,vmlc ‘MPDY"'avtF Yo e
define bhe  Sem aplthng index} of a _‘? i a
partihon o be the humker of celly 1{:‘.{' I+ ol
o m He nes partthdn . Some txamples ol

Neﬁbmr br a cll | E, e gplithng mdex of E | 15 dencked by S
1. Sees’ Rebrhons ang oo ficlds on firire efo. 2 56.

2. Seo f one i dwownin /Ad’;s n a o—Feld and "H’UL cell E
W rekered to , '+ B undevatood thadt E @ o Ce,ll4-*Hn.¢_

Partrhon ushich genevades the o= feld.



Christopher Barnett



Examples
ket Fo= 10,8}, F-1E, 28, 2,6} the 50)- 2,
becomse I, 0 Qenerated lcb Hhe Pomh%on, ﬂﬂ} and 3‘.
53 S E, .Q\E} Which 4 Lhat O spliks who |

2.
het },ziﬂ,¢} and ﬂ-_—iw,,.,)w,ﬂ},.lngg":@(g-),
the Power sct o 2. Then 3’, %) gm.oraéca LD the Pov‘h‘hc
§ied, $wat, oo ,ten ] L So b AP'lH"W‘\j mdex o ()

) N wn His CGV)C“

3‘ . . )
et F = (LT 1¢i¢ 2]

Al B wm I

y fr n=123
splibs mbs bwe @l of 35,

+ .

(_:,._'_ ' — 2(L"l) -
Zn > -;-"] ( Znﬂ ZLZH-:—‘ U (Zt , ‘;:H]

S 5@ = 2 fr eve{jE. ( and everjn'.>

HUCOJ"‘QV‘ e are FPng ks conoider G’Wq‘"\bm Lshuch
are nga:"cc( 1:39 paf“-lhom Lshich have a unform
/)P)l”-l:\ﬁ dex  for  their /X;,r_). EXo.Mpl(. 3 ddaov{_ Pa)
like ths . So £ we happen upon a cell at Aome.
time , £, and dboserve how i+ aplibs up ot bime
L+ ‘me we ould observe the dome Numbey GF
necvs cel«(o Aparned ot btrme E+| wmpeahvc of
Yem tshichy @Il e Obaxrve or  Lshich bime, t
e "J€8¢U‘\ onr observathona (bav the obviows exczphcmd)
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Before 12 mMmoke our Sereral argumenty e anemble
~ some focks and look at o opecial tace  Which
| .w” /)uﬁgw‘l' Hae. approach 1 He gzheroJ Cone .,

brst of Ob”, W a o~feld § » gmrqﬂfp[ 5‘9
a  parhtion , 1E,, -5 B , By then oy @ -~
reonurable random variable 95 takes Aole ” numencal
Value on  each elmenkt oF the Pow‘h‘hon_ Féwmal\lg)

k
g = % SLIEL Lahere 3L€ R

TL\L Powcf' here 1n thia y o /Apeccj—ixﬁ 0. Tandovm VQﬂ'ow
-ble.  we need ord:j soke b values on the cells

of e %M_Vod‘lﬁ pqvh'%'ov\ .

The Theworem Thet we ot ko pove b oan followya.
Gven o Filtvadion G‘ﬁ 0— feldn , 3—0 c 3—\ cC .. (:._3"_1_
On (ﬂ) 3‘-,-7[?) e, Lmnh to fnd o F’lndt humbey
St marhnepleo ,  W'HWH W™ such  that

() <\/\/L7\,\/J> = O £ L:;-_J
a /.ﬂ‘roer oﬁho§onq| ne+

(if) for each MQHWBQLQX)O’-{- He Qfﬁaﬂ‘:on there
are predickable Proceysen | al .. - )9:;
Huch  Thedt |

3 ',e , %ﬂ | are.

t

L S (
X, = X, +,L_§J9x(4)c:l\/\/,3

Méreovzr/ We  ant o ldﬁt’t}‘l% the natuval Numbey’ m,
oppearing n the expressions  above. . )
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- Before e paws to the goural e we comsider  an eample,
Frot of ol recadl that the Aph‘H’H‘B index  1n onsumed to
ke wuniformi andl  That 3'0 ) gwroc\-cd bﬂ He trvial
pecrtihion | 1Q17. g 5(Q) = 1 then ) "divides"
o one At obviously this  one ack 1 £ kelp
and there 1n no Change Lrhatsoever oo We padd
fom F, 9o Fy . For any marhngale , X, of the
Evltration Hhin Meonns  that Xy = X, . Since our
OPHH\:B \!"de.l Vlb UJ“LI‘FOVM ovey Q_,“ QCH Ofld

ol timen  thia  meonn Hiodt 3‘°=3" =3-L:""=3—T '
ona an o CDM&L':\SM.P,nCL He MQY‘hﬂﬂakA on this F\Hva‘hdh
orc simply the Constard seqQuances | = (X,) . whue

Xe = Xo Wt =i,2, . T. In this degenerade Sruchon

le. have

Xt = Xo
Fov QMU& m,av-hma»o_],(, ) X) 4— ‘ﬂ% glvtroc{won,go,w éd'{;‘f
orthogonal martmgales W gW ! , Yegquired
s Arhwation s bhe  Uom erhptb /ad—}) & . So
ishon the aplithng index 18 1, "m =0, o lem
taon  He /)p\wHwB index. |

Remark :  |n the care above Yyou ould choose any
mwhn%a(z, Y and any Pfed(d'n.lolc procers , g ond

‘ake. Mﬂ':f"\c\%»ﬁak , X) ond tarde

t
Xl; = )(o + ‘Lsﬁd%

,Dccawx ud%n A g(fO’ o e‘“’/‘i‘j A . Thia MIgtd’ {:ﬂ"‘l‘d:
one +o ik Heat m shsld ke one n Hhig u
situotion . Bt we tadt ™M o ke " least poxhible

n some  Aose  Which 1 not yit dear i thio degmqu
Care. . Do, We move To Connider the Cane Lheve

H’LL /)PltHﬂiﬁ inclex l'/_) tLQO.
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When e oplbhng mdex 1w 2 e Gan reproed the

“'IHQDYMDCHQV\ Flowe b_l.j O d\o\gmm . Tf\g oct‘cweo Y'CPY%@V\_‘"
t—:z

—1_

o[
5 SO ek !
~_ a

tE=1

G A 4— Hie Par‘H"‘lbr\Q . Since we amume M 3;:"29,4}

e »2ee ﬁwod‘ an 3‘0 Yandom variable I8 unlqlulb Apeoﬁul

lob a 0‘*\61& vead number hecawse. + han the de,o(lﬂ,
An 3’, Yandorm Vo.v‘;oJ:DLL haa HVL. (OFW\ ) I +BI_R\ and

0~ E =
Ao His W uma{m,l:) Ape_Ctho( ‘93 a  pair ot real
Nurmbers — an elerend 0'{— R* — once WLE have.
épccfﬁ,’zd o ik o} e elemndy of the \oar-‘-r}woy\,
ot g,e,n,zmd’% 5?1 . for example ¥ we Apaoﬁj £,=E
and E,=SAE thn (6,2) specifin CT + 2T .
Rt if O decide that E,= Q\E ond E.= E T
(2,6,) opccnﬁm Hia fnchon. Thun idewd Flcahion 6(—
P Lsih  elomodks of RT — and lofer on elmnh
Gf— RN for -2 — il be 1mpof+qu: m  Lshat Follows,

We Consider an oofb\*mgm V"to\f'}:"’gc"lﬁ , X ’ Fom

shot e hoave soud obove , WL lon 1d2kd:\(-’3 Xe
Lsith o Anale real humber § ox, o . X5 F XeTa oo
and X, Wwith an elememndt of ﬂz’-) (1")3:‘2)3)1;

X, = J_L"IE'-Q- z,'z_I'E . Now, as X 1 a rhqﬂ;:ugalg

MO = X and  E(X) =BX.) . 5o
X\pE) + XHPE) = x, — (@)

Now leA%s  tunk aboud He sct o | 1
mcv‘{:maolm {W,-JW




: Maﬂ'lhgalz, X . up o tme E=1 our Y‘ePY‘mUV!'DC"l@’\ Lyould
ook~ lke

’

X, = X, + 2 |95dW§

L=1"®e

= X, + fii, QE, (W;~—W:> (2)
bt e dondk know Hie value of M hoe  leb alne hots
+ Qmpwlt the variona Wt7% A short ln\’%"‘lj@,'bﬂ)

Lshich follbws | gwves us a clue .

Suppor that we can prok o represwdahon tworem for
r“\ON‘HY%aJm o wwshich X, = O . That 13 Le (an find

o bxed sk, AW, JWmY | such That for every dich
X havexist 9", . g™  predickable proceyes LS
™k .

X, = = J ahdwy .
,M bauk'n_ag a Mo.wtmﬁal«c Y and %miixj y-yo 8‘“’0
W a Ppro®» ; X = Y-, and Xo = O, So.
applying e Ttepresentation theoren , thoe anc 3,37
A R m E |

Y-y, = £ [ ghdwy

A Lq_‘

mot
Yo =Y+ 3 ) hdwy
=1 YO

And e have o gewrval  repreoodotion theorem, So
tac Conader the case X, = O. PzﬂerurB back 1o Ec‘(J_
Hin Ataten that

X PEN + XL PE) = O — D

wa+ ansthe I,nj CZC',) I:,z.) N o\r‘ﬁ\@onq' 1@ the
Vecdor (&D(E.)) E(Ez)) o Thv v» an lmpor"n'rﬂ‘ obaervation .
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. \/\/Lw:f We hove aeen here 18 de—fﬁ The time 1 Y&ndom
vaviable f @very Merhingale, X[T @foponds to o

Vedtor  (shich » O%oinoy( to (BleD, FE2)) . ladorg
ot He arhedhon  geome nmb we have?

X

(BED, PE)) = PE)

The ot of vedows orthegonal to (B, BED) = Pl)
demoted bj 'if(E)}‘L. Ih IR® Hte sd of vedorn orthog—
-ona] to a (non-ze,ro) Veckx Ly oL hmear Q\Abopqce 6?
dimenaion, l(‘o I R the ad o vecdors oﬁ’hoﬁor\ov( to
to o vecdtor, v F+0, b a Aubtpace of dlmewldn}
n—1. Tha n on lmloofﬁ:.n‘l' oboervm-l-won) remember 1,
%Am]vjs to our prescwd example »  we Land to find

™ Mamlmaole) wW! .,\JM) o et e an  wrte, flom
eoy\o:hon 2)

Xl = :Z:' 9: (W.':-Wl’).
’-F e, Apzdg'lt‘cd- iw') ) )W”‘] arc  hot orl]D O‘dhb@b

) Well, tvery X for vthich X,=0
b@ A Ateghtt lne through the Ofigin .
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ortrogpral sk bt albo WE =0 , 1<t <m, then the values
 that dedermune W, 1 g¢m Corvespend to points 154"3 on
e lne if(E)}J—_ New , 4‘"\"0!13 of“«ogonc\“ of mavhnaales
erdaiily ovThoppnalih, of - therr vendomy Variable aF ¢ point
\ﬁ. bime W He av‘l’lr\gQLw are Rero ot btime O . This

foltoan kearnse 2 M ad N ar 5 uy 0"“’@30“&! o=y
b procers ,K<MyN> = O . But MN—-—L<M N> W an

? Moafhw%o\k, ond MJ\IO— <M,N> = O W M°=(.§°=_?‘
Se EE(MN> = [E(<M)N>) - ot all timen .
reons Tthet Our random  Vvay |OJ31(,0 ; \/\/\. -y \,\],,',, muat

@ lic m the one dmuensonal Apace {2(57(}4' and
® W! -\W.L. mwat ke ovﬂ’\ojbna' to cach o\'he,r‘

Thia forncen He concluson Hat m =1, W the aet dfl
Mmav-h r%al,m exwks ot all. On the cother hand Wt o
Dbvieus from Hhe gzorv-.ﬂ“f-lj of the srtuation  that
<P :(_:_ n  Apanne J« [15 agw) oﬁ%ie_ vectosr . Wk can
Chooae. thia vecltor os W& pleone o 10"9 on W
resdes n 1RE)] . for exarple we  can op@:’f\j
& bb |

Wi = (Wing)
W' BEY+ WP(E.) = O

and WY, = |

o quek ook ok the diagram obove.  shows Hat

vy 8\\/&; Wd oL Vvecky 1in iE(E-)}'L) indeed e
uld Net LW = X € R\ , o W& pleoead; it da’Ar{Jr
matter  Hu Vedor we obtaun Loonld /MMPID e a /)cthia

® In fockypn dovt need Me=No =0, E(MN) = E(<MND) and (MND =0
N Chc:nﬁh .

(*) lm Lorhin W: = (w:)w;_) to indieatt M‘ \«I',v_\ \dquuel L\n"'h
¥ patr (W,WH) . | might %fqd' ond lLnte W) =(L°'-7L5'z)°“°~°‘°"‘°|_'5-




I = | E(ED 1 ol C,a %\f ’z . m‘
st W, (1 ) HES ) (kele 4olv Lo ) Gf‘b\j
Xo = 9.(W-wl) = W, (e WL =0)

for a swteble choice &t 3
and Xx\PE)+ XLPE) =

L

Indeed f X, = (l'.)l’-lz)
®) 'H‘ICVL 30: -:C’ZECEZ)

rPE)
and X, = 8,W, e (x,x,)) = —:::',_E(Ez_%(j_,,-'[t;(é%
& 2)"°

We nows krord W& anq W! . To see hows we tan
dSucceovel vy ‘buid up T W' for each bBme step
Loe. howd Corwiderx thingy  up to time A"f—p t =2,
What toe. want to choose Wi a0 that

[2)) Ml(\“/?‘_> = \r\/,'

\

@ For each Mow*hmaok) X, for Lohich Xo = O) we have

Z
x, = JSsdWi = g (whwi)+ 3 (Wiw))

for some Auitable Procens (Sa)3,> . Here 30103'0
Muasurable and 9, 1w I, resowable.

A\,\/erwna}uqaéi.ov\rmlm o. LHe here v How do e know

single marhngake , W' 7 The anower, ek 1
&lemqijval revealn n+4d¢ here e  onoider

lvhet happens on ctach cell of T porthon  tich
Frucdes . ludkly there  are onl

arhd E,. To make +e nokdton /\)11mp
of Eiond Ep and call i+ E for the vemamder of

iy section . Now the opling mdex 19 2 so E
divides indo  Two  aebsy , We rugld d4m4' an well call thewe
E,and E, — dot conbrsc theac sill the E, ard €, Thal

tLao sebka ) £
choone One




precedded Mo Groder any morhngalt | X | ab bme b2,
On the ks E, E,, Hte random variable X2 takes He

h_’m‘vudlcaf Vo luen X, x?_ 3 r%PCCJ*'\Vd . Smee, X Wb a
Mow-l-m%ad,c_ 5 M,(X2) = X, ond hecownt We are dealing Lt
phs o parhhon  this  Telofonship has o nice m.,

leramo. 1

het X, +ake the value X' on He cdl E, The cell €
/.)Ph-‘-g H—v“o E, and E'Z on (shich X?_ takeo Hu\_ \/OJU\M

o and x3% , Y‘mp@uh'vei[j . We have
-xDPE) + (B-xNPE) = O
Ao H‘\d:" (l’)f‘— x! : IQZ-.— 1!) 7 Of"’hoaom( to H‘LLVQC}U‘( (uti))gézi

P mrany HeFy, < MIXD, T, > = <Xz, Ty,
H vuns over He Aed G" Hwe qu-h‘hOV‘\

I parhedlar 4 5
that goevetes Sy Lrthng X, = Ze::(iTIEt+ GTe)

le ae bt
< M! (.><13 ’ I.E_ > =v < xz; IE,-L 3?;1:‘52 > IE > .
AO 4 tok O\

Bt aro M (X)) w 3 | Meoowrabll ond '
ade nunevical value on the cell E . ND}% »M\(Xz)--I

On E. _n'u.n

(M0, Te > =j M, (X2 IEC]EE
L2

= < ‘I'IIE. 4 112 ) 3:E> = l%E(ED + :(ZZHEZ') ,

) 17, doing thia for a voacon j the agumd- cormidem o
( il E?a# e £, The ced € /)pl'r‘z) o A(E) cells ot

t | mand to apply a angle argument acrays all cells
time 41 huoh Tedl  and Lsh?:t\» bime are Uumportond,

I timea. 0 Whuek Lgch
ﬁﬁ%o@?;“ moduces and ceflecks this fack, _

oX

and




et

&/ a‘i.'=:§?(el) +11—£E(57) e, you arrve ok e w@‘_\m
e
by awwa.eg'uiﬁ XzovcrE, for eadn cudl Eéf—S'j_. IE
Rl that O-xNBE) + X X)BE) = O keaue
PEDd = PED+E(EL) -

O

COfOHavq o
'F ;J,,) a Ma\rhnaok Qnd E 1n o cell 6‘- 3’, Aﬁ\““t\ﬂ

Inbs cella E, s E, o 3’2 ond we 1dewh the chlbwe
of X, on the calis E,,E, Wt an e.lmwdr.(x,):);z)
of R* ten Dr“'h‘:a x = (X7,x%), PE)= (E(EQ, E(Eﬂ))
T = (1,1) and ""d'a’d"'lﬂ ncolax Pf‘odv\d’/) ith "o \ e
hove : The veckor X W Choradckerined. '33

X - XPEO T s o\d'hoaonql to P(E)
PE)T

n—

(-_P‘i vallop‘/); x' = x-XE)
rPE)-I

G:vo“aw‘u The. subopage o R” Corv:vshg df— vectkors OVWO(P@J
o PIEY s Jx - XPOT : xeR*§
PE-IT

Bt Exercine

Once aga,':n, e have oxr\voa ot the Apace 01- Vechons
LSheh ove. Ov"hf\ozaﬁoJ to a Rxed vgolof“ (f(E)') . -”’\1'6

b a one dmunsional Aubspace and 19 Apanned ’i‘j on
one ot ha non-zere Vveckora . We o ll how chooae thin

veckor so thad '+l'o}vx/'z-\,,j: that s Ho Qay ') Ap Hhod
M,<W'Z) = W on E . Bud v hhis Poambk?




mMe
I facd we have alreaci\j dermonnstraded that thia v 20 at
| {_,m e o Th oor&\«"‘\'U’\* o  1denkical to that  Lthh 1)

ol dome oA e Fermn Change. From Lﬂ*\vval) if
\/\/'2_ exiabs Han e known Hat

(1= wYRE) + (Wr LYPE,) = O

bt io LA RBE) + WRR(E) = WEPE) . This

b a huav Cclzuod-tdn e the variables (,31, and («37'2 .

Se we st LR =1 and then L] = OBE-FE)
E(Ez)

M¢thwuwwwoﬂhgwmyw‘5
Looklrg bac.k) e values for L' Lere \\1 and ‘E(El)f

Ve put thia i quebke mavks  hecause 1 refera bf(c_\%)

to a trme When £, anad E, mean't Aometiin d*“ﬁfﬁvﬁ'
Ffbm’l.siw{-% do noo; e el E we apeak above

v either "E," or "E," m i formula for N The

porct 1 that you Can  Calcubde (P expliciH

n Ferms of e valnes Wy BE), E(EDJZH-)(EZ‘). |

Bt e MW =\ on ETP

LCMMA 7 \,\/',{--[,l Lve&j“k@ an abGVE; M‘ (Igé)yz @(E‘-)I‘t_

B gbm utLPVbd"’D LtMm’ » FDY anj random vovieble X zzx?)l_g':"lz"?g
(MED, T > = x'PE) = XiBE)+ X3E(E)
and M (). takes @ amgle numenal value  on E, X' a0

x' = XieED + X;HE)
()
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On Qe we hove M), Igqe > = X, Ige> =0
hiowe E, and E_, e n E — nok Qe e Fllowss
o the mnglc numerical value that M (x2) taken
on SDE n O, 133 ﬁht'rla X%=1, X; =0 and Then
x*=0, X% = 1 Wwe arrive ot
M, (IE> = [.I_DE>IE , L=1,2,
PE)
This sayp  that  gou okstaim  the expedahon of a cell
buy mulbiplygng by “parent’ by o velahve ‘/H-fi@ﬂx

Crort. B) In Hhe Pofe,vd'(‘:b |
L1

%niixj to MW) on E ¢ We wank
| M, (bO’,'IEl + (’QQ-ZIEL>
'33#\1- Lemma,

= (W BE) o M?'QEZ)I
BE) @-(%), =

= WI_ ., e MW)=w,

W‘”"E%A&ﬂ el o 3'1.

G’) A Pw’f*"" e the chkmoloaﬂ cal /AEML! And BENME) 1w
bou\f relodhiwve | /_H'Y'crtﬂ'k,/.
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e prove that L Can @M ony mqv{—wlsok . X ) u?
$o kime t=2Z as a Atochastic lrdfeﬁrbi wrt. W
e s enow Yo shows ted we con fnd o

/preo\\c:\'mlobc_, 3)( Aunch  that
3)( (\"“i_\"/‘t) = XZ« xl

hecause This "4,
2
J3;<4)dw/'3 = XX,
n

and e 'alma% knors Hiafr There v 9 Auch that
j |S{A3dw4' = X, — %o

("QWME&V we’re dOH;\j He Cane Xo= 0) . (Pvd‘i"via the
qu*l‘/; ‘l‘og,e_‘\'kew gves a 3)( (pcd‘dua anﬁj'\\av ﬁ*on-l
gwy and 8;((43 3 Anch  that

7
K = x, + ) dodWh

Z
So et uy consider the probem 4 cmcgt'l\j 3, :

lemma

3
'|dw\}°u§3 WL isith veckom in R* on echcell) Eof
5‘1 . The “veckor® Wz —~ wi.Pe)T  pav Hae

\ PE) I
sk & vedovsa X %&-f@f?'
BT
Pt Wa-WePET = ($-w) W)




A(P“H"B . e values for WG and 33 grves

(Wi-w') wi-wt) = (- WeE) —RE) —iy!)
E(Ez)
= RY LQ'-—I (=
(1=t DEER )
To.kwg omn X = (23, x%) Hte vedhor X - XPOT

Pe)I
has He  form (X-x') x%-x') with

x'= XTPE)+ G PEY) -

it
e xXi-x!' = (@&X'-X5PE)  and
P(e2)
(¥, x%F=') = ((od-x' @Lﬁ)@_@‘_})
PE)
Nony 2k N\ = ;:L"_E' and we  have

| - !

M (0 Wi wst) = (xf-fx' (n—w‘ , (W-DBED
RY ) &

= X-x ! (- o) B D)
- FemD e
. (17;-00) xioc ) ,
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la e last lemma tkn mplicly amumed, it ' FE 1. B
foct this b one of he val chosent  earliec o W Shen
dka mMiin H random VqY‘tqblL — ke H)& . HOL)C-VQX; Hn
\'j one. o o Corthnumen 6{- Poaallalk values for W)
md W, —and o H Ly porible to choooe \aluey Which
T T F R U Whet thia denestrals s that
Chowwo oF tme ++1 are net lndlpindmk ot the choweesy ot
bre £. We Gud get round the problem \33 re,d.b{l.m,ﬁ

\,57" R e net '[,le = | on PPI'Q‘ ) Lk twrnn owt bhod
bis w o powble value of LT, 40 LS APZQ%

Ntk W& v o value hof equal o W

o the Oxgmm,ud‘ o b  Lemma holdn, \ Vnaorsv\alb
Choseri He Vvalues for (,s" to Cowrcide Lt Hesc gven

n o treadnent b M. Dsthan of e M&V‘hn,az)\k
)

Represedation Thuorem o e atems  bo be unamare of

Hy resrichonns requuived —on lod< zcho\'cm howevexr hur

Lreodmud: e d(/)Of‘t\dl"\V‘& and not a formal prost 4o P”"WP’-‘
\ am ’0\5'21;13 boo much.,

We are news able o ver H\OC"}MMCQ/X,M
Hu_ AplaH-\:cs imdex. v wifornq over aseh and time

and He index 1w egual to trso  Then wp to time
® ) ,
 hen o vepraacdnhon

LyiHa re/;,pg_olv te W' . The lagt bit v a0y ; on
cach  Cely E, 4 Fi e Hnd he scalar e
suchh  Hiodt (ld.l.n"'\%m:j XPME L3tHh dﬂ?"\ly{l&) 6‘- Q-L---. )

L = 2, any m:;v"ﬂvgodz.) X

Xz— Xz. = :
POT - 3 (wz'- We PE) T
E(E).I P(e)-x
This defires  an :—]-__L mcgowralﬁ( 3, (=3Eoﬁ%¢m cel| E>

ord we hae X, = HOWEWD) + 9 (WEW)
) We shck tovth the cane X.=o0.
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" We can now burn fo a more g&nua] cose . We AUPPoBE.
Hhe 4pl/H-n:5 index SE) o uniforna aver Aeks and time,
e |r\\/€,’3+)80~4t R Charg% OCLANTIN hehcen himes t omdtﬂ'
Amn C(?.“)E)in i 4P1;+’3 rdo 8 cells 4 3'{:_”’ oand.
e comicky dn (%) Mavhngale | (X.) 2 X . On e Fy
Ul E e Mav‘hr\gq& X takens a QIVlSLL Y\W'VIL!\GQ[ value
kshich e denote b x? . A/) E /)k:lr'-lz) nto SE€) Celln

t+l

of time t+l thenT X, hke values xX5Y.., X7
ond hoe We have irhoduce a Contrachon of e nholadhon ,

A = SE) (Hﬂo ) PO«HD "\“’\d’é'zt“" and P""Hj "'VSHnd} .

Now He Mav*f"m,aoJL Pw’bpz(“b : Mt(xﬁi'!) = Xb ; Can. ke
r’m‘-nckd‘ to te cell | E; M (e T = Mt(&HIE)-;)(tTE.
\/\/Lﬁclf\,) i e Day Hhat € aphts mito 3—4:“ Celia v B, &,
- -5 E/_, 3 tan be wh‘H'(,n,

0 (& m,) - 2,

L EL
or Me( @S9z, Y- o

Amee T - iI , and, Hhurefore

L=y E .

L

A
CE(me ( é’_- e 1131593 . E (x5 f)@(gg - O

This atader that bhe  vector o'(.mmwl:nﬁak diMcronces on € :)
X"(EF')_XéE) a (‘It:c__11> € TRQ s ofthoegonal to‘H'v.
amgle vedtor  P(e) = (BED, BED,. . ,BEN)E R
lnclw:? e heve

Let E(€) € R? e He vector defined above. The subspace.

of- R’ Com;o"'lrﬁ &t vecdovs orthogoval to P(ED i
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et . §X - Z-FOT : XeR]
T

Heve T = (Liyiy ., 1) € R and "o " tknoks the
staley produck n TR, Moveover every elomanit o}
if(e)k_" le{'trw; 12\ “ Mqv*-mjolg d»uercnoe on E)).

Pf
e v c SLP(E)} Heon v. P(E) = O and No
vV = v - V.PE) T O Hre other hand
PlEe)-T
(_3_9- x-PeOT ) -PE) = x.Pe) - [ l’(‘:))ﬂéﬁf
P(eO-X ./___-
- 0.,

Toke ar‘t_lj elermerch o’f 'SLf(E)E‘L) X - x<PE T )vcmc]
2T

xi on e cal B[ = 141¢A
~t X = { and aet X,

O on every othar  Cell n )

Counal td x' = X PE) on He Cel E  and 3ero
PE)T

eheishare }t  Recall Hie achon of bhe condthonad

cxpectodion M, on  cedby n :}tﬂ — you obtoun the

condrhonal expeckadion lﬁ mMH:'PB":ﬁ Hre “pavard " in

}(: L’j e cdb ‘relohive 5 ﬁ%’ , le Mt(%i)’@]:g

©7E)
A A , .
Se My (X Te) = M, (E Te, ) = (& IT_;‘ZIEE(ESJ :E
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v °+ }t we have Mt (X‘t+l IF) =Mt(°> = O
becauwae X(:-H [} O\nb non-3kro  on e Celln QPQ.WHC&

from E | 5, M (X, ) = X, and our clemond
of 1BEDF™ dets indecd debne a mavhimgale diffec-

nce. on E v

4

lermma. F provides us ith some vital  informadion -
The set s rarh nga((_ differences on E can be rderthfied
Lsith a subkopace of R> (:on,ov;Jnhj of veclors ofth
to PE). Thw onbspate han dimBwion A—J4  becawse
(P>, the svbspace 3e,ncmﬂfc? 5 P(E) has dimenyion 1

ond

ee> & <> = R

ACcDrclnCab) e il be able find a baov

or Hhe Mav‘Hr_\jaLc differences Corvmwhng of 5—-4
5 , 9
orlthogoral = rmarh ngole dillecercen  ULohose linear
Apajqi(é b Hue Apace 61_ C?U MON“"IV:SAL( dha(({mcg_/). le
s ik WEE —WiE) , 1si < a1l for i
baosia , O The el E., E;F o‘i‘j Mow“'lv\sq&_ dfg@ﬁﬂq‘

on & ; Xbﬂ(EB — XB(E) y Y e Can Find acalam

gi(e) Anch that :

(‘D Once e have ldzzn:l'l% He MAWBQIL dv&mﬁgeo waith Vﬁd?'o {h
R orthoppral il mean "ot mgtt argles ¥ but Will 1B vl
/.)+Ybl/lg Dfﬂxg;no«l;i-‘ﬁ crfr He YY\ON“‘"“:?OJZD e CDHDH‘U\C,'?&t A
Aho) e, need oo Minimiam o’! A-1 o Huse basw clemevr

and Om_b 1aal-14 HnAV\ e B %) unnemwjl
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A1

X, -X6E) = > 3% (W,ci‘(E) -\AL’(E))

L=

le e Lorite Z to md\cth He Hum aCroY all celln
E

ol He Ponrh'-h’ov\ thet g&mrod?/) }t h'w"\,)

v = TK©-XE) = Z SCINCRS)
E =)

55 (W0 -WEY)
E

=

!

~-l . : ,
- Y I (wWhWE)
L=1
Here, 3‘;: n e }t randeom vonoble that fab%\"h.L value
gty on the F, —cell E,

ka The Chowca{'cbcm(o’ MCL’V"‘\VﬁQIL differcnces here
S o\mk orbi Wk knows a bass exub and oo

G"-LQY’u‘OgDV\oJ, \@&ve,ncm Lhich axe 4-1 mn numbey—, \When
e are O”PPbMS thia “H'ng to Fnance  covld k2
very weeful TEs pick owT & pochicular kind of bosic
Lt 1 appropriate o the problem bemg Consdeed —
a bit Ukt choodg o frane of ﬂ:CeYthtg for o probem
in  Mechanicd u:ﬂ??c.\m reflecks Aome A@V\m-}—rj o the

srhuahon . But, | Apccv\‘oc‘t:,,.. .

The ey N wtug_h e have Fw" .toac’fher ow’
banic erhrgolw/(\/\/é)/ 1y abho /)ome(,dw:]’ o) J’m?‘
We have Lovitken thenme an oo \L‘?J: on e cell
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2oy WL+7— \\LL > \"[1:!-7— N: Y )y WQT“‘W:" . lF e Pove 1o

'—F.A, Evve P(X‘loc} E+1 to t+2 ﬂxac;l‘b e AHAame k)ncld{,

Hing hopprns on  each ot the 4 cella €5 - E, , ve
a hat” o oa-1 dibkronces — one for eoch cell — and

ll the Frob WHEDWUEL) | Hhe ond WZED-WE(ED | ek,
But He lobels |)2)3, ek, are Oufbr\’rocg , one C?udcl
Vearvangt e ochaal choices Mode.  for the d €& rences

and 1k Tsonld not abfect our baoic reonlt, As a final

, v e Lowld def Wt= 0 , 1L <A | and.
Yeth\'fv;&( d)m+ Hie xauw\wcsf-’ +the d: vences up o ’tnme. t. >

We tun fo the final W)@Wnﬁl’ fov onv;\] asv
Mav+i Len . Are stronolw arthooo Q!Y\Zod
or cy?: Jd\:b be. Hdw\fc?@m “2:)}3( gbrﬁl\ﬁ 0%\9%[?
Nohce frst & ol that one e had dendrfud Hhe
Ma«fhn,gau d\ef(N/V\C% (/G‘THA an A—41 d\mnmonal
subspoce o RY e on  to  cheoxt
O boois for B Aubapace COY\Q\,/AJF\@ O‘F
orthogonal vechovs M this  aubapact As e
rermov kead 1N o footnote ‘{'D PP 9 we do HO‘}'
et knows f thiy ¢ Euclideon ofl'hcgomlibn
endnils  abong orthocpralthy of the ompciated
Mavhnoales . Theve ave cliovly occanionn wshen
Hain v\\goo—'l- pYbCDOW‘\”\GY\ 1 bue 7 n order Ee
dermonghote —Hhin and  Eo focilitode a cleay
undeoy atoondin st Hre louwens  fov ony artuotion
Lae ocz\_oﬁ; & "well krnon"  veaunlht Concam’w\\j
“U\JL AWonj of"ho%om!’;b d(o m\x/{:h'ﬁa(%.

Thearem |
LeA MUN ke mavingales m B0, [P) \vyide

(D The Gom=-Schmdt Thuovem, shodes Hhad ‘M exial,
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;M LN to wdicale that M and N ave /J}‘Yowé\:) oﬁhogoml.
Thuo

)

ML N &S MN s a marbple
ES MN, =0 and E(MNg)= O VakpbmT,

with MoNg = O <:> <M)N> -‘—'—O

E See CP'KcPF‘ 3 Mﬂf"ltﬁxuo o20d Stochoshic |v&t6m|o coP 193¢ |

So Conaidur nowd Hae \Mmﬁhvﬂak &C&mnceo W;}T W; )
\'\/Jci;\'\/é  tor L*J. As wsv\al/dj 1 enou\gk to look
ot Hm’vx%o on o C.e,\l) E, = ':}h . Each 6@“"’\@6.
diflerencen Con be ident f2d s vectors 1n
whick. ovre oﬁ%zg'ov\o\\ to PE) = (BED,. ,PEY)
The vedora have the form X — X PET (tewoma )
, . . Pe.x ’
So, e OO"J& ﬁ“”\k 01- \l\/i:;‘- th » ( w‘i{-)(l") - (A); ) Qha
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Lseve Chosen. o be ov'ﬂf\%o nal M the sowe that

A 2
> (whio-w X vl @-w) = O, The produd
(=i

(\/\/tWiB (A"“ he o MaV'l'lv\\,joJ_g. ;fz{: o each {:}

M“'« ( w-b‘;-l \'\/ti-l

) = Wi &
M (WEWE —Wiwl) =0 &

M v e - o
e(Wobiy = WoWgy = Wil +wiwi ) = 0

heve we have wotd e fack that WLc\n& W"' are MQVE\VgQLCO
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Mo (HarWOWL~W)) = o .
Now  (WerWiXwiwi) T, = 2 (4,0 -5 ST,
and 203t M (g v (Wer W) T,) - = 0 e muadk heve
< . ’ :
'&Z:‘ (WL.(Q'“D(“J{')‘%)'% IE, = 0, that 15, -
E‘, (kg - i) 0 1) () - o ,

for C%cc:j ccd E M¢® cella E,, - 9 E/) R Movcovgr
bis 10 sbland b ensure Wt and \,\/J' are
aﬁon/bflﬂ ofﬂwaoml . We can e hot(o trat
| fP(Er) = E(E,‘) for 1€y ¥ 5 tha be BEndidean
ovthogonalih,’ that ke omployed m owr choice
?° A° e,
of vf:v('m/,\. L 11 erdad| /)‘,'VD@ oﬁF@oW@ o WHW
(for L] of e, ‘B Cart. W€ oib;%g choose

A Owoflglb OV"H'\O%QV\O\A e+ ? —H’Le_ anpuley In
%2/) , ond have s how . |

We stort L5t our \devth A cation o He
Mavtngale  diferences Lothh e subspace of
R gven by, |

A | |
SPEY =4 X — P&).xT : = eR']
EEY-T
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We  wll (Ar'r"'(_ a wal  veddor e bhis meloacc a9

Leve e thin before ! Now this Space
— tin 1 an aJ%d‘ofodc fact.

scalar produck on

(xy—2x") ’
Vv A—-1 dimznaionod : !
Ss € we mivoduce a e

$P(EY by huans of
A .
(-, -y L = (i -x)ur D PED)

B one can ven et Hiia W A POGH",VC dep‘“f"fw&
‘Dt\lruAV orm. On {E(E?}J' — i+ w-, an My beauc:\’.
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Veddovs o 3PEY T If ) )
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do noww W ts choone A-1 veckomm m if-(Ejl

Lstuch  ave

@ non-gero,

B Orthogonal LytHh Yc'opcul' to < ) °>p(g) 5
It 1a then true Had tse -1 vecddom  are
‘lnwrlj ndependent and <pan {f (E)}-L.
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<L a1 n thia fachion . All &l Lot tie hove
214 before holds true LorHa e WM'%O»*\@J P%
that Wiland W are O%QEOY%N (dhen L*j‘




