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PROBLEMS 8. 4.12.2015

Q1. The moment-generating function MX(t) of a random variable X is de-
fined as

MX(t) := E[etX ].

If X has the normal distribution N(µ, σ2), with density

f(x) :=
1√
2πσ

exp{−1

2
(x− µ)2/σ2},

show (by completing the square, or otherwise) that

MX(t) = exp{µt+ 1

2
σ2t2}.

Q2. The lognormal distribution logN(µ, σ2) is defined as the distribution of
X := eY , where Y is N(µ, σ2).
(i) By using the result of Question 1, or otherwise, show that X has mean

E[X] = exp{µ+
1

2
σ2}.

(ii) Explain without proof why the prices of stocks in the Black-Scholes model
are log-normally distributed.

NHB

Optional extra:

Q3. The characteristic function (CF) of a random variable X is defined as

ϕX(t) := E[eitX ]

(this is the usual notation, despite the clash with ϕ(x) := e−
1
2
x2
/
√
2π for the

standard normal density – it’s usually clear from context which is meant).
Show that for X ∼ N(µ, σ2),

ϕX(t) = exp{iµt− 1

2
σ2t2}.

Comment on the similarity with Q1.
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