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Black, Scholes and Merton

As with everything else in life, triumph and disaster can always hap-
pen, and one has to use common sense. Triumph: Scholes and Merton were
awarded the Nobel Prize for Economics in 1997 (Black died in 1995, and the
prize cannot be awarded posthumously). Disaster: Scholes and Merton were
on the board of the hedge fund Long Term Capital Management, which ig-
nominiously collapsed with enormous losses in 1998. Pushing a good theory
too far – beyond all sensible limits – is asking for trouble, even if one invented
the theory and got the Nobel Prize for it, and if one asks for trouble, one
can expect to get it.

4. Markets and Options.
Markets.

This course is about the mathematics needed to model financial markets.
These are of several types:
Stock markets [New York, London, ...], dealing in stocks/shares/equities, etc.,
Bond markets, dealing in government bonds (gilts, ...),
Currency or foreign exchange (‘forex’) markets,
Futures and options markets, dealing in financial instruments derived from
the above - financial derivatives such as options of various types.
Options.

Economic activity, and trading, involves risk. One may have to, or choose
to, make a judgement involving committing funds (‘taking a position’) based
on prediction of the future in the presence of uncertainty. With hindsight,
one might or might not regret taking that position. An option is a financial
instrument giving one the right but not the obligation to make a specified
transaction at (or by) a specified date at a specified price. Whether or not
the option will be exercised depends on (is contingent on) the uncertain
future, so is also known as a contingent claim.
Types of option.
Call options give one the right (but not – without further comment now –
the obligation) to buy.
Put options give one the right to sell.
European options give one the right to buy/sell on the specified date, the
expiry date, when the option expires or matures.
American options give one the right to buy/sell at any time prior to or at
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expiry. Thus:
European options: exercise at expiry,
American options: exercise by expiry.

Note. The terms European, American (Asian, Bermudan, Russian, ...) refer
only to the type of option, and no longer bear any relation to the area in the
name. Most options traded worldwide these days are American.
History. As discussed in §1, over-the-counter (OTC) options were long ago
negotiated by a broker between a buyer and a seller. Then in 1973 (the year
of the Black-Scholes formula, perhaps the central result of the course), the
Chicago Board Options Exchange (CBOE) began trading in options on some
stocks. Since then, the growth of options has been explosive. Options are
now traded on all the major world exchanges, in enormous volumes. Often,
the market in derivatives is much larger than the market in the underlying
assets – an important source of instability in financial markets.

The simplest call and put options are now so standard they are called
vanilla options. Many kinds of options now exist, including so-called exotic
options. Types include:
Asian options, which depend on the average price over a period,
Russian options, or other lookback options, which depend on the maximum
or minimum price over a period,
Barrier options, which depend on some price level being attained or not.
Real options (also called investment options). These are ‘options’ available
to the management of a company considering whether or when to commit
capital (usually both irreversibly and riskily) to some investment project.
Waiting may be valuable, as one can gather more information.
Terminology. The asset to which the option refers is called the underlying
asset or the underlying. The price at which the transaction to buy/sell the
underlying, on/by the expiry date (if exercised), is called the exercise price
or strike price. We shall usually use K for the strike price, time t = 0 for
the initial time (when the contract between the buyer and the seller of the
option is struck), time t = T for the expiry or final time.

Consider, say, a European call option, with strike price K; write St for
the value (or price) of the underlying at time t. If ST > K, the option is
in the money: the holder will/should exercise the option, obtaining an asset
worth ST (> K) for K. He can immediately sell the asset for ST , making a
profit of ST −K (> 0).
If ST = K, the option is said to be at the money.
If ST < K, the option is out of the money, and should not be exercised. It is
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worthless, and is thrown away.
The pay-off from the option is thus

ST −K if ST > K, 0 otherwise,

which may be written more briefly as

max(ST −K, 0) or (ST −K)+

(x+ := max(x, 0), x− := −min(x, 0);x = x+ − x−, |x| = x+ + x−).
Similarly, the payoff from a put option is

K − ST if ST ≤ K, 0 if ST > K,

or (K − ST )+.
Option pricing. The fundamental problem in the mathematics of options
is that of option pricing. The modern theory began with the Black-Scholes
formula for pricing European options in 1973. We shall deal with the Black-
Scholes theory, and cover the pricing of European options in full. We also
discuss American options: these are harder, and lack explicit formulae such
as the Black-Scholes formula; consequently, one needs to evaluate them nu-
merically. The pricing of Asian options is even harder and is still topical at
research level.
Perfect Markets. For simplicity, we shall confine ourselves to option pricing
in the simplest (idealised) case, of a perfect, or frictionless, market. First,
there are no transaction costs (one can include transaction costs in the the-
ory, but this is considerably harder). Similarly, we assume that interest rates
for borrowing and for lending are the same (which is unrealistic, as banks
make their money on the difference), and also that all traders have access to
the same – perfect – information about the past history of price movements,
but have no foreknowledge of price-sensitive information (i.e. no insider trad-
ing). We shall assume no restrictions on liquidity – that is, one can buy or
sell unlimited quantities of stock at the currently quoted price. That is, our
economic agents are price takers and not price makers. (This comes back
to §1 on the relationship between Economics and Finance. In practice, big
trades do move markets. Also, in a crisis, no-one wants to trade, and liquid-
ity dries up – basically, this is what did for LTCM.) In practice, very small
trades are not economic (the stockbroker may only deal in units of reasonable
size, etc.). We shall ignore all these complications for the sake of simplicity.
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5. Portfolios and Hedging.
Portfolios.

We consider an investor with capital to invest. The simplest model is
that in which he has two (or more) choices: to invest in
(i) a bank account – assumed riskless, and yielding interest. For simplicity,
we assume the interest rate is a constant r > 0 (usually called the short rate
of interest: interest rates may be different outside [0, T ]); thus $B invested
at time t grows to $Ber(T−t) by time t;
(ii) one (or more) risky assets or stocks, whose value (or price) at time t is
St (a vector of prices if there is more than one type of stock).
A portfolio is a division (Bt, St) of the investor’s capital between bank ac-
count and stock holdings at time t.
A trading strategy is a rule (suitably restricted – see Chapters IV and VI)
chosen by the investor to update his portfolio over time as new price infor-
mation on the risky stock(s) comes in.
Hedging. Hedging is an attempt to reduce exposure to risk by adopting
opposite positions – e.g., in holding both call and put options in the same
underlying, or by adjusting a portfolio as above to cover possible losses on
an option.
Shorter Oxford English Dictionary [OED]: ”6 trans. To cover oneself against
loss on (a bet etc.) by betting, etc., on the other side. Also fig. 1672.”
Why buy options? There are two main uses for options: speculation and
hedging. In speculation, available funds (‘hot money’) are invested oppor-
tunistically in the hope of making a profit: the underlying itself is irrelevant
to the investor (speculator), who is only interested in the potential for pos-
sible profit that trade involving it may present. Hedging, by contrast, is
typically engaged in by companies who have to deal habitually in intrinsi-
cally risky assets such as foreign exchange next year, wheat/copper/oil next
year, etc. They may prefer to forego the chance to make exceptional windfall
profits when future uncertainty works to their advantage by protecting them-
selves against exceptional loss. This would serve to protect their economic
base (trade in wheat/copper/oil, or manufacture of products using these as
raw materials), and also enable them to focus their effort in their chosen
area of trade or manufacture. For speculators, on the other hand, it is the
market (forex, commodities or whatever) itself which is their main forum of
economic activity.
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