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k : finitely gen. field (otherwise mentioned) of characteristic p >0

¢ : prime £p
X : smooth, separated, geometrically connected scheme over k

m1(X) : étale fundamental group (base points omitted)

Xp—=X ispe/([:(k)
spec(k(x))

1 ——m1(Xy) ——=m1(X) 71 (k) 1

k
o X
‘generic’ rep.

GLn(@i) o 7'[1(X)

‘local’ rep. at x
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Theorem (UOI)
X curve, p=0 (resp. p>0). For every d >1 (resp. d =1)
@ p GLP = X>1(<d) is finite and

By :=sup{[im(p) :im(px)] | xe X< (< d)} <+

> 0 - .
Q@ X>3(<d) is finite
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Theorem (UOI) (C-Tamagawa, ~ 10, p=0; Ambrosi, ~ 17, p>0)

X curve, p=0 (resp. p>0), p GLP. For every d >1 (resp. d =1)
X>1(< d) is finite and

By := sup{[im(p) :im(px)] | xe X<} (< d)} <+

Equivalently
Ug = ﬂ impyx Copimp
xeX<1(<d)

imp < GLn(Qy) compact ¢-adic Lie group (Cartan)
v~ topologically finitely generated
v only finitely many open subgroups of bounded index < By
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Main example
f:Y — X smooth proper
R'f.Q, lcc Q,-sheaf on X (smooth proper BC)

P

Y o
m1(X) (R'£:Q¢)7 — H'(Y5,Q¢)

Theorem (Deligne, ~ 70, ~ 80)
p is GLP.

» Specialization v~ k finite of char p+ ¢
» R'f,Q, pure of weight i (Weil I)
» H'(X, pure of weight 0) of weights >1 (Weil II)

(If p=0, comparison Betti «— ¢-adic + Hodge Il)
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Conjecture TAV (torsion of abelian varieties)
k/Q number field, A— k abelian variety,

Ak [6*] = A(k)[7]] < C(dim(A), [k : Q])
> By MW, |A(K)[¢%]| < +a0
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Uniform boundedness of /-primary part- two examples

Conjecture TAV (torsion of abelian varieties)
k/Q number field, A— k abelian variety,

|A(k) 9 [e*] = A(k)[€7]] < C(dim(A), [k : @])

Conjecture BK3 (Brauer group of K3)
k/Q number field, X — k K3 surface

\Br(X;)”l(k) [¢%]] < C(NS(Xg), [k:Q])

Using moduli spaces, both conjectures amount to bounding uniformly
the involved invariants in a specific smooth proper family f: Y — X
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f:Y — X smooth proper

Conjecture TAVF (torsion of abelian varieties in families)

f:Y — X abelian scheme
sup{|Yx(k(x)[€*]| | xe X(£d)} <+

XT(<d): set of xe X(< d) satisfying the ¢-adic Tate conj. for
divisors
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f:Y — X abelian scheme
sup{| Yx(k(x)[€*]| | xe X(£d)} <+

XT(< d): set of xe X(< d) satisfying the ¢-adic Tate conj. for
divisors

Conjecture BF (Brauer group in families)

sup{|Br(Y)®[¢7]] | xe XT (< d)} < +oo

» For d =1, both conjectures should follow from the
Bombieri-Lang conjecture modulo a general conjecture on
abstract modular schemes (C-Tamagawa) - see proof of UOI
Thm
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Uniform boundedness of /-primary part- two examples

f:Y — X smooth proper

Conjecture TAVF (torsion of abelian varieties in families)

f:Y — X abelian scheme
sup{| Y (k())[€7]] | xe X(<d)} <+

XT(< d): set of xe X(< d) satisfying the ¢-adic Tate conj. for
divisors

Conjecture BF (Brauer group in families)
sup{|Br(Yx)™ ™ [¢7]| [xe XT(<d)} < +o0

» For d =1, both conjectures should follow from the
Bombieri-Lang conjecture modulo a general conjecture on
abstract modular schemes (C-Tamagawa) - see proof of UOI
Thm

» For d =2 or p> 0, rather questions
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Manin ~ 69 for k-rational points
Frey ~ 84 using Mordell-Lang (Faltings ~ 83)
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Application 1 : Conj. TAVF, dim(X)=1

f:Y — X abelian scheme

Corollary

If X is a curve and p=0 (resp. p>0), for every d >1 (resp. d =1)
sup{| Yx(k(x))[¢*] | xe X(< d)} < +o0

» E.g. Conj. TAV for dim(A) =1 : apply Cor. to & — Y1(3)

Amounts to
Yi(¢")(<d)=T, n»0

Manin ~ 69 for k-rational points
Frey ~ 84 using Mordell-Lang (Faltings ~ 83)

» First evidence for higher-dimensional A's

On uniform boundedness of arithmetico-geometric invariant:



Application 1 : Conj. TAVF, dim(X)=1

On uniform boundedness of arithmetico-geometric invariant:



Application 1 : Conj. TAVF, dim(X)=1

f:Y — X abelian scheme

On uniform boundedness of arithmetico-geometric invariant:



Application 1 : Conj. TAVF, dim(X)=1

f:Y — X abelian scheme

HY (Y, Z/07)Y <=— HY(Yg,Z/0)"
Ol N
Pl Yy(k(m))[e"] Yx(k(X))[f”])Px

1 \
\\ )

JTl(X) X 7'[1(X)
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f:Y — X abelian scheme

HY(Y5,2/¢")Y <—— HY (Y, Z/¢")Y = M[¢"] ~ (z/¢")>d
A R N
Pl Ya(k@m)[€] Yx(k(X))[f”])Px
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f:Y — X abelian scheme

HY(Y5,2/¢")Y <—— HY (Y, Z/¢")Y = M[¢"] ~ (z/¢")>d
A R N
Pl Ya(k@m)[€] Yx(k(X))[f”])Px
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JTl(X) X 7'[1(X)

. . 2d
T.ZMMV"] ~75
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f:Y — X abelian scheme

HY(Y5,2/¢")Y <—— HY (Y, Z/¢")Y = M[¢"] ~ (z/¢")>d

AN

Pl Yn(’;(ﬁ))[f”] - Yx(k(Y)%[f”])Px
\\ )y
JTl(X) X 7'[1(X)

p

oo | n 2d
71(X) T:=limM[¢"] ~ 73
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f:Y — X abelian scheme

HY(Y5,2/¢")Y <—— HY (Y, Z/¢")Y = M[¢"] ~ (z/¢")>d
A R N
Pl Ya(k@m)[€] Yx(k(X))[f”])Px
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f:Y — X abelian scheme

HY(Ygz/e")Y <= HY(Yg,Z/0")Y = M[¢"] ~ (z/¢")*

m1(X) = m1(x)
FEERN
m1(X) T:=limM[¢"]~ 77" GLP

M:=T®Q,/Z,

Yo (k(m))[€7] = M™0) < M™0) = Y (k(x))[€7]
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Ya(k(m)[€7] =M™ < M™0) = ¥, (k(x)[€7]
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f:Y — X abelian scheme, m1(X) T GLP, M:=T®Q//Z,

Valk(m)[£7] = M) & M) = ¥, k() [7]

If X curve, |[XZ!(< d)| < +00 and

Ug = ﬂ impx Copimp
xeX<1(<d)
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Valk(m)[£7] = M) & M) = ¥, k() [7]

If X curve, |[XZ!(< d)| < +00 and

Ug:= ﬂ iMpPx Copimp v p 1 (Uy) Cop m1(X)
xeX<1(<d)
«— Xy, — X connected étale cover
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Application 1 : Conj. TAVF, dim(X)=1
0
TN
f:Y — X abelian scheme, m1(X) T GLP, M:=T®Q//Z,

Yo (k(m))[€*] =M™ < MT0) = Y (k(x))[€7]
If X curve, |[XZ!(< d)| < +00 and
Ug:= ﬂ iMpPx Copimp v p Y (Uyg) Sop m1(X)

xeX<1(<d)
«— Xy, — X connected étale cover

xeX<H<d)= Yi(k(x)[¢*] =Mm)
c M (Xuy)

= Yy, (k(nu,))[€*] : finite (MWLN)
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0
T
f:Y — X abelian scheme, m1(X) T GLP, M:=T®Q//Z,
Yo(k(m)[€*] = M0 = MM = v (k(x))[£]

If X curve, |[XZ!(< d)| < +00 and

Ug:= ﬂ iMpPx Copimp v p 1 (Uy) Cop m1(X)
xeX<1(<d)
«— Xy, — X connected étale cover
For every xe X(< d)

V(KON < Yoy, (k(nu,))[€]]
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Application 1 : Conj. TAVF, dim(X)=1
0
TN
f:Y — X abelian scheme, m1(X) T GLP, M:=T®Q//Z,

Valk(m)[£7] = M) & M) = ¥, k() [7]

If X curve, |[XZ!(< d)| < +00 and

Ug:= ﬂ iMpPx Copimp v p 1 (Uy) Cop m1(X)
xeX<1(<d)
«— Xy, — X connected étale cover

For every xe X(< d)

| Vi (k ()€ < max{| Yy, (k(nu))[€7]] | Vi (k())[€7]], x € XZH(< d))

finite!
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f:Y — X smooth, proper

Corollary

If X is a curve and p=0 (resp. p>0), for every d >1 (resp. d =1)

sup{Br(Yz)"™[¢*] | xe XT (< d)} < +0
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth, proper

Corollary (C-Charles, ~ 16, p=0; Ambrosi ~ 17, p>0)

If X is a curve and p=0 (resp. p>0), for every d >1 (resp. d =1)
sup{Br(Yx) ™™ [¢*] | xe XT(<d)} <+

» Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by

reducing to questions about rational points on Xp(n) (Manin,
Faltings-Frey, Mazur, Merel)
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f:Y — X smooth, proper

Corollary (C-Charles, ~ 16, p=0; Ambrosi ~ 17, p>0)

If X is a curve and p=0 (resp. p>0), for every d >1 (resp. d =1)
sup{Br(Yx) ™™ [¢*] | xe XT(<d)} <+

» Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on Xp(n) (Manin,
Faltings-Frey, Mazur, Merel)

» For f: Y — X abelian scheme or family of K3, X7 (< d) = X
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f:Y — X smooth, proper

Corollary (C-Charles, ~ 16, p=0; Ambrosi ~ 17, p>0)

If X is a curve and p=0 (resp. p>0), for every d >1 (resp. d =1)

sup{Br(Yx) ™™ [¢*] | xe XT(<d)} <+

» Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on Xp(n) (Manin,
Faltings-Frey, Mazur, Merel)

» For f: Y — X abelian scheme or family of K3, X7 (< d) = X

» Can relax the condition on the ¢-adic Tate conjecture for
divisors
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth, proper

Corollary (C-Charles, ~ 16, p=0; Ambrosi ~ 17, p>0)

If X is a curve and p=0 (resp. p>0), for every d >1 (resp. d =1)
sup{Br(Ye)"™[¢*°] | xe XT(<d)} <+

» Varilly-Alvarado, Varilly-Alvarado-Viray
Special families of (K3, abelian) surfaces over number fields by
reducing to questions about rational points on Xp(n) (Manin,
Faltings-Frey, Mazur, Merel)

» For f: Y — X abelian scheme or family of K3, X7 (< d) = X

» Can relax the condition on the ¢-adic Tate conjecture for
divisors

> In this talk, p=0. For p>0 (more delicate!) see Ambrosi's
talk
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Application 2 : Conj. BF, dim(X) =1
f:Y — k smooth proper

Br(Y) =H?(Y[,Gp) cohomological Brauer group of Y,
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Application 2 : Conj. BF, dim(X) =1
f:Y — k smooth proper

Br(Y) =H?(Y[,Gp) cohomological Brauer group of Y,

Lemma (Relation with the Tate conjecture for divisors)

p = ¢ : prime. The following assertions are equivalent
(1) a:Pic(Yp)®Q,—~  lim  H*(YL,Qq(1)Y;

Ucrq (kyopen

> (2) Br(Y; ) [¢%] is finite for every open subgroup U c 71 (k).
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=T®Q¢, M=TRQs/Z¢, M[€"] ~ T /"
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

_y\em
1—pm—Gn (—)> G, —1 (Kummer)
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Application 2 : Conj. BF, dim(X) =1
f:Y — k smooth proper, B:= Br(Y7)
T:=limB[("], V= T®Qs, M=T®Q,/Zs, M[¢"]~ T/"

_y\em
1—pm—Gn (—)> G, —1 (Kummer)

0— NS(Y9)®Z/0" —H(Yy,

7o Hen) > B[] >0
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

on

1—pm—Gn (—)> G, —1 (Kummer)

(¥) 0> NS(Y)®Qr —H?(Y,Qe(1)) >V —0
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(2) = (1)
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f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(1) =(2):
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f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(1) = (2) : may assume U < 71 (k) small enough so that NS(Y;)U =
NS(Y%) and ¢ : Pic(YZ) @Q — H? (YL, Q,(1))Y
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(1) = (2) : may assume U < 71 (k) small enough so that NS(Y;)U =
NS(Y%) and ¢ : Pic(YZ) @Q — H? (YL, Q,(1))Y

(1) = () splits 1 (k)-equivariantly (Tate). So (1) = VY =0

On uniform boundedness of arithmetico-geometric invariant:



Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(1) = (2) : may assume U < 71 (k) small enough so that NS(Y;)U =
NS(Y%) and ¢ : Pic(YZ) @Q — H? (YL, Q,(1))Y

(1) = () splits 1 (k)-equivariantly (Tate). So (1) = VY =0
0->TYSvVoml iy, T)

MY < HY(U, T)[¢*]
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(1) = (2) : may assume U < 71 (k) small enough so that NS(Y;)U =
NS(Y%) and ¢ : Pic(YZ) @Q — H? (YL, Q,(1))Y

(1) = () splits 1 (k)-equivariantly (Tate). So (1) = VY =0

0TV vV MY 2ul,T)

MY = MPWYW) = HY(p(U), T)[¢*] finite
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Y7)
T:=lmB[¢"], V:i=TRQ, M=T®Q;/Z¢, M[£"]|~T/e"

(x) 0= NS(Yp)®Qr —H* (Y4, Qe(1)) > V —0

(1) = (2) : may assume U < 71 (k) small enough so that NS(Y;)U =
NS(Y%) and ¢ : Pic(YZ) @Q — H? (YL, Q,(1))Y

(1) = () splits 1 (k)-equivariantly (Tate). So (1) = VY =0

0TV vV MY 2ul,T)

MY = MPWYW) = HY(p(U), T)[¢*] finite
0— M — B[¢*] > H3(Y,Z,(1))[¢*] >0
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Application 2 : Conj. BF, dim(X) =1

f:Y — k smooth proper, B:= Br(Yy)
T::!i_mB[[n], V=T®Q;, M=T®Q,/Z;, M[¢"]~T/¢"

(*) 0> NS(Y9)®Qr —H?(YL,Qe(1)) >V —0

(1) = (2) : may assume U < 1 (k) small enough so that NS(Y;)U =
NS(Y%) and ¢ : Pic(YZ) ®Q — H? (YL, Q,(1))Y

(1) = () splits 1 (k)-equivariantly (Tate). So (1) = VY =0
0->TYs vV MY iy, T)
MY = mPY) « 1Y (p(U), T)[¢*] finite

0— M — B[¢*]—H3(Y, Ze(1))[¢7] -0
1BU[e7]| < MY+ [H3 (Y, Z,(1))[¢7]]
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Application 2 : Conj. BF, dim(X) =1

f: Y — k smooth proper, B:= Br(Y7)
T:=IlimB[¢"], V:=TQQ, M=T®Q,/Z,, M[¢"]~T/e"

(*) 0> NS(Y)®Qr —H?(Y,Qe(1)) >V —0

(1) = (2) : may assume U < 71 (k) small enough so that NS(YE)U =
NS(Y%) and c1 : Pic(Yr) ®Q — HZ(YF,Qg(l))U

(1) = () splits 1 (k)-equivariantly (Tate). So (1) = VY =0

0TV vV MYy, T)

MY = mPY) « HY (p(U), T)[¢*] finite
0— M — B[£*]— H3(Y, Ze(1))[£7] -0

BU[¢™]| < [H(p(U), T)[€7]] + [H3( Y Ze (1)) [67]]
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f:Y — X smooth proper,
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f:Y — X smooth proper, xe X T (< d)
|Br(Ys)™ O [¢*]| < [H! (U, Te(Br(Ye))[€%]|+H (Yx, Ze(1))[€7])]

o
A

Uy :=im(px), m1(X) H?(Y5,Q¢)
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|Br(Ys)™ O [¢*]| < [H! (U, Te(Br(Ye))[€%]|+H (Yx, Ze(1))[€7])]

o
A

Ux:=im(px), m1(X) H?*(Y5Q¢) GLP

On uniform boundedness of arithmetico-geometric invariant:



Application 2 : Conj. BF, dim(X) =1
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|Br(Ys)™ O [¢*]| < [H! (U, Te(Br(Ye))[€%]|+H (Yx, Ze(1))[€7])]

o
A

Ux:=im(px), m1(X) H?*(Y5Q¢) GLP

[H3( Y4, Z,(1))[¢*]| independent of x (smooth proper bc)
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f:Y — X smooth proper, xe X T (< d)
|Br(Ys)™ O [¢*]| < [H! (U, Te(Br(Ye))[€%]|+H (Yx, Ze(1))[€7])]

o
A

Ux:=im(px), m1(X) H?*(Y5Q¢) GLP

[H3( Y4, Z,(1))[¢*]| independent of x (smooth proper bc)

U, varies in a finite set...
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f:Y — X smooth proper, xe X T (< d)
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o
A
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X T (< d)
|Br(Ys)™ O [¢*]| < [H! (U, Te(Br(Ye))[€%]|+H (Yx, Ze(1))[€7])]

o
A

Ux:=im(px), m1(X) H?*(Y5Q¢) GLP

[H3( Y4, Z,(1))[¢*]| independent of x (smooth proper bc)

U, varies in a finite set... BUT
0——= NS(Y5)®Z, —H?(Y5,Z,(1)) — T,(Br(Y;) —=0

a

0——= NS(Y5)®Z; —H2(Y5,Z¢(1)) — T¢(Br(Ys)) —=0
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X T (< d)
|Br(Ys)™ O [¢*]| < [H! (U, Te(Br(Ye))[€%]|+H (Yx, Ze(1))[€7])]

o
A

Ux:=im(px), m1(X) H?*(Y5Q¢) GLP

[H3( Y4, Z,(1))[¢*]| independent of x (smooth proper bc)

U, varies in a finite set... BUT
0——= NS(Y5)®Z, —H?(Y5,Z,(1)) — T,(Br(Y;) —=0

b

0——= NS(Y5)®Z; —H2(Y5,Z¢(1)) — T¢(Br(Ys)) —=0
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X (< d)
|Br(Ys)™ X [¢*]| < [H! (U, Te(Br(Ye))[€%]|+[H (Yx, Ze(1))[€7])]

o
A

Ux:=im(px), m1(X) H?*(Y5Q¢) GLP

[H3(Y%,Z,(1))[¢*]| independent of x (smooth proper bc)
Uy varies in a finite set... BUT

0——= NS(Y5)®Z, —=H?(Y5,Z,(1)) — T,(Br(Y;) —=0
NN
00— NS(Yx)®Z, —=H?*(Y%, Z,(1)) — T;(Br(Yx)) —=0

spx : NS(Y5) — NS(Y%) is not an isomorphism in general !
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f:Y — X smooth proper, xe X T (< d)

|Br(Ys)™ W1e]| < [HY (Us, Te(Br(Ya))) €71+ H (Ys 2, (1)) [¢7]]
00— NS(Y5)®Z, —=H?(Y5,Z4(1)) — To(Br(Yq)) —=0

L

00— NS(Yz)®Z, —=H?(Y%, Z,(1)) — T;(Br(Yx)) —=0
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X T (< d)

|Br(Ys)™ W1e]| < [HY (Us, Te(Br(Ya))) €71+ H (Ys 2, (1)) [¢7]]

00— NS(Y5)®Z, —=H?(Y5,Z4(1)) — To(Br(Yq)) —=0

S

(
0——= NS(Y5)®Z, —H%(Y5,Z,(1)) — T4(Br(Yy)) —=0

Lemma (Galois generic vs NS-generic)

If xe X<}(<d),

5P NS(Y5) 5 NS(Yy) (and Br(Yy) > Br(Yx))
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X<!(< d)

Lemma (Galois generic vs NS-generic)

If xe X<}(<d),

spx : NS(Y5) = NS(Yx) (and Br(Yg) = Br(Yx))
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f:Y — X smooth proper, x€ X<1(< d)

0 — NS(Yq)®Z, —=H?(Y5,Z4(1)) — To(Br(Yq)) —=0

S

0——= NS(Y5)®Z; —H2(Y5,Z¢(1)) — T¢(Br(Ys)) —=0
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, x€ X<1(< d)

0 — NS(Yq)®Z, —=H?(Y5,Z4(1)) — To(Br(Yq)) —=0

S

0——= NS(Y5)®Z; —H2(Y5,Z¢(1)) — T¢(Br(Ys)) —=0

Fix ce NS(Yx).
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f:Y — X smooth proper, x€ X<1(< d)

0 — NS(Yq)®Z, —=H?(Y5,Z4(1)) — To(Br(Yq)) —=0

S

0——= NS(Y5)®Z; —H2(Y5,Z¢(1)) — T¢(Br(Ys)) —=0

Fix ce NS(Ys). xe X<1(< d)+ comparison Betti/¢-adic
v may assume c € H2( Yy, Z,(1))™ (%)
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, x€ X<1(< d)

0 — NS(Yq)®Z, —=H?(Y5,Z4(1)) — To(Br(Yq)) —=0
B
0——= NS(Y5)®Z; —H2(Y5,Z¢(1)) — T¢(Br(Ys)) —=0

Fix ce NS(Ys). xe X<1(< d)+ comparison Betti/¢-adic
w~> may assume c € H2( Y, Z,(1))™ %)

Fix a smooth compactification Y — Y.
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X<1(< d)

0——= NS(Y; )®Zg*>H2(Yﬁ,Zg(l)) — Ty(Br(Yy)) —0
S
00— NS(Y5)®Z; —H?*(Y5,Z¢(1)) — T¢(Br(Yx)) —=0

Fix ce NS(Ysx). xe X<1(< d)+ comparison Betti/¢-adic
v~ may assume c e H?( Yy, Z,(1 ))”lg)
Fix a smooth compactification Y — Y.

NS(Yy)
L)
|/

c e H2( Y5, Q(1))m(Xe) < H2(V, (1) < NS(Ve) — NS

&

/
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X<1(< d)

00— NS(Yq)®Z, —H?(Y5,Z¢(1)) — To(Br(Yq) —=0

T
0——= NS(Y5)®Z, —=H?(Y5,Z,(1)) — T4(Br(Ys)) —=0
Fix ce NS(Ysx). xe X<1(< d)+ comparison Betti/¢-adic

v may assume ¢ € H2( Yy, Z,(1)) %)
Fix a smooth compactification Y — Y.

NS(Y;)
T N\
ce H?( Y5, Q(1)"1(Xe) «— H2(V¢,Q(1)) < NS(Ye) —= NS \
eligne’s fixed part i

&

/
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X<1(< d)

0——= NS(Y; )®Zg*>H2(Yﬁ,Zg(l)) — Ty(Br(Yy)) —0
S
00— NS(Y5)®Z; —H?*(Y5,Z¢(1)) — T¢(Br(Yx)) —=0

Fix ce NS(Ysx). xe X<1(< d)+ comparison Betti/¢-adic
v~ may assume c e H?( Yy, Z,(1 ))”lg)
Fix a smooth compactification Y — Y.

NS(Yg)
semisimplicity Q-PHS T \
ceH2(Yg, Q(1)"1 (%) < H2(Y¢,Q(1)) =—— NS(Ye) — NS(Ye) \
eligne's fixed part i /
NS(Yx)
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X<1(< d)

00— NS(Yq)®Z, —H?(Y5,Z¢(1)) — To(Br(Yq) —=0
B
0——= NS(Y5)®Z, —=H?(Y5,Z,(1)) — T4(Br(Ys)) —=0

Fix ce NS(Ys). xe X<1(< d)+ comparison Betti/¢-adic
> may assume c € H2( Yy, Z,(1))™(X0)
Fix a smooth compactification Y — Y.

semisimplicity Q-PHS

N

(
v 71(Xe) 2y E v . T \
ceH (Yo Q] elilgne's fixed [I)_Iargyc’Qggs)chetz(l,llys(YC) NSIYC) /
(
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Application 2 : Conj. BF, dim(X) =1
f:Y — X smooth proper, xe X<1(< d)

00— NS(Yq)®Z, —H?(Y5,Z¢(1)) — To(Br(Yq) —=0
B
0——= NS(Y5)®Z, —=H?(Y5,Z,(1)) — T4(Br(Ys)) —=0

Fix ce NS(Ys). xe X<1(< d)+ comparison Betti/¢-adic
> may assume c € H2( Yy, Z,(1))™(X0)
Fix a smooth compactification Y — Y.

semisimplicity Q-PHS

N

(
v 71(Xe) 2y E v . T \
ceH (Yo Q] elilgne's fixed [I)_Iargyc’Qggs)chetz(l,llys(YC) NSIYC) /
(
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Application 2 : Conj. BF, dim(X) =1

» It is the implication Galois-generic = NS-generic which is the
delicate point when p>0
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Application 2 : Conj. BF, dim(X) =1

» It is the implication Galois-generic = NS-generic which is the
delicate point when p>0

» More generally, Galois-generic = the motivated motivic Galois
group does not degenerate (Y.André ~ 96)
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Application 2 : Conj. BF, dim(X) =1

» It is the implication Galois-generic = NS-generic which is the
delicate point when p>0

» More generally, Galois-generic = the motivated motivic Galois
group does not degenerate (Y.André ~ 96)

» Unconditional formulation is

Corollary (C-Charles, ~ 16, p=0; Ambrosi ~17, p>0)

If X is a curve, p=0 (resp. p>0) and the Zariski-closure of im(p)
is connected, for every d >1 (resp. d =1)

sup{[Br(Ye)™ () [¢*]: Br(Yy) X [¢]] | xe X<} (< d)} < +a0

(recall Br(Yq) = Br(Yx)) for xe X<1(< d)).
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UOI Thm - sketch of proof / Strategy
p: 71,'1(X) i GL,,(Z;)

Theorem (UOI) (C-Tamagawa, ~ 10, p=0; Ambrosi, ~ 17, p>0)

X curve, p=0 (resp. p>0), p GLP. For every d >1 (resp. d =1)
XZ1(< d) is finite and

Ug:= ﬂ iMpx Copimp
xeX<L(<d)

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Strategy
p: 71,'1(X) i GL,,(Z;)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

"'Xn+1_’Xn_’Xn—1_’"'_’X1_’X

such that im(lim X, (< d) — X(< d)) = XZ1(< d)
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p: 71,'1(X) i GLn(Zg)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

"'Xn+1_’Xn_’Xn—1_’"'_’X1_’X

such that im(lim X, (< d) — X(< d)) = XZ1(< d)
» Step 2 : Show that g(X,) — +o©
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p: 71,'1(X) i GLn(Zg)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

"'Xn+1_’Xn_’Xn—1_’"'_’X1_’X

such that im(lim X, (< d) — X(< d)) = XZ1(< d)
» Step 2 : Show that g(X,) — +o©

+ Mordell Conj.
= [Xp(<1)| <40, n»0 = [XZH<1)| <+
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UOI Thm - sketch of proof / Strategy
p: 71,'1(X) i GLn(Zg)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

"'Xn+1_’Xn_’Xn—1_’"'_’X1_’X
such that im(lim X, (< d) — X(< d)) = XZ1(< d)

» Step 2 : Show that g(X,) — +o©

+ Mordell Conj.
= [Xp(<1)| <40, n»0 = [XZH<1)| <+

» Step 3 : Show that y(X,) — +
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UOI Thm - sketch of proof / Strategy
p: 71,'1(X) i GLn(Zg)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

"'Xn+1_’Xn_’Xn—1_’"'_’X1_’X

such that im(lim X, (< d) — X(< d)) = XZ1(< d)
» Step 2 : Show that g(X,) — +o©

+ Mordell Conj.

= | Xp(<1)| < 4w, n»0 = [XZH<)| < o
» Step 3 : Show that y(X,) — +

+ Mordell-Lang Conj.
= |Xn(<d)| <40, n»0 = | XZH<d)| <+
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UOI Thm - sketch of proof / Strategy
p: 71,'1(X) i GLn(Zg)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

"'Xn+1_’Xn_’Xn—1_’"'_’X1_’X

such that im(lim X, (< d) — X(< d)) = XZ1(< d)
» Step 2 : Show that g(X,) — +o©

+ Mordell Conj.
= [Xp(<1)| <40, n»0 = [XZH<1)| <+

[Uses GLP]

» Step 3 : Show that y(X,) — +w
+ Mordell-Lang Conj.
= [Xp(< d)| <+, n»0 = |[XZH<d)|<+x
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UOI Thm - sketch of proof / Strategy

p:m1(X)— GLn(Zy)
» Step 1 (works for arbitrary X) Using formalism of Galois

categories, attach to p a projective system of (non connected)
étale covers of X = A(bstract) M(odular) S(schemes)

X1 = X = Xpo1— = X1 — X

such that im(lim X, (< d) - X(<d)) = XZl(g d)
» Step 2 : Show that g(X,) — +o0

+ Mordell Conj.
= [Xp(<1)| <40, n»0 = [XZH<1)| <+
[Uses GLP]

» Step 3 : Show that y(X,) — +x©
+ Mordell-Lang Conj.
= [Xp(< d)| <40, n»0 = [ XZH<d)|<+x
[Relies on Step 2]



UOI Thm - sketch of proof / Step 1
p: 71,'1(X) i GL,,(Z;)
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UOI Thm - sketch of proof / Step 1
p: 71,'1(X) i GL,,(Z;)

U c m1(X) open subgroup < Xy — X étale cover

> Uﬂ]‘[l(XE) ‘_’XU sz—>X*;
» xeX mi(x) > Ucm(X)e Xy

X<— slr)rrec(k(x))
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UOI Thm - sketch of proof / Step 1
p: 71,'1(X) i GL,,(Z;)

U c m1(X) open subgroup < Xy — X étale cover

> Uﬂ]‘[l(XE) ‘_’XU sz—>X*;
» xeX mi(x) > Ucm(X)e Xy

X<— slr)rrec(k(x))

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 1
p:m1(X)— GLn(Zy)
U c m1(X) open subgroup < Xy — X étale cover

» Unmi(Xg) < Xy Xk — X
» xeX m(x) > Ucmi(X)e Xy

X<~— s;r)rrec(k(x))

[I:=im(p) = GLy(Z,) compact ¢-adic Lie group
II(n) :=ker(Ilc GL(Zy) - GL(Z/¢")), n>1

Voi={VCopI|®(II(n—1))c V,II(n—1) ¢ V}
Xni= | | Xpmr00y) = X
Ve,

Vns1 — In > Xpt1— Xp
4 — VOo(Ii(n—1))

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 1
p:m1(X) = GLp(Zy), 1 :=im(p) € GLp(Zy) compact ¢-adic Lie
group
T(n) := ker(IT< GL(Z,) e GL(Z/¢™), n>1
Von={Vcel|®((n—1))cV,I(n—1) ¢ V}
X,-, = |_| Xp—l(\/) — X
Ve,

Voy1. — Tn > Xnp1— Xi
Vo o Voi(n—1))
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UOI Thm - sketch of proof / Step 1

p:m1(X) — GLp(Zy), Tl :=im(p) € GL,(Zy) compact ¢-adic Lie
group

I1(n) := ker(Il © GL(Z,) = GL(z/")), n>1

Vo={Vcel|®((n—-1))c V,I(n—1) 4 V}
Xoi= || Xpmar) =X
Ver,
T R > Xpy1— Xp
% —  Vo(II(n—1))
» O(IT) Cop IT = V| < +0
» K<gIl, HoyIl, Ho(K) oK = Ho K
wo Hegll, HE Uy, Upe, = TI(n—1)c H
» ®(II(n—1))=1(n), n»0
> (V[n]) elim7, = eﬂV[n] ¢ I not open

On uniform boundedness of arithmetico-geometric invariant:




UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

o Xpp1 2 Xpg o Xpmr = o> X1 = X

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

o Xpp1 2 Xpg o Xpmr = o> X1 = X

» X, — X Galois closure of X, — X
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UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

o Xpp1 2 Xpg o Xpmr = o> X1 = X

» X, — X Galois closure of X, — X
g(Xn) <1, n=0 = p not GLP [Classif. Aut(genus <1)]
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UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

Xpr1 o> Xp o> Xpm1 o2 X1 o X

» X, — X Galois closure of X, — X

g(Xn) <1, n=0 = p not GLP [Classif. Aut(genus <1)]
g(Xn)=2,n>»0= g(X,) — +o [R-H formula]

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

Xpr1 o> Xp o> Xpm1 o2 X1 o X

» X, — X Galois closure of X, — X

~

g(Xn) <1, n=0 = p not GLP [Classif. Aut(genus <1)]
g(Xn)=2,n>»0= g(X,) — +o [R-H formula]

» Compare g(X,) and g(X,) : g(X,) = +0 < g(X,) =+
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UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

Xpr1 o> Xp o> Xpm1 o2 X1 o X

» X, — X Galois closure of X, — X

g(Xn) <1, n=0 = p not GLP [Classif. Aut(genus <1)]
g(Xn)=2,n>»0= g(X,) — +o [R-H formula]

» Compare g(X,) and g(X,) : g(X,) = +0 < g(X,) =+
Control of ramification terms in R-H formula
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UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

o Xpp1 2 Xpg o Xpmr = o> X1 = X

» X, — X Galois closure of X, — X
g(Xn) <1, n=0 = p not GLP [Classif. Aut(genus <1)]
g(Xn) =2, n>»0 = g(X,)— 400 [R-H formula]
» Compare g(X,) and g(X,) : g(X,) = +0 < g(X,) =+
Control of ramification terms in R-H formula
|1,\I1,,/Hp| 1

Tn/Hal - |14l

Inertia | ¢ Tl D H:=npV|[n]
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UOI Thm - sketch of proof / Step 2
p:m1(X)— GLy(Zy), M:=imp

Xpr1 o> Xp o> Xpm1 o2 X1 o X

» X, — X Galois closure of X, — X

~

g(Xn) <1, n=0 = p not GLP [Classif. Aut(genus <1)]
g(Xn)=2,n>»0= g(X,) — +o [R-H formula]

» Compare g( n) and g(Xp) : g()A(,,) — 400 < g(X,) > +©
Control of ramification terms in R-H formula
\Lo/Ha 1
TLn/Hp| m

Inertia | ¢ Tl D H:=npV|[n]
[Serre-Osterlé's asympotic estimates for cardinality of
reduction modulo ¢" of ¢-adic analytic spaces|

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 3
p:m1(X)— GLy(Zg), T:=imp

"'Xn+1_)Xn_’Xn—1_’"'_’X1_’X

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 3
p:m1(X)— GLy(Zg), T:=imp
Assume y(Xp) <y for all n

"'Xn+1_)Xn_’Xn—1_’"'_’X1_’X
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UOI Thm - sketch of proof / Step 3
p:m1(X)— GLy(Zg), T:=imp
Assume y(Xp) <y for all n

"'Xn+1_)Xn_’Xn—1_’"'_’X1_’X

After extracting [II compact ¢-adic Lie group], may assume X1 —
X, Galois with group (T',(= z/¢)codimnil)

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 3
p:m1(X)— GLy(Zg), T:=imp
Assume y(Xp) <y for all n

/F"\ /I‘"*l\

o X1 — Xy — Xn_1 Xy X
ifn+1 o ifn o ifnl lfN
= Bpy1 —= By —> By 1 —> - — By
\rn/ \anl/

» B,.1— B, Galois with group T'p,

» g(Bn) =0, deg(fy) =7y or g(Bn) =1, deg(fy) = %
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UOI Thm - sketch of proof / Step 3
p:m1(X)— GLy(Zg), T:=imp
Assume y(Xp) <y for all n

/F"\ /I‘"*l\

o X1 — Xy — Xn_1 Xy X
ifn+1 o ifn o ifnl lfN
= Bpy1 —= By —> By 1 —> - — By
\rn/ \anl/

» B,.1— B, Galois with group T'p,

» g(Bn) =0, deg(fy) =7y or g(Bn) =1, deg(fy) = %

» ---Byy1— B, — - — By 'corresponds to’ the induced rep

Ind™ BV

nl(XN))(p|”1(XN)) which is again GLP

On uniform boundedness of arithmetico-geometric invariant:



UOI Thm - sketch of proof / Step 3
p:m1(X)— GLp(Zy), M:=imp
Assume y(X,) <7y for all n

T~ -1
e X1 —— Xy —— X1 Xy X
lfn-%—l Gl ifn ] ifnq J{fN
= Ba1 ——= By —— By s —— - — By
\rn/ \rn—l/

» B,11— B, Galois with group T',,

» g(Bn) =0, deg(fy) =7y or g(Bn) =1, deg(fy) = %
» ---Bpy1— Bp— -+ — By 'corresponds to’ the induced rep

Ind™* BV

nl(x,\,))(P’nl(xN)) which is again GLP

Contrad. step 2!

On uniform boundedness of arithmetico-geometric invariant:



UOI Conj - Higher dimensional X
p:m1(X)— GLy(Zg), T:=imp
[I(n) :=ker(Ilc GL(Zy) - GL(Z/¢")), n>1

Vo={Vcel|®((n—1))c V,I(n—1) ¢ V}

Xoi= | | Xom20vy > Xno1 = > X1 > X
Ve,
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UOI Conj - Higher dimensional X

p:m1(X)— GLy(Zg), T:=imp
[I(n) :=ker(Ilc GL(Zy) - GL(Z/¢")), n>1

Vo={Vcel|®((n—1))c V,I(n—1) ¢ V}

Xoi= | | Xom20vy > Xno1 = > X1 > X
Ve,

Conjecture
p GLP (+77) = X, of general type for n>»0
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UOI Conj - Higher dimensional X

p:m1(X)— GLp(Zy), M:=imp

[I(n):=ker(ITc GL(Z,) - GL(Z/¢")), n>1
Vo={Vcel|®((n—1))c V,I(n—1) 4 V}

Xoi= | | Xo10v) = Xpo1 > - > Xy > X
Ve,

Conjecture
p GLP (+77) = X, of general type for n>»0

» by noetherian induction and modulo the Lang conj. would
imply uniform boundedness conj for torsion of AV, ¢-primary
part of Brauer (for d =1) etc

» Need less than | X,(k)| <+, n>»0... Only

[im(lim Xo(< d) = X (< d))| < +o0

On uniform boundedness of arithmetico-geometric invariant:



Thank you!

On uniform boundedness of arithmetico-geometric invariant:



