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1. (a) Let 0 → A → B → C → 0 be an exact sequence of abelian groups. Show
that the natural sequence

0→ Hom(C,Q/Z)→ Hom(B,Q/Z)→ Hom(A,Q/Z)→ 0

is also exact.

(b) Show that a homomorphism of abelian groups M → N is injective if and only
if the induced homomorphism Hom(N,Q/Z)→ Hom(M,Q/Z) is surjective.

(c) Prove that if A→ B and B → C are homomorphisms of abelian groups such
that the induced sequence

0→ Hom(C,Q/Z)→ Hom(B,Q/Z)→ Hom(A,Q/Z)→ 0

is exact, then
0→ A→ B → C → 0

is also an exact sequence.

2. (a) Classify the extensions of Z/3 by Z/3 in the category of abelian groups.
Relate extensions to elements of Ext1Z(Z/3,Z/3) (up to sign).

(b) Classify the extensions of Z/3 by Z in the category of abelian groups.

(c) Classify the extensions of Z/2 by Z/3 in the category of abelian groups.

3. (a) Let
0→ A→ I1 → . . .→ In → B → 0

be an exact sequence of R-modules, where I1, . . . , In are injective R-modules. For
any R-module M prove that ExtmR (M,B) ∼= Extm+n

R (M,A), for any m ≥ 1.

(b) State and prove a similar result for functors TorRm, with injective modules
replaced by projective modules.

4. Let k be a field and let R = k[x, y] be the polynomial ring in variables x and
y. Let I = (x, y) be the ideal in R generated by x and y.
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(a) Describe the R-module structure on R/I = k such that there is a short exact
sequence of R-modules

0→ I → R→ k → 0.

(b) Hence show that the following is a free resolution of the R-module k:

0→ R→ R2 → R
ε−→ k → 0,

where the first map sends r ∈ R to (−ry, rx), and the second map sends (r1, r2) to
xr1 + yr2.

(c) Compute TorR2 (k, k), hence compute TorR1 (I, k). Is the R-module I flat?

(d) Prove that the torsion subgroup of I is trivial. Does this contradict your
answer to part (c)?
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