M1M1: Problem Sheet 8: Complex numbers

1. Put the following complex numbers into standard form, i.e., in the form
x + iy for some real z and y:
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2. Let 21 = —1+2¢ and 25 = 3 — 2:¢. Find the standard form of the following
complex numbers:
Z 2
(a) 221 — 3z9;  (b) z1209;  (c) e (d) |21 2.
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Now let z; = 1 — 37 and 25 = 3 — 2i. Find the standard form of the following
complex numbers:
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(a) |21+ 22f; (D) |22|21;  (¢) 21+ |2]; ()

3. Write the following complex numbers in standard form:
(a) 2¢'m/2 (b) 3e7™:  (c) 2e~m/2, (d) 3e™/4; (e) 26'/6.

Write the following complex numbers in polar form:
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75 (¢) —1+4V3; (d)6+8i; (e) —1.

4. By expressing —1+i in polar form (i.e., in the form re®), find the standard
form of the number (—1 + i)~5.

5. Show that

14 cosf +isind — cot 0 (il6—/2)
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6. Given that 2 4 ¢ is a solution of the equation
2 =228 — 22 +224+10=0,

find the other solutions.

7. If z = €”, show that



Hence, show that
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cos® @ = o) cos(66) + T cos(46) + 33 cos(20) + 6

8. Use the fact that '
cos(nf) = Re[e™]

to establish the identity

cos(20)  cos(30) N cos(40) N

. _ ,cos(6) :
o + a m =e cos(sin(6)).

1+ cos(8) +

9. Sketch the following curves in the complex plane:

(@) [z —il=|z=1]; (0)[z—i|=2; (c)Re[z"]=1;

- z+1| ™
(d) 2z =1; (e)argL_l]—iQ, z# %1

10. By treating it as a quadratic, find the roots of the equation
2+ 2 +1=0.

11. Three roots of a polynomial equation of degree 5 with real coefficients
are 1,7 + 1. Find the equation.

12. Find all the values of log(1 + %) and log [(1 + i)"/].

13. Find all complex solutions to the following equations:
(a) & =-2; (b) 2" =—1; (c) cosz=2.

13%. Infer the radius of convergence of the Maclaurin series of the function
1/(2+e%).

14. Use de Moivre’s theorem to show that
cos(50) = 16 cos” (6) — 20 cos®(#) + 5 cos(h),
sin(56) = sin 6 (16 cos*(f) — 12 cos*(A) + 1) .

15. Use the formula:
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l+z+22+22+20+- 42" = 4,
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to prove Lagrange’s identity:

al 1 sin[(N +1/2)]

2 2sin(6/2)

cos(nf) =

n=0



